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Abstract: In this paper, we introduce the concept of a ngp-order weighted pseudo Aio—almost
automorphic function under the matched space for time scales and we present some properties.
The results are valid for g-difference dynamic equations among others. Moreover, we obtain some
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a further discussion and some open problems of this topic.
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1. Introduction

In 1962, Bochner introduced the concept of an almost automorphic function on the real numbers
(see [1]) and such functions and applications were studied in [2-5]. In the literature [6-11], existence
and uniqueness of pseudo almost automorphic solutions to semilinear abstract differential equations
were studied. In [12], the authors proposed a concept of weighted pseudo almost automorphic
functions (WPAA) and completeness and a composition theorem of the function space formed by
WPAA were obtained (this generalizes weighted pseudo almost periodic functions [13-16]).

Almost periodic and almost automorphic problems of dynamic equations on time scales were
studied in [17-25]. In 1988, Hilger [26] (see also the books [27,28]) initiated the theory of time scales.
An arbitrary closed nonempty subset of the reals is called a time scale and it covers the theories of
classical differential and of difference equations (see [29,30]). Based on the translation regularity of
periodic time scales, the definition of almost automorphic functions on regular periodic time scales
was successfully proposed because of the nice translation-closedness for all periodic time scales.
However, for the translation irregularity of some basic time scales such as T = qWO ={q' : t €
Noforg > 1} U{0} or T = (—¢q)% := {(—q)! : t € Zforq > 1} U {0} (which is widely applied
to quantum or quantum-like theory) and other types of time scales such as T = Nz = {£Vn :
n € N} and T = T, the space of the harmonic numbers, it is very difficult to introduce almost
automorphic functions (note it is of interest to study almost automorphic dynamic behavior of solutions
to quantum-like dynamic equations including g-difference dynamic equations and others). In the
literature [31], the authors introduced and studied a new type of almost periodic functions and
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stochastic process in which the almost periodic functions and dynamic equations on quantum-like
time scales was investigated for the first time.

In this paper, by employing the concept of matched spaces theory, the strict shift-closedness of time
scales will be guaranteed under non-translational shift (see [32]), the concepts of §-almost automorphic
functions and ng-order weighted pseudo A‘f,o -almost automorphic functions are introduced and their
basic properties are obtained. Using this, we establish some sufficient conditions to obtain the existence
of weighted pseudo d-almost automorphic mild solutions to a class of semilinear dynamic equations
involving quantum-like dynamic equations like g-difference dynamic equations and others.

The organization of this paper is as follows: in Section 2, we introduce the concept of -almost
automorphic functions and ng-order weighted pseudo Aflo—almost automorphic functions under
the matched space of time scales, and some properties are presented. In Section 3, the existence
of weighted pseudo A‘f,o-almost automorphic mild solutions is investigated for a type of abstract
semilinear dynamic equations. In Sections 4 and 5, an example is provided and a further discussion is
conducted with some interesting open problems of this topic.

2. Np-Order Weighted Pseudo A-Almost Automorphic Functions

In this part, first, we will recall some basic knowledge of matched spaces for time scales. For more
details of dynamic equations on time scales and matched spaces, the reader may consult [26-28,32-34].

Definition 1 ([32]). Let IT* be a subset of R together with an operation § and the pair (I1*,5) be an Abelian
group, and § be increasing with respect to its second argument, i.e., 11* and & satisfy the following conditions:

(1) IT* is closed with respect to the operation b, i.e., for any T, T € I1*, we have §(1y, 1) € IT*.

(2) There exists an identity element ey« € T1* such that §(er+, T) = T for all T € TT*.

(3) Forallt, o, 13 € IT%,6(11,6(12, 13)) = 6(6(11, ), 13) and 6(11, o) = 6(2, 11).

(4) Foreach T € 11, there exists an element T—1 € I1* such that §(t,7~1') = §(t~1, T) = ery+, where ey
is the identity element in IT*.

(5) If 1 > 1, then 5(-,1’1) > 5(-,1’2).
A subset S of R is called relatively dense with respect to the pair (IT*,8) if there exists a number L € TT*

such that [a,6(a,L)];. OS # @ (or [5(a,L),a] . NS # @) for all a € 11*. The number |L| is called the

inclusion length with respect to the group (IT*,9).

1
From Definition 1, for example, let IT* = N2 := { + /n, n € N}. Then, ey« = 0 and

5(, ) =B+, 1,1>00n1,1n)=—\/17+1, 1,15 <0;§(1n,n) =01 >01 <0.

We can obtain the following definition.

-

Definition 2 ([32]). A subset S of R is called relatively dense with respect to the pair (N3, 5) if there exists
1
anumber L € (1,+00) y such that la, Va2 + L?] y NS # Oforalla € N% and [—va?+1%a 1NS#Q

1
N? N2 N2

1 1
forall a € N2. The number L is called the inclusion length with respect to the group (N2,9).

Definition 3 ([32]). Let T and 11 be time scales, where T = Ujcy, Ai, I1 = Uy, Bi and A; is a sub-timescale
of T for each i € Iy. If I1* is the largest open subset of the time scale I1, i.e., I1* = I1, where A denote the
closure of the set A, and (I1*,6) is an Abelian group, Iy, I are countable index sets; then, we say I1 is an adjoint
set of T if there exists a bijective mapping:

F: T — IT
AG{Ai,ieh}—)BE{Bi,ieb},
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ie., F(A) = B. Now, F is called the adjoint mapping between T and I1.
Remark 1. A subset K of a time scale T is said to be a sub-timescale of T if and only if K C T is a time scale.

Remark 2. Note that the largest open subset of a time scale (i.e., the topological interior of a time scale) is unique.
For example, let Ty = qNo := {4 : t € Noforq > 1} U{0}; then, T; = q™o; let To = (—q)% := {(—q)" :
t € Zforq > 1} U {0}, then, T = (—q)%; let T3 = N7 = {£v/n :n € N}, then, T} = N2 = T;.
For other classical cases, for instance, let T4 = R; then, T4 = T}, let Ts = hZ (h > 0); then, Ts = T;, etc.

Definition 4 ([32]). Let the pair (I1*,5) be an Abelian group and I1*, T* be the largest open subsets of the
time scales 11 and T, respectively. Furthermore, let 11 be the adjoint set of T and F the adjoint mapping between
T and I1. The operator § : IT* x T* — T* satisfies the following properties:

(P1) (Monotonicity) The function ¢ is strictly increasing with respect to all its arguments, i.e., if
(To, t), (To,u) € Dy := {(s,t) € IT" x T* : §(s,t) € T*},

then, t < u implies 6(Ty, t) < 6(To, u); if (T1,u), (To,u) € Ds with Ty < Ty, then 5(Ty,u) < 6(To, u).

(P,) (Existence of inverse elements) The operator & has the inverse operator 6~1 : TI* x T* — T* and
67Ut t) = 6(t71,t), where T € T1* is the inverse element of T.

(P3) (Existence of identity element) er= € I1* and é(ery+,t) = t for any t € T*, where eyy- is the identity
element in IT*.

(Py) (Bridge condition) For any 11,7, € I1* and t € T*, 5(8(11, 1), t) = 6(11,6(12,t)) = 6(12, 6(11, 1)).

Then, the operator 6(s, t) associated with erp« € IT* is said to be a shift operator on the set T*. The variable
s € IT* in ¢ is called the shift size. The value (s, t) in T* indicates s units shift of the term t € T*. The set Dy
is the domain of the shift operator 6.

Now, we present the concept of matched spaces for time scales.

Definition 5 ([32]). Let the pair (I1*,5) be an Abelian group, and IT*, T* be the largest open subsets of the
time scales I'1 and T, respectively. Furthermore, let I1 be an adjoint set of T and F the adjoint mapping between T
and T1. If there exists the shift operator 6 satisfying Definition 4, then we say the group (T,I1, F,5) is a matched
space for the time scale T.

Definition 6 ([32]). A time scale T is called a periodic time scale under a matched space (T,11,F, ) if
IT:= {r eIl*: (t7,t) € Dy, Vt € T*} & {{en}, D}. 1)

In the following, we always assume that the group (T, F,I1, ) is a regular matched space of T,
which is a periodic time scale in the sense of Definition 6. For concise notation, we use the symbols
ITN (—oo,erp+] := T~ and I1N [ery+, +o0) := ITT. For convenience, we denote §(T,t) := d.(t) and X is
a Banach space.

For a matched space (T, F,I1, ), we denote A;, the sub-timescale which the argument ¢ belongs
to, and clearly, i; € Iy, where I; is an index set satisfying T = Uj;c, A;-

Remark 3. By Definition 6, we will demonstrate the following time scales are periodic under matched spaces:

(i) T = Ris periodic since I1:= {t € IT* : (t*1,t) € Dy, Vt € T*} ¢ {0,D}, where I1 = I1* = R and
S(ttLt) =t+T.

(ii) T = hZ is periodic since I1 := {t € IT* : (t*1,t) € Dy, Vt € T*} ¢ {0,@}, where [1 = IT* = hZ
and §(t*,t) = t+ 1.
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(iii) T = (—q)% is periodic since I1 := {t € IT* : (t*1,1) € Ds,Vt € T*} ¢ {1,D}. In fact,

tt, t € Ty, T € IIT, t/t, t € Ty, T €T,
s(r,)=14" LTEI gy 2 LT e

t/t, te Ty, Tell, tt, teTr,Tell,
where TIT = {4 : q > 1n € ZT}, II- = {¢* : q > Ln € Z } and
Ty={¢":q>1Lne€ ZyU{1}, To={—¢*""1:q9>1ne Z}U{1}. Notethat Ty UT, =
T* = (—q)".

Remark 4. In Remark 3 (iii), from the property of the operation & (note that § is discontinuous at t = er;» = 1),
we can obtain the right shift closedness of T1 and the left shift closedness of Ty, respectively.

Theorem 1. If T is a periodic time scale under a matched space (T,I1,F,) in the sense of Definition 6,
then T° = T, where T := {6-(t) : Vt € T, T € [T}.

Proof. Forany t € T, we have t = 6, (t) € T¢. Moreover, for any s € T, there exists some t € T and
T € I such thats = 6-(t) € T. This completes the proof. [

Let T € IT*, we introduce a function A : IT* — IT*,
A(T) =6(terr),  T>em, A(T) =5(ter), T <err. 2)
Let
T® := {t € T* : 6;(t)is A-differentiable, where T € IT\{ery<}},
I1° = {r € I1:6:(t) € T®,Vt € T®},

and C°(T,X) C BC(T,X) denote a function space which has the property that V{f,} C C°(T,X);
if f, — f, then f, (6:(t))02(t) — f(6(t))62(t) forall t € T® and T € [1°, where BC(T,X) denotes
a bounded function space from T to X.

Remark 5. From definition of T®, if - (t) is A-differentiable for all t € T*, then T* = T?®.

Remark 6. If T is a time scale which satisfies Definition 6 and T® = T*, then it follows that TT® = T1. In fact,
from Definition 6, we can obtain that T—! € T1° and it implies that T1° = I1.

1 1
Remark 7. Let N} = { £ /n : n € N}. Then, we can get IT* = N} := { & \/n, n € N}. Hence,

S(t,t) = VR +12,t>0,Ttell’; §(t,t) = —V12+12,t<0,T €1 (3)

and, for |t| > ||,
ST, )=V -T2, t>0,7€ll"; 6 Y1, t)= V12 —12,t<0,7€ll. 4)

Note that 6(t,t) is continuous in t = 0 if and only if T = 0, which implies that, for any T € T1\{0},
5(t, t) is not continuous at t = 0 = eyys, i.e., §(T, t) is not A-differentiable at t = 0 for T € T1\{0}. Moreover,
T* has oriented shift closedness in parts by starting with t = 0. In this example, the part [0, +oo)+ has
closedness during right shift and the other part (—oo, 0]+ has closedness during left shift.

Definition 7 ([32]). If the adjoint mapping F : T — I1is continuous and satisfies

(1) forany T € IT*, to € T, F(6:(A;,)) = 6(t, F(A;, )) holds;

fo

(2) lftl, I € T and t1 < ty, then F(Aitl) < F(A ),

ltz
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we say (T, F,11,08) is a reqular matched space for the time scale T.

Lemma 1. If the time scale T is periodic in the sense of Definition 6 and (T, F,11,6) is a reqular matched space,
then for any fixed point ty € T, there exists a suitable adjoint mapping F : T — I1 such that F (Aito) = e+

Proof. Since the time scale T is periodic in the sense of Definition 6, then ery is also the identity
element in IT.

From Definition 6, there exists an inverse element [F (Al-t0 )7' € TI1 such that
S([F(A; )]_1,F(A,-t0)) = eyy+, so there exists a suitable constant b € IT* such that S(b/F(Aito)) =

Z[O
(Fody)(A; )= IE(A%) = erp+. In fact, from condition (1) of Definition 7, let b = [F(Aito)]’1 € I1, we

1[0
have (b, F(A;, ) = F(jp(a, )-1(Aiy)) = en-. Thus, we have £ = F o 6, )-1- This completes the
lto Ito

proof. O

Remark 8. From condition (2) in Definition 7, ifF(AitO) = ey« for a fixed tg € T, then it follows that
F(A;,) < erp- for t < togand F(A;) > ery- for t > t.

Next, we will introduce the concepts of J-almost automorphic functions and ngp-order A-almost
automorphic functions (i.e., Aio -almost automorphic functions).

Definition 8 (/-almost automorphic functions).

(i) Let f: T — X be a bounded continuous function. f is said to be 6-almost automorphic under the matched
space (T, F,11,0) if for every sequence of real numbers {s,}°>_; C I1®, one can extract a subsequence
{ta}y C 1 such that:

g(t) = lim £ (5, (1))

is well defined for each t € T® and a sequence {B+, } C I1° that is dependent on {T, } such that

lim g (6., (1)) = £(t)

n—00

for each t € T®. Denote by AA°(T,X) the set of all such functions.

(ii) A continuous function f : T x X — Xis said to be 6-almost automorphic if f(t, x) is 6-almost automorphic
in t € T uniformly for all x € B, where B is any bounded subset of X. Denote by AA’(T x X, X) the set
of all such functions.

If there exists inverse element T~ 1 in IT® for each T € IT®, then IT® = IT and Definition 8 can be

written into the following form by taking B+, = T, ..

Definition 9.

(i) Let f: T — X be a bounded continuous function and 6-(-) is A-differentiable. f is said to be 5-almost
automorphic under the matched space (T, F,T1,6) if for every sequence of real numbers {s, }>_, C I, one
can extract a subsequence {7, }°_, C Il such that:

g(t) = lim f(d, (£))

n—00

is well defined for each t € T* and

lim ¢(6,1(1)) = lim g(6;'(1)) = f(t)

n—oo n—oo

for each t € T*. Denote by AA°(T,X) the set of all such functions.
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(ii) A continuous function f : T x X — X is said to be 6-almost automorphic if f(t, x) is 6-almost automorphic

in t € T uniformly for all x € B, where B is any bounded subset of X. Denote by AA’(T x X, X) the set
of all such functions.

As an extension of Definition 8, we can introduce the following concept.

Definition 10 (Afl0 -almost automorphic functions).

(i)

written into the following form by taking S, = 7, .

Let f € C%(T,X) be a bounded continuous function. f is said to be ng-order A-almost automorphic
(Aﬁo—almost automorphic) under the matched space (T, F,11,6) if there exists some ip > 1, n; € Z, i =
1,2,...,io such that, for every sequence of real numbers {s, }°_, C I1®, we can extract a subsequence
{ta}, C 1 such that:

1,1,

¢ (1) = lim f(6r, (1)) (05, ()"

n—oo

S

is well defined for each t € T and a sequence { B+, } that is dependent on {t,} such that

io

Jim, 805, () TL (93, (0)" = £ (65,

foreacht € T®, where
1T, io :
Sg (1) =g [T (o8, (1)"
i=1

Denote by AAi0 (T, X) the set of all such functions.
A continuous function f € C°(T x X, X) is said to be ng-order A, -almost automorphic if f(t,x) is
A‘,Slo—almost automorphic in t € T uniformly for all x € B, where B is any bounded subset of X. Denote by
AAi0 (T x X, X) the set of all such functions.

In fact, if there exists inverse element T~ 1 in TT? for each T € TT®, then Definition 10 can also be
1

Definition 11.

(i)

Let f € C%(T,X) be a bounded continuous function and 5. (+) is A-differentiable. f is said to be ng-order
A-almost automorphic (A",;O—almost automorphic) under the matched space (T, F,11,5) if there exists some
iv>1,n; €Z,i=1,2,...,iy such that for every sequence of real numbers {s,}5° ; C I, we can extract
a subsequence {t,}%°_; C I such that:

1y,

560 (0) = Jim_ £ (8 (1) (65, (1)"
is well defined for each t € T* and

Jim (0,0 0) TT (68 (0)" = Jim s(6 ) TT((651(0))" = 065, ()"
foreach t € T*, where

nlrnig

Se0 () = (O TT (83, ()"

Denote by AAS, (T, X) the set of all such functions.
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(ii) A continuous function f € C°(T x X, X) is said to be ng-order Aﬁo-almost automorphic if f(t,x) is
A‘fto—almost automorphic in t € T uniformly for all x € B, where B is any bounded subset of X. Denote by
AAﬁO (T x X, X) the set of all such functions.

Remark 9. Note that the condition “6-(-) is A-differentiable” from Definitions 9 and 11, which implies
T* = T® according to Remark 5.

Remark 10. Let ig = 1, ny = ngp, so

11,1,

Sg (1) = g(1) (J,,. (1) ™
Then, f is said to be a standard Af,o—almost automorphic function.

Remark 11. In Definition 10, letip =1, 1y = ngp = land 5 . (t) =t £ T, if T =Ror T = hZ, h > 0,
then 5/_?i1 (t) = 1 and the following classical concepts can be obtained.

Definition 12 (Case I. T = R, [2]).

(i) Let f: R — X be a bounded continuous function. f is said to be almost automorphic if for every sequence

of real numbers {s,, }_,, one can extract a subsequence {T,}5_; such that:

g(t) = lim f(t+ 1)

n—o0

is well defined for each t € R and
lim g(t — 1) = f(t)

n—o0

foreacht € R.

(ii) A continuous function f : R x X — X is said to be almost automorphic if f(t, x) is almost automorphic
in t € R uniformly for all x € B, where B is any bounded subset of X.

Definition 13 (Case II. T = hZ, [2]).

(i) Let f : hZ — X be a bounded continuous function. f is said to be almost automorphic if for every sequence

of real numbers {s,, };>_, C hZ, one can extract a subsequence {7, }7>_, such that:

8(no) = lim f(no + )
is well defined for each ny € hZ and
lim g(ng — ) = £(n0)

foreach ng € hZ.

(ii) A continuous function f : hZ x X — X is said to be almost automorphic if f(t,x) is almost automorphic
in ng € hZ uniformly for all x € B, where B is any bounded subset of X.

Now, we construct an d-almost automorphic function through through the following steps.

Example 1. Consider T = R and IT = [0, +o0), we introduce the operators as follows:

5T(t) =

Tt, ift>0,
{ ift = for T € [1,400) NIT",

t/T, ift <O,
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51(t) = {”T’ FE20 ot e o) IT,
Tt, ift <0,
then it follows that (T,I1, F, &) is a matched space of the time scale T, where F(A) = |A| forall A € T* =
R\{0}, IT* = (0, +-00). Note that §(11, 72) = 71 - Tp, where T, Ty € IT*.
Step 1. Periodic function construction. Since R is periodic under the matched space (T,1L,F,¢),
we construct the following function

f=(t) = cos (ln(lln/'”\ﬁ)n>' T>1landt € T = R\{0}

under a matched space (T, 11, F, ), then it follows that the function is periodic with the period T = P2, P > 1.
In fact,

Fon () — {ff(tpiz), ift >0, :Cos<ln|t|j:21n(1/P)n>

f<(t/P*2), ift <0, In(1/P)

_ In |¢] _ Injt \_
= CO0S <1n(1/P)7T:l:27T) = COS (ln(l/P)T[ —fT<t)
Step 2. Almost periodic function construction. Based on Step 1, consider the function

F(t) = cos (Mn) + cos (%7‘[),

where Py # P, P, P, > 1and t € T* = R\{0}, then we obtain that F(t) is almost periodic. From Step 1, let

v — cos (2 1V31
fra(V2t) = cos (hl(l/l)l)ﬂ> fr3(V31) = cos (1“(1/1’2)”>

we obtain that F(t) = fplz(\ﬁt) +fpzz(ﬁt). Note that fplz and fpzz are periodic with different periods P?, P3,
respectively (see Figure 1).

Figure 1. Graph of F(t) = cos (llrrll(‘l‘//%i‘) 7T) + cos (11111('1%5:2') 7) with P =2, P, = V/2.
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Step 3. 0-almost automorphic function construction. According to the above, we construct the

following function:
Ao In |2t In |v/3¢|
O = (a7 ) <o (i) |

where Py # Py, P, P, > 1and t € T* = R\ {0}, then F(t) is almost automorphic under the matched space

. 2 _ 1 .
(T,ILF,0o). From Step 2, it follows that F(t) = f—pf(ﬁt”fp D) (see Figure 2).

2
2

120

100 - 4

60 N

40 *

20 *

Figure 2. Graph of F(t) = - 1 ~ withP; =2, P, = v/2.
cos (12(‘1‘//12,:‘) 7'[) —+cos (11\(‘1‘//15,;‘) 71)

Next, we construct an A-almost automorphic function through A{-almost periodicity.

Example 2. Step 1. AS-periodic function construction. For any a € R\{0}, consider the real valued
function f(t) = a/t whose domain is T* = (v/5)% = {(\/5)", n € Z}, then f(t) is A-periodic with the
period T = /5 under the matched space (T,1I1,F,8). In fact,

a

£ sy (D)5 () = 7 (VO™ = 2= F),

Step 2. AS-almost periodic function construction. On T = (v/5)2 = {(v/5)", n € Z} U {0},
let a,b € R\{0}, a # band
b ~ 1 b

,G(t) =g1(t) +g2(t) = - +

(t) = a (t) = ————+ _—
81 - t’ 82 - (_1)10g\/§tt t (_1)log\/§tt‘

From Step 1, we have g1 (5(\/§)i1 (t>)5(A\/§)i1 (t) = g1(t). Note that

b b
g2(5(\/§)i2(t))(5(\/§)i2)A(t) = (1)10g\/g(\/§)ﬁt,(\@)i2t.(\@)izz(—1)i2+10gﬁt-t
b

(—1)10g\/§tt =

$2(t).

Hence, G(t) is a AS-almost periodic function under the matched space (T,T1, F,5) and g1 (t) and go(t)
have completely different periods.
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Step 3. AS-almost automorphic function construction. According to Step 2, on T = (\/5)%Z =
{(v/5)", n € Z} U {0}, consider the following function on T*:

b

A a
60 =1/ [+ e

}, a,b e R\{0},a #b,

then G(t) is almost automorphic under the matched space (T, T1, F,8). From Step 2, it follows that G(t) = G%t)'

Remark 12. From Examples 1-2, it demonstrates that Definitions 8 and 10 not only include the concepts of
almost automorphic functions on periodic time scales under translations but also cover some new types of almost
automorphic functions so almost automorphic problems for g-difference equations and others can be proposed
and studied.

In what follows, for the convenience of our discussion, we always assume that o (+) is
A-differentiable and the time scale T satisfies Definition 6, i.e., T® = T* and [T° = I1.

Let X be a Banach space endowed with the norm || - ||. Now B(X, Y) denotes the Banach space of
all bounded linear operators from X to Y, B(X,Y) := B(X) if X = Y. Also BC(T, X) is the space of
bounded continuous function from T to X equipped with the supremum norm ||u||ecc = sup, [|u(t)]].

Lemma 2. If 6-(-) is A-differentiable for t € T*, then AA‘flO (T, X) equipped with the norm || - ||« is
a Banach space.

Proof. Let {f,} C AAﬂ0 (T, X) be a Cauchy sequence. Since X is a Banach space, we can obtain
fu — f, n — co. Hence, for any ¢ > 0, there is a N > 0 so that n > Nj implies

£ (8c(£)) (62(1))™ — £ (6:(t)) (62(1)) ™|, < efor T € IL.

Because {f,} C AA;S10 (T,X), for each n € N and ¢ > 0, there exists a N, > 0 and {g,} so that
it > Na, for any sequence {1;} C I1, there is a subsequence {7; } such that

ny, M,

[ fn (63 (1)) (‘S%(t))no —Se, (D]l <& ()
Now, take N3 = max{Nj, N>}, and when n > N3, we obtain
£ ) (65 0) =S Ol < (1 5n () (55(6)" = (6 (1) (64, ()" .

1,1,

+Hfﬂ (5Tﬁ(t)) (5%7 (t))no - Sgn (t)Hoo S 2e.

We can take n = N3 + 1 such that

nlrnio

lim £, 1 (60, (1) (63,(1)" = Seir 5 (),

fi—00
which means that f € AAY, . Hence, AAY, is a Banach space equipped with the norm || - [|eo. O

Let U be the set of all functions p : T — (0, c0) which are positive and p(t) (62(t))™ be locally
integrable over T for T € ITand ng € N.

Remark 13. Note that, if T = R or hZ,h > 0, then p : T — (0, 00) is positive and locally integrable over T.
Remark 14. Since 52(t) > 0 by (Py) from Definition 4, then p(t)62(t) > 0 for p(t) > 0. Hence, if 6-(-) is

A-differentiable and p(t) > 0, then p(t)52(t) is locally integrable over T is equivalent to the local integrability
of p(t) over T.
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For a given r € [ery+, +00) NI1:=I1T, tg € T, set

5r(t0)

‘st,, = As, 6
milto,rp) = [ p(s)As ©

foreachp € U.

Remark 15. Under a regular matched space (T, F,T1,6), from Definition 7, we have F([6,-1(to), 6r(to)] p) =
[5(r—1,F(Ait0)),(5(r,F(AitO))]H* ie.,

[6,-1(k0), 6 (t0) ] = F 1 ([6(r1, F(Ay,))), 8(r, F(Ai )] 11 )-

In particular, if F(A;, ) = en, then [6,-1(t), 0, (t0)] p = F~Y([r=Y,7r]+), and, in this case, we say
Label (6) is the standard weighted function and

1 6
to,7,0) = ,0) = As, 7
mltorp)=min)= [ p(s)as @)
which is independent of ty. Throughout the paper, we assume that (T, F,I1,6) is a regular matched space and
employ the standard weighted function (7).

Remark 16. For any fixed to € T and T € R, if r — oo, then 5,(tg) — oo and §(t,r) — co. Hence, under a
regular matched space (T, F,11,6), we have mes(F~1([r~1,#]1+)) := pa (F~1([r Y 7)) = o0 if r — oo

Let BC)(T,X) := {f : f € C’(T,X) is bounded} and for any function f € BC’(T,X), we use the
notation Sjﬁo = f(t) (55, 1)"™.
Define
Uo :={pcU: rli_{glom‘s(r,p) = oo}

and
Up := {p € Uw : p is bounded and in{‘p(s) >0}.
s€

Itis clear that Ug C U C U.
Now, for p € U, define

5,7’10 R 1 .
PAAY™(T, p) := {f € BC(T,X) : lim )

Joryny ISP 05 =0r et |,
[ st

Similarly, we define PAAS’"0 (T x X, p) as the collection of all functions F : T x X — X continuous
with respect to its two arguments and F(+,y) is bounded for each y € X, and

i 1
7% mo (1, p)

S2(s, As =0
~/F’1([r’1,r]n*) || F (S y)”p(s) s
uniformly for y € X, where r € TTT.

Lemma 3. If 6.(-) is A-differentiable for t € T*, then PAAS’"0 (T, X) equipped with the norm || - ||eo is
a Banach space.

Proof. Let {f,} be a Cauchy sequence in PAAS’”0 (T, X). Then, for any € > 0, thereisa N > 0 such that
n,m > N implies

IS5 (1) = ST (O] < [ fa(6) Ty, (8)™ = fin(£) (Gy, (1)) ™[ <,
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which indicates that {S;:} is also a Cauchy sequence. Since X is a Banach space, so we have

I S;;? (t) — S;O (t)||lee — 0 as n — co. Therefore, from the definition of PAAg'nO, we obtain f € PAAg’”".
This completes the proof. [

Definition 14. The sets WPAAfl0 (T,p) and WPAAi0 (T x X, p) of standard ny-order weighted pseudo
Af,o—almost automorphic functions are introduced as follows:

WPAA;, (T, p) = {f € BC'(T,X) : S = S + 50, g € AA}, (T,X) and ¢ € PAA™ (T, p)};

WPAA, (T xX,p) = {feBC(TxXX): SP =5+ 5y, g € AAS (T x X, X)
and ¢ € PAAY™(T x X,p)},

and we say Sjﬁo is the main part of f.

From the Definition of WPA A, o (T, X), the following lemma is immediate:

Lemma 4. Let (T, F,I1,6) be a reqular matched space and 6 (-) is A-differentiable forall t € T*. If f = g+ ¢
with a standard Aﬂo—almost automorphic function g € AAiO (T,X),and ¢ € PAAS’”0 (T, p) where p € Ueo,

then S (T) C S}(T).

Proof. We prove it by contradiction. Assume that the claim does not hold. Then, there exista ty € T
and ¢ > 0 such that [[Sg(fo) — Sf(t)[| > 2¢, t € T. Since g € AAiO(']I‘,X), fix tp € T and € > 0 and set
Be := {T € IT*: Hg((ST to)) (02 (t0))"™ — g(t )((Z_,AH* (t0))™|| < e}. According to Lemma 2.1.1 of [35],
there exist s, 52, ...,sy, € IT* such that U}" ; 5(Bg, ) = UL, 535(51«) = IT*. Without loss of generality,
we assume that s1,sp,...,s; € IT~ and Si+1/5j42/ -+, Sm € ITt. Let

_ S(Si/F(Al}O))/ S; € ﬁ_,
"8G L EAy), s e T,

1

where F(Aito) = er+, then §; < erp+ and 7 = maxj<j<y, A(8;) > ep=. For T € IT* with A(T) >  and

one has

S
~—~
!
=
L
S~—
[
o
*
SN—

Thus, F~1 (U, 6(3;, B, )) “(o(rt ’7)’
Using the fact that B, l) C [T~

S(5(T,n 1), = DAL < _ At
m (0T ).p) /Pl([S(T*,ﬂ)ﬁ(Tﬂ?*l)]m)p ) ‘/Fl<u;"15<§i,3£,’%>)p 2

<y 8. (1)) 62 <3 i ) P()AL
< t)At
SR v AN

= max {a;}-m p(t)At,

i '/F1<[T%Tmms(F(AitO),Bs))
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p(0s;(1))35 (1)
p(t) ~
On the other hand, from the triangle inequality, for any ¢ € §(F (Ait0 ), B¢), one has

where a; = limsup,_,

1S ()l = ISF°(£) = S (D)1l = 11Sg" (to) — SF (D)1 + 1Sg” () — Sg° (o) [| > .
Then,

1
- t Si’lo t At
mé(T/p) /Ffl([T—llT]H*)p( )H ¢ ( )H

1
Z ST NERIGIEY:
- m*(T,p) /F1([T1,T]H*ﬁ5(F(A,vt0),Be))p( UEOll

€
2 T o / ) Y,

m(T,p) F*l([T—l,T]H*ﬂ(S(F(AitO)’BE))p( )
5(5 -1

> e m((T,n")p) . be 25T 5 o0,

m®(T,p) m-maxq<j<m{a;} m - maxq<j<pm{a;}

RT m(§(T,y~1),0) . .. - . 8,10
where b = limsup,_, (T < oosincep € Uco. This is a contradiction since ¢ € PAA;™ (T, X).

Hence, the claim is true. This completes the proof. [

In the following, we introduce the following function space:
S,
Saas = {SP =F(D)(65,. (1) : f e AAL Y, SPAAS,HO = {Sy0 = ¢(t) (65, (1) = ¢ € PAAG™},

Swpaas = {S;O = f(t) (62, (t )" f € WPAAS }.

Remark 17. From Lemmas 23, we can easily obtain that S , ,» and S_ = sn, are also Banach spaces equipped
HO

PAAY
with the norm || - ||

Theorem 2. Let (T, F,I1,5) be a reqular matched space. Assume that S is shift invariant under the

PAAY(T p)
matched space (T, F,11,6). Then, the decomposition of a main part for a standard no-order weighted pseudo

Aflo—almost automorphic function as S , 8, & SP 44570 is unique for any p € Ue.

Proof. Assume that S?O = S0 + Sg‘l’ and S;O = S0 + 5:;2 Then, 0 = (Sg? — Sg3) + (S:;‘lJ - Sno).

Since ng — Sgg €S, A (T.X)7 and S”O — S”0 €S , and in view of Lemma 4, we deduce that
¥ 0 7’

PAAY™(T,p)
Sg? — Sg? = 0. Consequently, S S¢ =0, that s, Sgo = Sno The proof is complete. [

Theorem 3. Let (T, F,I1,6) be a reqular matched space. Assume that S is shift invariant and

PAAY"(T,p)
p € Ueo. Then, (Syypaas J(T0)” - lleo) is a Banach space.

Proof. Assume that {S”O}nGN is a Cauchy sequence in Syp, A, (Tp)" We can write uniquely

?0 =S50 + S”0 Using Lemma 4, we see that: ||S ”f; lloo < ||SJ'ZS - SE’ |le, from which we deduce
that {Sgn}neN is a Cauchy sequence in the Banach space S ;4 s ()" Thus, Sy = S}ZO — Sgu is also
a Cauchy sequence in the Banach space S

no nop
S¢n — S‘P S SPAAAnO(Tp)

PAAMO( o) We deduce that Sg0 — Sg° € Sans (1)
no

, and finally an — S”O + S € SWPAA%O (T,0)" The proof is complete. [

Definition 15. Let py1, 02 € Uw. One says that p; equivalent to py, denoting this as p1 ~ po if 2—1 € Ug.
2
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Let p1, 02, p3 € Uw. It is the fact that p; < pp (reflexivity); if p; < pz, then py < p; (symmetry),
and if p; < p2 and p2 < p3, then p; < p3 (transitivity). Thus, < is a binary equivalence relation on Ue.

Theorem 4. Let (T,F,IL,6) be a regular matched space and pi,p2 € Uew. If p1 ~ p2,

then Sy pans, (1,00) = Swraag, (T,):

Proof. Assume that p; ~ py. There exists a > 0,b > 0 such that ap; < po < bpy. Thus,

am®(r,p1) < m°(r,p2) < bm’(r,p1),
where r € ITT1, and

a 1 n
s S,° A
bl o) e ISE G e (9)2s

1 n

— S.0(s s)As
) e ISEEle)

b 1

A - Slo A
o) Jepng ) ISE G (925

IN

The proof is complete. [

Lemma 5. Let (T, F,T1,6) be a reqular matched space and f € BC°(T,X). Then, f € PAAg’"0 (T, p) where
p € Up if and only if for every e > 0,

rLJroo mo(r, p)yA( (5‘}‘0)) =0

where r € 11T and Mfg(S"O) ={te FY([r 1 rm): ||S;0(t)|\ > e}
Proof.

(a) Necessity. By contradiction, we suppose that there exists €9 > 0 such that

lim ! VA( rsg(s;o)) 7& 0.

r—00 m‘s (r p)

Then, there exists 6* > 0 such that, for every n € N, ( )VA( . EO(S;O)) > 6* for some r, > n,

where 1, € ITT.

As a result, we get

1 1
—— S (s)|lo(s)As = ——— $™(s)l0(s)As
) et ISP OO = s [ ISPl

1 n
+— SO0(s S)A's
mé(rn,p)/F (i e )\ M3, (S10) 157l (s)
1
> S"0(s)||p(s)As
) o s 157 )
>

€0 n
— SP As > g%y,
10 (1, ) / M,y (51) | f (s)llo(s)As = egd™y

where ¢ = infsc p(s). This contradicts the assumption.

(b) Sufficiency. Assume that hrn ( Pl A(M2 g(S}T}O)) = 0. Then, for every ¢ > 0, there exists rp > 0
such that for every r > 1’0,

e (M) < 2
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where M := sup ||S O(t)]] < oo and K := sup p(t) < oo
teT teT

Now, we have

: m - _ 1
mé(r,p) /Ffl([rfl,r]m) Hsf (s)las = m(r, p) (/M" no) H (s)llp(s)As

+ N s As>
St 157 O
MK .
< 0
>~ mt;(r p),uA(Mrs(Sf ))
€
_— s)As < 2e.
m‘s(i’,p) /(Fl([r],r]“*))\Mﬁs(S;O)p( Jas <

. . 6,
Therefore, lim zl— fi-1(,-1,1,.) IS} (5)|p(6)As = 0, thatis f & PAAY™(T, p).

The proof is complete. [

Lemma 6. Let (T, F,T1,0) be a reqular matched space. If § € AAS, J(TxXX)and a € AA o(T,X)
are standard A‘5 -almost automorphic functions, then G(-) = g(-,SZO(J) € AAS (T, X) is standard
A ,-almost automorphic.

Proof. From g(t,x) € AA) (T x X,X), then for every sequence of real numbers {s,,}%; C I, we can
extract a subsequence {7, }>_; such that:

Sg(t,x) := lim g(d5, (1), x) (62,(1))"™

n—o0

is well defined for each t € T*. In view of assumption (i) in our definition and a € AA), (T,X),
one can extract {7, }%_; C {7,}%_; such that

lim g (8, (), a(é, (1) (&7 (£)™) (83 (1) = lim g(61 (1), Sy2(1)) (67 (£))™ = S2 (£, 32 (D))

n—o0 n—o0

Hence, G(-) € AA{ (T, X) is standard A, -almost automorphic. The proof is complete. [

We introduce two hypotheses as follows:

(H1) S'°(t, x) is uniformly continuous in ¢t € T uniformly for any bounded subset K C X.
(H2) S,°(t, x) is uniformly continuous in t € T uniformly for any bounded subset K C X.

Theorem 5. Let f = g+ ¢ € WPAAflO(’]I‘ x X, p), where g € AA‘,SLO(’]I' x X, X) is standard Aflo-almost

automorphic, ¢ € PAAS’"O (T xX,p), p € Uo. Assume that (H1) and (H2) are satisfied. Then, the
L(-) == f(-,S°(-)) € WPAA; (T, p) ifh € WPAAS, (T, p), where S;° (t) = h(t) (o5 P 1)™.

Proof. We have S}IO = Sg° + S:;O where ¢ € AAiO(T x X,X) and ¢ € PAAS’”O (T x X,p) and

S;0 = S0 + 81 where jig € AAS (T, X) and vp € PAAY™ (T, p).
Now, let us write

SP() =

Sg°(+ Sy ())+S?“( SZ°(~))*
=S

[
8
n
8

From Lemma 6, g (-, S;5(-)) € AA; o (T, X). Consider now the function

S = S, S()) = S S ()
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Clearly ¥(-) € BC’(T,X). For ¥ to be in PAAS”10 (T, p), it is sufficient to show that

1 novy
lim (1, p)VA( re(Sy’)) =0.

From Lemma 4, §,°(T) C S,°(T) which is a bounded set. Using assumption (H1) with
K = §,°(T), we say that for every € > 0, there exists §* > 0 such that

xvyek, |x—y| <& = HS?O(t,x) —S;O(t,y)H <g teT.

Thus, we obtain

T (MESH () = i (ME(S(0,51°(6) = S} (1S3 1)
< oty (ME (51200 = SIR(0) = e (Ml (SI30).

Now, since vy € PAA‘S "0(T, p), then, by Lemma 5, lim ( )yA( M2, (Sy,(t))) = 0. Consequently,

)P‘A( (8¢ (1)) =0.

rlgl; md (r 0

Thus, ¥ € PAAY™ (T, X).

Finally, we need to show that ¢(-,5,3(-)) € PAAS’"0 (T, p). Note that Sz (£, S0 (t)) is uniformly
continuous on F~!([r~1, 7]+ ), and that S0 (F~([r~!, 7]r1+)) is compact since pg is continuous on T as
an almost automorphic function. Thus, given e > 0, there exists §* > 0 such that S (F~ Y= 7)m)) C

kU1 By, where By = {x € X : ||x — xi|| < 6*} for some x; € S;9(F~ Y=, 7)+)), and

& _ _
154 (£ 1o(1) = Sy*(t,xi) | < 5, So(t) € B, t € F Yt ). ®)

Note that the set Uy := {t € F'([r~",7]r1+) : Syj(t) € By} is open in F~!([r~", 7]1+) and that
m
FY([r L, 7)) = U Uy. Define Vj by
k=1

k-1
V1=U1, szuk\Uui, 2§k§m
i=1

Then,Vl-ﬁVj =Q,ifi #j,1<i,j <m.Thus, we get
1 €
Y = {t e FY([r Y vl : ||sgo(t,sﬁg(t))|| > 2}

m
c U {t € Vit 1810 (4, S19(1)) — SI0 (8, x| + [1SL0 (8, x| > s}
k=1

< U ({rewispesno -spomnz S fU{reve ispumi = 3 })

In view of Label (8), it follows that

{t € Vit [1Sy° (1S3 (1)) — Sy (8, xi) || > ;} =0, k=12,...,m.
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Thus, we get

m

s Ha (ME (S (1,58 (1)) < Z

9 X
(7’ P) P (1’ p).uA(Mre(S (t k)))

Now, since ¢(-, x) € PAA‘S "(T x X, p) and lim ( eI (M‘S (S (t,xr))) = 0, it follows that

1 no no —
lim sy (M (S (8 S (1)) = 0,

ie, ¢(-, () € PAAS’”0 (T, p). The proof is complete. [
From Theorem 5, we can establish the following consequence:

Corollary 1. Let f =g+ ¢ € WPAA;SzO (T, p), where p € Uco and assume both Sy and Sg are Lipschitzian in
x € Xuniformly in t € T. Then, L(-) := f(-,5;°(-)) € WPAAS (T, p) ifh € WPAAS, (T, p).

3. Applications

Let (T, F,11,9) be a regular matched space for the time scale T, and consider the following linear
dynamic equation

=S, ©)
where S’ (t) = A(t) (62, (£))™ (t € T) is a linear operator in the Banach space X.

Definition 16 ([17]). T(t,s) : T x T — B(X) is called the linear evolution operator associated with (9) if
T(t,s) satisfies the following conditions:

(1) T(s,s) = Id,where Id denotes the identity operator in X;
(2) T(t,8)T(s,r) =T(t,r);
(3) the mapping (t,s) — T(t,s)x is continuous for any fixed x € X.

To obtain our results, we will introduce the following concepts.

Definition 17. Let (T, F,I1,6) be a matched space. An evolution system T(t,s) is called 6-exponentially stable
if for any fixed T € 11, there exists Ko > 1 and w > 0 such that

| T (6(t),02(s)) HB(X) < Koeew(0(t),8), t > s.

Remark 18. From Definition 17, if an evolution system T(t,s) is called exponentially stable, then there exist
projections P(t), Q(t) : T — B(X) for each t € T such that P(t) + Q(t) = 1d

IQOT(t,5)P(s)l|pxcy < Koecw (e(t),5), t =

since
1Q(H)T(t,s)P(s)Il < IIT(ts)llpx) < Koeow (0 (t),s), t>s.

Consider the abstract differential equation
xB(t) = S (t)x(t) + SP(tx(t), teT, (10)

with the following assumptions:



Mathematics 2019, 7, 775 18 of 25

(Hi) The family {S’(t) : t € T} of operators in X generates an §-exponentially stable evolution
system {T(t,s) : t > s}, i.e., for any fixed T € I1, there exists Ko(7) > 1 and w(t) > 0 such that

| T (6(t),02(s)) HB(X) < Koeew (0(t),s), t >,
and, for any sequence {7,} C I1, there exists a subsequence {7, } C {1,} such that

lim T(6.(t),6(s)) = T*(t,s) is well defined for each t,s € T, t > s.
Tn

n—00 Tn
(Hy) f=g+¢ € WPAA), (T,p), where p € Us.

(Ha) ISP~ (%) = SP (b y)]| < Lyllx —yl, Vx,y € X,

(Ha) (1S (%) = S (b, y)| < Lgllx — yll, Va,y € X

Definition 18. A mild solution to (10) is a continuous function x(t) : T — X satisfying

x(t) = T(t,c)x(c) + /t T(i.‘,s)S;0 (s, x(s))As

orall t > c and for all ¢ € T, where S™ (¢, x) = f(t,x) (62 (1)) : Tx X — X.
f

f ery*
Lemma?7. f ¢ PAAS’"O ifand only if f € PAAS'”O_l,
Proof. Assume that f € PAAS’”Ofl. Then we obtain

ISP 1 < ISPM1 = 15771 - do. (B < ISP B,

erp*

sowe get f € PAAY™.
On the other hand, if f € PAAS’”O, one can obtain

ISE@ < ISP Ol = ISP @), (D)1 < [SF @]

Thus, we obtain f € PAAS’"O_l. This completes the proof. [

To investigate the existence and uniqueness of a weighted pseudo J-almost automorphic solution
to (10), we need the following two lemmas:

Lemma 8. Let (T, F,11,0) be a reqular matched space and 6-(-) be A-differentiable for all t € T*. Assume v €
AA‘E,0 (T, X) is a standard Afm—almost automorphic function and (Hy) is satisfied. IfSZO_1 : T — Xis the
function defined by

t
sm1(4) = / T(t,5)SM 7 (s)As, t > s,

then u(-) € AA?

ng—1 (T, X) is a standard Aflo_l—almost automorphic function.

Proof. Clearly, u(t) is a continuous functions. Let {s,}>°; C II be an arbitrary sequence of
real numbers. Since v is Af,o—almost automorphic, there exists a subsequence {7} ; C {sn};
such that S (t) := lim v(Jx, (t)) (02 (t))" is well defined for each t € T*.

h n—co " Tn
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Now, we consider

S0 e ®) = [ (000,950 @05 = [ T(00 (1,00 ()57 (6 (5))03 (9)2s

_ /j T (65, (1), 6=, (5))vu (s) As,

where v,(s) = S5 (55, (5))02 (s) = v(dz,(s)) (62 (5))™ = Sw (62 (s)), n = 1,2,.... In addition,
we have

t
IS 0a I < [ [IT(E(8)61,(5))ou(s) | 8

t

< [ Koecw(t)on(s)]s
t
< KollSYl [ ewec(to(s))as
Ko||Sy° Ko||Sy°

_ 0||wv H [eew(t/t) —e@w(t,—oo)] _ OHwU H

Note that
vn(s) = 5,°(s), asn — oo

for each s € T fixed and any ¢ > s, and we get

) —1 .
Tim (5, (1) (88,(1) 7 = /_oo T* (t,5)S1° (s)As
t
= ([T, as) @, ()"
- -1
= a1t (J,. ()",
by the Lebesgue’s dominated convergence theorem. Analogous to the above proof, we can obtain

6 _—1(t)

lim a((sm_l(t))(5@1_1@))”0‘1 = lim [ " T*(0,1(t),5)5,"(s)As = sl

n—00 n—oo | _oo
This shows that u(t) is a standard Aio_l-almost automorphic function. The proof is complete. [
Lemma 9. Let (T, F,11, ) be a reqular matched space and 6. (-) be A-differentiable for fixed t € T*. Let f =

§+¢ e WPAAiO(’]T,p), where p € Ueo. Furthermore, (Hy) — (Hy) are satisfied and {T(t,s) : t > s} is
exponentially stable. Then,

-1 ' -1
SP () = /700 T(-,S)S;O (s)As € SWPAAiO,l(T,p)'
Proof. Let S?O_l(t) = Séo_l(t) + 5071 (¢), where

¢ t
se = [ Twespas and ST = [ Ts)sp T e
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Then, by Lemma 8, G(+) € AAiU_1 (T, X). Now, we show that ®(-) € PAAS'"O*l (T, p). First, take
to € T* such that F(4;, ) = e+, and by Remark 15, we have [6,-1(t0), 6:(to)] ¢ = FH([r~ Y, rlrre),
it follows from Theorem 2.15 in [34] that

1 —
(o) s~ (5)|1As
] e 15K

1 s np—1
= T(s, 0 S 07N (0)A||A
mé(r,p) /p—l([r i) ’/ (5.6) () ' °

1 ng—1
S TPY A Koeew (o (s),0) ]S 1(6)]| A0
- mo(r,p) /F—lq ) S/ 0ecw (o(5), 0)11Sg" (O)l]
1 ‘Srfl(t[)) s 1
T w(r o) A K LO)|IST(0)]] ) Al
md(r, p) /Pflurfl,r]m) S(/w T sy K079 0115 ()”)
1 d,-1(to) 4
= ——= Sno 0)||A6 Koeow J0)A
ol DR QUL i e (0(5), 0)As
; ng— 1 _
m®(r,p) /Ffl([r—l,r} IS HAG/ Kocow(0(s),0)As = h + I,
where
1
L= —— no— 1 A K A
1 (r p)/ ||S || 0/ r r]n* 08@w(0(5),6) S
and
L= %/ ISt 1 ||A9/ Koeow(o(s),8)As.
mo(r,0) JF1([r1r])
One can obtain
b= [T s e [ Koeeulots) 0)as
KO ¥ 1(t) ng—1
= 57 0)||AO (0, A
wmd(r,p) Lw HS¢ Gl /Ffl([rfl,r]m)we (0,0(s))As
balt) o
= fp)KO (s 1<9>||[ew<9,5r71<to>>—eww,ar(tomw
< mg( Tlo 1“(‘/ €6w tO Ae’ ‘/ €@w 5;» to) Q)Ael)
- ) wz” S 1 (Jecw (8,1 (t0), —00) = ecaa (61 (t0), 8,1 ()] + [eciu (6 (t0), —o0)

—ecw(6(t0),6,-1(t0))|) = 0 as r — oo;

1 -1
2= it e o 158 1O secolo(3),0)0 s

:wmf(orm/’(o Hsnol ||A9/ wew(QO'( ))As
1 Ky
m‘s(r,p)w J, 1t0
1 Ko

mé(r,p) @ Js 4 (t)

|| S50 (0)]] [ew (6, 0) — ew(8,6:(to))] AO

IIS”O '(0) 6.
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Since ¢ € PAAg’no(']I‘,p), by Lemma 7, ¢ € PAAS'"‘)*l (T,p), then

1 S (to) _
li po~t =0.
g0 oy s 155110520

Hence, lim I, = 0. The proof is complete. [J
r—oc0

Theorem 6. Let (T,F,IL,6) be a reqular matched space and 6.(-) be A-differentiable for t € T*.
Under assumptions (Hy) — (Ha) above, (10) has a unique mild solution in SWPAA‘:;Oil(T,p) provided % <L

Proof. Consider the nonlinear operator I' given by

(Tx)(t) := /; T(t,s)s;O*l(s,x(s»As.

From Lemma 5, we see I' maps SWPAA;;’ L, (Tp) into Sy paas (T
0 o

Now, if x,y € SWPAA?;OA(T'P)' we have

0 - @l = | [ 160 6xo) - 5P 6|

< Koby [ ecalts)lx(s) - y(s)Ias

KoLy KoLy
< =Yl < —Y|leo, VEt € T.
< L=yl < 2L x =yl Vi€
Thus,
KoLy
IT2 = Tylleo = ——= 1% = Ylloo.

Hence, the conclusion follows from the contraction principle. The proof is complete. [J

Corollary 2. Suppose (Hy) — (Hy) hold. Furthermore,

£t x) = FEpll < Tellx =wll, llg(tx) =gty < Lllx —yll, Vo y € X. (11)

A ynp—1
Kol¢(0g,)"0
w

Then, (10) has a unique mild solution in SWPAA%%(T’F)) provided <L

Proof. From (11), we can obtain

||S;071(t,x) - 5;0—1“,]/)” <|If(t,x) = ft, - (56AH*(t))no—1 <l -yl

71071

15207 x) = S ()| < llg(tx) — gty - (3. (1)

Let Lf = ¢, and according to Theorem 6, we obtain the desired result. The proof is complete. [

< Lgllx =yl

4. An Example

Let (Tq,F,I1,6) bea regular matched space and T, be an arbitrary time scale with 0, 7 € T» and
u: Ty x Ty — R, where T is the following time scale:

Ty =% = {g": g >1,n € Z} U{0}, where g = V3.
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Then, one will obtain that

I ={¢":q>1,neZ ,teTi}, IT={q":q>1,nelZ", te T},

where §(1y, 7)) = 112 and 6(7, t) = T, 71, o, T € I1. Consider the following partial dynamic equation:

iu(t x) = iu(t x) + R(y) (sint + cos v/2t + g(t)) cosu(t, x)
A]f ! A2x2 ! 15 T
teT T, xe [0, 7'[}11*2, (12)
u(t,0) =u(t,m) =0, t € Ty,
where ¢ € C(T,R) satisfies [¢(t)| <1, (t € Tq) and
- Yy
t) = tf1+1, R(y) = ——,y € (0,1).
p(t) = [sint[+1, R(y) Ty Y (0,1)
2
Define X = L2[0, 7]y, let Au = xzu(t,x), u € D(A) = H}[0,7ly, N H?[0, 7], .

Clearly, it follows from the same discussion as Section 3.1. in [36], one can obtain that the evolution
system {T(t,s) : t > s} satisfies || T(t,s)|| < ee%(a(t),s) (t > s). Then, for all t € Ty, by Lemma 3.3
from [21], we have

IT(etws)ll < (eg

- 1
< eccr(o(t),s), (t=>s,Tell, 0<c< 5)'

LetKg =14 cT, w =cTtand

f(t,u) = Rl(g) (sint + cos V2t + g(t)) cos u.

Clearly, for y € (0,c7), f satisfies the assumptions given in Theorem 6 with

Yy KoLy 14ct v 1
Lf_5(l+y) and w "ot 5(1+CT)_5<1‘

Therefore, (12) has the unique weighted pseudo J-almost automorphic mild solution for
y € (0,c7).

5. Conclusions, Further Discussion and Open Problems

In this paper, using matched spaces for time scales, the properties of the complete-closed time
scales under non-translational shift are established, and a wider range of irregular time scales turns
into regular ones with “periodicity”. Then, the concepts of ng-order A-almost automorphic functions
and weighted pseudo Aﬁo -almost automorphic functions are introduced, and some basic theorems are
obtained for weighted pseudo Aflo -almost automorphic functions and are then applied to investigate
abstract dynamic equations. In addition, some sufficient conditions are derived to guarantee the
existence of weighted pseudo A9 ,-almost automorphic solutions for a new type of abstract dynamic
equations. The obtained results develop a new almost automorphic theory for abstract dynamic
equations involving quantum-like dynamic equations like g-difference dynamic equations and others.

For the matched space (T,I1, , F), the shift operator d-(-) may have the discontinuous point at
some ty € T* for T € IT (we call it characteristic point of the time scale under this matched space),
particularly, if e;+ € T¥, then erj+ € T* may be a characteristic point. For example, the time scales
(—9)% and +N ? have the characteristic points t = 1 and t = 0 (see Figures 3 and 4), repectively.
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The characteristic points will lead to splitting of time scales, for example, the time scales (—q)% and
+N? have the split point t = 0. From Figure 3, one will see that the characteristic point is t = 1, but the
splitting point is t = 0, which implies that the characteristic point and the splitting point may not be
equivalent (they may equal to each other, see Figure 4). However, if d.(-) is continuous for all T € I,
then T* may have no characteristic point, it indicates that T* will not split and have the bidirectional
shift closedness, see Figure 5.

For the above discussion, we propose the following open problems in a matched space
T,IL 6, F).

(
(i) What is the relationship between the characteristic points and the split points ?

(ii) How many characteristic points and split points will a time scale have under a matched space?
(

iii) What is the relationship between the continuity of the shift operator é;(-) and the shift closedness
of different parts of the time scale?

""" q>Lnez UL " 1q>1LneZ}U{l}

The time scale splits and shifts to
opposite direction

Figure 3. The time scale T = (—q)% has the characteristic point er;- = 1 at which the shift 6;(-) is
discontinuous. This time scale splits at t = 0 and has the opposite shift closedness at the split point.

e e - =0

_

/ |
{—/n,n e N} i in e Ny

The time scale splits and shifts to
opposite direction

Figure 4. The time scale T = +N? has the characteristic point er= = 0 at which the shift 6-(-) is
discontinuous. This time scale splits at t = 0 and has the opposite shift closedness at the split point.
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|

/ e - =1
—_—
4—

VAN

{q" g>1neZ YU{l} {q" :q>LneZ }U{l}

The time scale shifts to bi-direction

simultaneously

Figure 5. The time scale T = tTZ has the characteristic point e = 1 at which the shift d.(+) is
continuous. This time scale has the bidirectional shift closedness.
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