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Abstract: In the paper, by virtue of the p-adic invariant integral on Zj,, the authors consider a type 2
w-Daehee polynomials and present some properties and identities of these polynomials related with
well-known special polynomials. In addition, we present some symmetric identities involving
the higher order type 2 w-Daehee polynomials. These identities extend and generalize some
known results.
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1. Introduction

Let p be a fixed prime number. Throughout this paper, Z,, Q, and C, will denote the ring of
p-adic integers, the field of p-adic rational numbers and the completion of the algebraic closure of Qy,
respectively. The p-adic norm | - |, is normalized as |p|, = 1/p.

It is common knowledge that the usual Bernoulli numbers B, are given by the generating function
tobe, fort € Cy,

which can be written symbolically as e® = t/(e! — 1), interpreted to mean that B" must be replaced by
B,,. In addition, usual Bernoulli polynomials By, (x) are defined by, for x € C,,

By (x) = f (’;) Byx" .

With the viewpoint of deformed Bernoulli polynomials, the Daehee polynomials D, (x) for n > 0
are defined [1] by the generating function to be , for t, x € C,

t}’l

log (1+t)
E.

(14t = Y D)
n=0

When x = 0, we call D, = D,,(0) the Daehee numbers. For more information on the Bernoulli
numbers B, = B,(0), the Bernoulli polynomials B,(x), the Daehee numbers D,, and the Daehee
polynomials Dy, (x), please refer to [1-3] and the closely related references therein.

We say that f is a uniformly differentiable function, if for a given function f : Z, — C,, there
exists a continuous function F¢(x,y) — C, where forall x,y € Z,, x #y

f(x) = fy)

Fe(xy) = == —y
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For a uniformly differentiable function f : Z, — C,, the p-adic integral of f on Z, (or the
Volkenborn integral of f on Z,) is defined by the limit, if it exists

1) = [, fdu(x) = lim Z e

N—oo p

(see [4-6]). Here, the p-adic Haar distribution y is given by

U (a—l—pNZp) = plN

The application of the p-adic integral on Z,, is an effective way to deduce many important results
for p-adic special numbers and polynomials. For more information, please refer to [1-3,7-16]. From
the above definition, we can derive

I(f1) = I(f) + £(0),

where f1(x) = f(x+1) and f/(0) = df |x_

In the recent year, Kims [11] cons1dered the hyperbolic cosecant numbers by using p-adic integral
on Zjp, and investigated many properties on such numbers. The hyperbolic cosecant numbers are
presented by p-adic integration on Z, for t, x € C, with |t[, < p~/(P=1),

tcsch(t) :/ et dy (x)

Zp
2 2w & 1\
:er—le:ete—t_Ean(2>n'

Motivated by their hyperboric cosecant numbers, they considered the type 2 Daehee polynomials
by p-adic integrals on Z, as follows, for t, x,y € C, with |t[, < p~1/(r-1),

1 x+2y+1 _ 10g(1+t> x+1
5 Zp(l‘H) Tt d#(y)—m(l‘”) * o
— idn(x)tn

when x = 0, we call d,, = d,,(0) the type 2 Daehee numbers. From Equation (1), we can rewrite the
generating function of type 2 Daehee polynomials as follows:

ad log(1+1) .
; n'_(1+t)—(1—|—t)—1(1+t)' )

In the view of Equation (2), Kim et al. [10,11] considered the type 2 Bernoulli polynomials given
by, for t, x € C,

& t” t
; == mex . (3)

We can easily show that

bu(x) = 2" 1B, (";1> . (n>0).

The purpose of this paper is to construct a new type of polynomials, the type 2 w-Daehee
polynomials, and to investigate some properties and identities of these polynomials. In addition, we
will offer some symmetric identities involving the higher order type 2 w-Daehee polynomials. These
identities extend and generalize some known results.
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2. Some Identities on Type 2 w-Daehee Numbers and Polynomials

The type 2 Daehee polynomials are considered by Kims [11] and various properties on their
polynomials are investigated. In Section 3, we want to try to present the symmetric identities of type 2
Daehee polynomials by p-adic integrals on Z,. On the way to establish such symmetric identities, we
need the concept of type 2 w-Daehee polynomials. Thus, in this section, we want to establish some
properties on the type 2 w-Daehee polynomials and numbers. Recently, we could see the nice results,
which express the central numbers of the second kind in terms of type 2 Bernoulli, type 2 Changhee
and type 2 Daehee numbers of negative order [11]. We might express our type 2 w-Daehee polynomials
related with new central numbers in the further study (Section 3).

In this section, we assume that t,x,y € C, with [t[, < p~ V(=1 and w € N. In the view of
Equations (2) and (3), we define type 2 w-Daehee polynomials by

log(1+1t)
(1+Hv—(1+1t)"w

(1+)" Z Ao (x) = (4)

Motivated by Equation (1), we present type 2 w-Daehee polynomials via p-adic invariant integral
on Zy as follows:

% ., (1+t)x+210y+wdy Z dnw .‘ (5)

The following two theorems give us the relation between type 2 Bernoulli polynomials and type 2
w-Daehee polynomials.

Theorem 1. For n > 0, we have

dypw(x) = i w1 (x)s(n, k),

k=0
where s(n, k) is the Stirling number of the first kind which is defined as
n
(X)o=1, ()p=x(x—1)---(x—n+1)=) s(n,k)x*, (n>1).

k=0

Proof. Substituting wlog (1 + t) for ¢ in Equation (3) gives

wlog (1+1) wlog(l + 1))k
e R Zb K

= 2 ( ) wkbk(x)s(n,k)) ;—n'
n=0 \ k=0 :

Comparing this with Equation (4) leads to the required identity. [

Especially for the w = 1 case, we have

Corollary 1 ([11], Theorem 2.5). For n > 0, we have

= i bp(x)s(n, k
k=0

Theorem 2. For n > 0, we have

f — opl—n -
b"(w) w kg%)dk,w(x)S(nk
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where S(n, k) for k > 0, which can be generated by

(ex _ 1)k 00 "
7]{, = Z S(n,k)m,

stands for the Stirling number of the second kind.

Proof. Replacing t by ¢! — 1 in Equation (4), we obtain

dew k— e —1)" =

ewt —e wt

By Equation (3), it follows that

1w w" 1"
Z(dew )m:wewtewt Zb() T

n=0

Equating coeffcients on the very ends of the above identity arrives at the required result. [

For the case of w = 1, we have the following corollary.

Corollary 2 ([11], Theorem 2.4). For n > 0, we have

b, = i di(x)S(n, k
k=0

Recall from [9] that the w-Daehee polynomials Dy, ;, (x) and the w-Changhee polynomials Ch;, 4 (x)
are generated by

log(1+1)
(1+t)w—11+t ZD’”“

©)

= Eemato

The following theorem gives us the relation between type 2 w-Daehee polynomials, w-Daehee
and w-Changhee polynomials.

Theorem 3. For n > 0, we have

1& /n
dnw (x) = 2 Z ( ] > Dy (x)Chnfl,w (w) .
1=0
Proof. From Equations (4) and (6), it can be deduced that

> t" log(1+t)
d i 1 ¢ x+w
2;0 0l (1+t)2w_1( +)

_ B0 )] loB(10)
(1 +Hr -1 2(1+t)v+1

= (5Pen) (3 £ crewtoris)

=0
;i)zz(:)( )Dlw x)Chy o (w )ZZ,

(1+1)®

The required result thus follows. [



Mathematics 2019, 7, 697 50f12

For the case w = 1, we have

Corollary 3. For n > 0, we have

™=

(})pitict, )

(’})D,(l)cml(x)-

[
3
~~
=
N
I
I
o

Il
Nl—= N
I

If we replace t by ' — 1 in Equation (3),

- (et — 1)n _ t x+w)t
Z A0 n! 2wt — 16( )

t ext 2 ewt
ewt -1 ewt + 1
(<) 1 gm

(B2 (BN G Em0%r)

1=0

RS OLEE

=0LI=0

Therefore, we obtain the following theorem.

Theorem 4. For n > 0, we have

3 0 Ken(x) = 5 3 (3B (5) Bacal)

k=0 k=0

For the case w = 1, we have the following result.

Corollary 4. For n > 0, we have
n n
S S(n, k)i (x) 2() By (1),
k=0 =

For g € N, the distribution relation on p-adic integrals on Z, is well-known as follows.

Theorem 5. For g € N, we have

1g1

[ @) = o 8 [ o+ )

We apply the above theorem to the p-adic representation of type 2 w-Daehee polynomials, we

have the following identities.
Theorem 6. For g € N, we have
g1

(1) dpw(x Zdnng—wg—i—Zwa—i—w)
=0

) = Y ()< dwatx+w N o,
@) daao) = Y () agobk( 1) sl k)
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Proof. (1) From Equation (5), we have

d " 1
d = 14t 2wy+x+wd
X::O n,w(x)n! 2w Z,,( +1t) u(y)
1
1+t)2w(a+gy)+x+wd (y)
2wga 0/Zp
_ _ 21 / 1 + t)ngy+x+zog+2wa+w—wgdy (y)
a=0 Zp
g_l & tn
= dn,wg (X + 2wa +w — wf)
a=0n=0

The required relation now follows with comparing the coefficients of t” on both sides.
(2) Similarly, we consider

00 1 2wy+x+w
L )y = g o (LH D)
1 8
_ 1 / e2wgylog(l+t)e(2wa+x+w)log(lth)dy(y)
2wg =z,

g1 2wglog(1+t)
1 Z ¢ Zwglog (1111 p(2wa+x+w)log (1+)

2wg
—1 wglo,
_ i gz ewglog(1+f) gg;é)log(l+t) e(%*é’?“’*l)ﬂ}glog (1+t)
wg =
RS f b (zw++w 1) (wg)"(10g (1+ £))*
wga 0k= wg K
o B 2wa + x +w t"
=3 (gt e -1) s(mk)) i
L ( kgo wg &

which immediately gives the required result. [

For the case w = 1 in Theorem 6, we have the following corollary.

Corollary 5. For g € N, we have
x) = 2 dpg(x —g+2a+1),

() dul Zng U (2”8”1 )s(n,k).

3. Symmetric Identities of Higher Order Type 2 w-Daehee Polynomials

6 0of 12

In order to study symmetric identities related to type 2 w-Daehee numbers, we need to introduce

()

type 2 w-Daehee polynomials with order & € R, d,,'4,(x) as follows, for t, x € C, with [t|, < p~1/(P~1)

and w € N,

(“) _ log(1+t) ' x+wn __ log(1+t) ¢ X
Lo = (qfgmr) 0 = (e iges) G0

—(1+¢

@)
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When x = 0, d,(fz),, = %U(O) are called type 2 w-Daehee numbers of order «. In particular for
(1)

w =1and « = 1, we have type 2 Daehee numbers in Equation (2) d, = d,, ;. For the proof of main
theorem, we consider the quotient of p-adic integrals

n fZ 2x+1d‘u( )
@ﬂ + )21 dp(x)
_m+m%< [/1H“W“WH ép+wmwm ®)

oo n—1 i’k

n—1
=l;)(1+t)2l:2§ kk' ZZkan—H()%)E,

where the function Ty(n | (I),1) = LJ'_o(I)k 1 for each A € R. In addition, (1), , is the well-known
A-falling factorial

i, = (U= D0=20) 0= = D), 21
", ifn = 0.

Now, we start out to state and prove our main results.

Theorem 7. For wy,w,; € N, n > 0and m > 1, one has

)d]( K w) (2w wyy)

mZ()ZQ)%MﬁwwW%Wr1W+m

1
=0 2w

=w 2 ( > kzo <k) d\,  Cunwx)wkTy(wy — 1] (14 1)k,2170)d]( o (w1 02y).

Proof. Consider T, (wq,w;) as

2w1 log 1 + t) m ) (1 + t)2wlwz -1
T _ 1 t W1 Wo X+mw,
m(wlr w2) ( 1+ t 2wy 1 + 2w1w2(1 + t) 108 (1 + t) )
2w, log (1+1)\" 2wy way-+mw;
8 ((1+t)2w2 ) (0

It is clear that Ty, (w1, wy) is symmetric in wy and wy, i.e., Ty (w1, wp) = Ty (wa, w1). The above
equation can be rewritten as the quotient of p-adic integral form

fZZ’ (1 + t)Zwl(x1+x2+~~~+xm+w2x)+mwldy(xl)dy(x2) .. ‘dy(xm)

Th(wy,wy) =
( 1 2) pr(1+t)2101wady(x) (10)
% /m(l + t)sz(x]+x2+-~+xm+w]y)+mw2dy(xl)dy<x2> . 'd}l(xm),
P
where fz;;f flxr+ x2 + o+ xp)du(x)dp(xa) - - - dp(xm) = fzp fzp ' "fzp faa+x+ -+

X )dp(x1)dp(x2) - - - dp(xm).
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8of 12
Accordingly, by virtue of Equations (8) and (10), we can represent as follows
Tm(wllw2)
0 " 0 tk
= (Z(Zwl)nldl(,wi (2w wsx) —)( Z 2w;) Tk wy—1] (l+1)k i )E)
1=0 =
o i
X (Z(ZW yrdin Y Qwiwy) )
i=0
o !
- <Z( )’”d;f";}i (2w wox) >
1=0
RS K m glm=1) 4
x (wl];) (1 (1) v Tutwon =11 01wl ) ) ) an

I
gl
|
1=
R~
N———
—
N
g
5
=
3
=
gy
N
<
kS
&
N
=
RS

Ly jT 1) (2w,)"d"™ Y (2 t”
171;(;) k k(w1 —1)(2wy) ]kw(wlwzy)

00 no H
X n;o L;”;) (7) ({() dﬁi)j,wl (2wyw7x) (207 Ty (wy — 1| (1+1), 1 )d(

)(2w way) 2
L 102Y) 1 5
By the symmetry of w; and w; in Ty, (w1, w,), we obtain the following expression
n o J )

n=0Lj=0k=0
k (m—1) t"
X (2001) Te(w = L[ (4 1)y 1 )d) -y, (2wrway) | g
Combinig this with Equation (11) yields the required identity. [
Letting y = 0 and m = 1 in Theorem 7 results in
Corollary 6. For wy,wy € N, n > 0, one has
Wy Z ( ) iy (2W01022) Tj (w1 — 1) = wy Z ( ) 102 2w1w2x)w]1T](w2 —1](I+1); 1)

Let us take wy = 1 in Corollary 6. Then, we have

Corollary 7. For wy € N, n > 0, one has

dy (2w x) = i

hy (]) o 0y ) Ty (g — 1| (14 1), ).

N\H

Next, we consider the symmetric identities of higher order type 2 w-Daehee polynomials via
generating function in the following theorem

Theorem 8. For wy,w, € N, n >0, m > 1, we have

n
Z 12 < ) 2w1w2x—|—2wzl)d(

)(2w1wzy + wy)

n wy—1
S () e 2 ey ).
k=0 [=0
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Proof. It follows from (9) that

Tm<wlrw2>
2wy log (1+1)\" ) 1 9! o]
— 1 t wWiwWox+wim _— 1 t Wy
(ﬂ+ﬂ“ﬂ1 (1+1) wlg%(+)

-1
<2a)z log (1 + t) " (1 + t)2w1w2y+wzm

(1+6)22 -1

-1
_ ( 2w1 log (1 + t) >m1 wlz (1 + t>2w1w2X+2wzl
A+ —(A+t)™ ) w [Z

2w log (1 -+t m—1
: ((1 + i‘)i’2 :6((1 + t;_wz> (14 £y 1wyt W

w1—1 o0 k

— p2m— 1(w1w2 m—1 120 kdew 2ZU1ZUQX+2le)k'

t]

X Zdﬂ P 2w1w2y+w2)]—'

:22m 1(ZU1ZU2)m_1

n
!

0 w1—1 n ¢
x Y { Y ) <Z>d,((";))l (2wywox + 2wyl )d }(1 )(zwlwzy—i—wz)} -

Furthermore, we observe that

Tm(wl/WZ) — 2277171 (w1w2)m71
oo rwy—1 n (m—1) n
X Z |: Z 2 < > kw0 2ZU1ZU2X+2wll)d (2w1wzy+w1)}n'
1=0 k=0

Combination of this identity with Equation (12) leads to the required identity. [

Lety = 0 and m = 1 in Theorem 8. Then, we have the following symmetric identities for type 2
w-Daehee polynomials.

Corollary 8. For wy, wy € N, n > 0, we have

wlfl ZU2—1
Z Ay, (2wiwax + 2wol) = Z A, (2w w2 x + 2w11).
1=0 1=0

Finally, taking w, = 1 in Corollary 8 leads to

Corollary 9. For wy € N, n > 0, one has

w1—1
du(Quix) = Y dyw, Qwix +21).
=0

Now, we want to provide some other properties of type 2 w-Daehee numbers related with central
factorial numbers of the second kind and the type 2 Bernoulli numbers of order a.
For n > 0, the central factorial is defined as

xl0 =1, x["]:x(x—i—g—l) (x—l—g—Z)---(x———i—l), (n>1).
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Then, the central factorial numbers of the second kind are given by, forn > 1

=3 T(n, k)x.
k=0

Recall from [11] that the type 2 Bernoulli polynomials of order a are generated as follows,
fort,x € C,
t o [ee] (a) tn
(et = t> - Zobn (x)ﬁ
n—=

Proposition 1 ([11]). For k > 0, we have

1 t i\ k ad "
(1) F(eZ—e 2) :n;cT(n,k)a
@) 2"KT(n 4 k k) <” ;{F k) pio

Let us take « = —k € Z and x = 0 in (7), and replacing t by ¢!/?* — 1 leads to

. K
2 —y b (e20 —1)
e n=0

[ee] n t'rl
Z 52 n, l
0 fr n!’

NI~
|
x
NI~

On the other hand, the left-hand side of the above equation, by Proposition 1, can be presented by
the central factorial numbers of the second kind as follows:

20\F /o ik knk t"
<t) (ez—e 2) = w"2 ZT —0—kk)(n+k)n|

Therefore, we obtain the following property:

n—+k

wkzkiT(n+k,k):< ' )Zdlw So(n,1).

In addition, the application of Proposition 1 to this gives us
2" = Zdl(wk)sz(n,l).
=0

We can summarize these results as follows:

Theorem 9. For n,k > 0, we have
k _
W) @tk = () S50,
1=0

n
2) w)by Y =Y d sy (n,1).
1=0

4. Discussion

For the caseof w =1, w = % and w = 411' the symmetry of the type 2 w-Daehee polynomials are
related to the works of the type 2 Daehee polynomials, those of well-known Daehee polynomials [1],
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and we can modify relate to those of the Catalan Daehee polynomials in [9], respectively. Recently,
many works are done on some identities of special polynomials in the viewpoint of degenerate
sense [12,13]. Our new type 2 w-Daehee polynomials could also be developed in other directions, i.e,
on the symmetric identities of the degenerate type 2 w-Daehee polynomials.

Finally, we remark that our work on symmetry of two variables could be extended to the three
variable case.

5. Conclusions

In this paper, we have defined the type 2 w-Daehee polynomials and numbers by the generating
function, for t,x € Zy and w € N

log(1+t)
(1+8H)v—(1+t¢

x & t"
)720 (1 + t) = n;_odn,w(x)m'

These are motivated from the pursuit of the symmetric properties of the type 2 Daehee
polynomials and numbers, which are defined and investigated by Kims [11]. Our type 2 w-Daehee
polynomials are related with A-Daehee polynomials in [17] and also Catalan Daehee polynomials [9].

We obtained two relations between type 2 Bernoulli polynomials and type 2 w-Daehee
polynomials in Theorems 1 and 2. In the Theorem 3, we gave the relationship between type 2
w-Daehee polynomials with w-Daehee and w-Changhee polynomials. After that, we relate type 2
w-Daehee polynomials with w-Bernoulli polynomials and usual Euler polynomials in Theorem 4. In
addition, in Theorem 6, we have the distribution relation of type 2 w-Daehee polynomials. In Section 3,
we gave symmetric identities involving the type 2 w-Daehee polynomials, which are derived from the
p-adic invariant integral on Z,,. In addition, we expressed our type 2 w-Daehee polynomials related
with new central numbers.
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