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Abstract: In this paper, we study a class of Caputo fractional g-difference inclusions in Banach spaces.
We obtain some existence results by using the set-valued analysis, the measure of noncompactness,
and the fixed point theory (Darbo and Monch’s fixed point theorems). Finally we give an illustrative
example in the last section. We initiate the study of fractional g-difference inclusions on infinite
dimensional Banach spaces.
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1. Introduction

Fractional differential equations and inclusions have attracted much more interest of
mathematicians and physicists which provides an efficiency for the description of many practical
dynamical arising in engineering, vulnerability of networks (fractional percolation on random graphs),
and other applied sciences [1-8]. Recently, Riemann-Liouville and Caputo fractional differential
equations with initial and boundary conditions are studied by many authors; [2,9-14]. In [15-18] the
authors present some interesting results for classes of fractional differential inclusions.

g-calculus (quantum calculus) has a rich history and the details of its basic notions, results and
methods can be found in [19-21]. The subject of g-difference calculus, initiated in the first quarter of
20th century, has been developed over the years. Some interesting results about initial and boundary
value problems of ordinary and fractional g-difference equations can be found in [22-27].

Difference inclusions arise in the mathematical modeling of various problems in economics,
optimal control, and stochastic analysis, see for instance [28-30]. However g-difference inclusions
are studied in few papers; see for example [31,32]. In this article we consider the Caputo fractional
g-difference inclusion

(Diu)(t) € F(t,u(t)), t € I:=[0,T], )

with the initial condition
u(0) =ug € E, 2)

where (E, || - ||) is a real or complex Banach space, g € (0,1), x € (0,1], T >0, F: I xE — P(E)isa
multivalued map, P(E) = {Y C E : y # @}, and “Dy is the Caputo fractional g-difference derivative
of order «.

This paper initiates the study of fractional g-difference inclusions on Banach spaces.
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2. Preliminaries

Consider the Banach space C(I) := C(I, E) of continuous functions from I into E equipped with
the supremum (uniform) norm

[1#]lo := sup [[u(t)]].
tel

As usual, L!(I) denotes the space of measurable functions v : I — E which are Bochner integrable
with the norm

ol = /1 lo(t)]|dt.

Fora € R, we set

The g-analogue of the power (a — b)" is
(a0 =1, (a—b)" =11""1(a —bg"); a,b € R, n €N,
In general,

o a— bg*
(a—b)® = a“ I, (a—bq’?“‘> ;a,b,a € R.

Definition 1 ([21]). The g-gamma function is defined by

—)€-1)
Fq(‘:) = W} ceR— {0,—1,—2,...}

Notice that T'; (1 +¢) = [¢]4T4(2).

Definition 2 ([21]). The g-derivative of order n € N of a function u : I — E is defined by (Dgu)(t) = u(t),

(D)) = (D) 1) = "=, 1 2.0, (D) 0) = limy D)1,
and
(Dgu)(t) = (D,,D;‘_lu)(t); tel, ne{1,2,...}.

Set I; := {tq" : n € N} U {0}.

Definition 3 ([21]). The g-integral of a function u : I; — E is defined by
t =)
(1)) = [ u(e)dgs = Y- 11 = q)q"F(tg"),

0 n=0

provided that the series converges.
We note that (D, I;u)(t) = u(t), while if u is continuous at 0, then

(IgDgu)(t) = u(t) —u(0).
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Definition 4 ([33]). The Riemann—Liouville fractional q-integral of order « € R, := [0, 00) of a function
u : I — E is defined by (I,?u)(t) = u(t), and

t (+—gs (a—1)
(Igu)m:/o %u(s)dqs; fel.

Lemma 1 ([34]). Fora € Ry and A € (—1, 00) we have

I,(1+A)
are  \(A) — q (/\-‘ruc)
(Iq(t a)\M (1) 71"(1+)\+0¢)(t a) O<a<t<T.
In particular,
1
() = — L 4@
(Iql)(t) Fq(l —Hx)t '

Definition 5 ([35]). The Riemann—Liouville fractional g-derivative of order & € Ry of a function u : I — E is
defined by (Dgu)(t) = u(t), and

where [«] is the integer part of «.

Definition 6 ([35]). The Caputo fractional g-derivative of order « € Ry of a function u : I — E is defined by
(CDgu)(t) = u(t), and

(CD%u)(1) = (I D) (1); t e 1.
Lemma 2 ([35]). Let « € Ry. Then the following equality holds:

[0‘] -1 tk

(I;‘ CDgu)(t) =u(t) — ;;) W

(Dju)(0).

In particular, if « € (0,1), then
(17 CDf;u)(t) = u(t) —u(0).
We define the following subsets of P (E) :
Py(E)={Y € P(E): Y isclosed},

Pyy(E) ={Y € P(E) : Y is bounded},
Py(E) ={Y € P(E) : Y is compact},
P(E) ={Y € P(E) : Y is convex},
Pep,co(E) = Pep(E) N Peo (E).

Definition 7. A multivalued map G : E — P(E) is said to be convex (closed) valued if G(x) is convex (closed)
forall x € E. A multivalued map G is bounded on bounded sets if G(B) = UyepG(x) is bounded in E for all
B € Py(E) (ie. sup,g{sup{|y| : y € G(x)} exists).

Definition 8. A multivalued map G : E — P(E) is called upper semi-continuous (u.s.c.) on E if G(x) €
P (E); for each xy € E, and for each open set N C E with G(xg) € N, there exists an open neighborhood
Ny of xq such that G(Ny) C N. G is said to be completely continuous if G(B) is relatively compact for every
B € Pyy(E). An element x € E is a fixed point of G if x € G(x).

We denote by FixG the fixed point set of the multivalued operator G.
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Lemma 3 ([28]). Let G : X — P(E) be completely continuous with nonempty compact values. Then G is
u.s.c. if and only if G has a closed graph, that is,

Xn = Xs,Yn = Yu, Yn € G(xn) = ys € G(x4).
Definition 9. A multivalued map G : | — P, (E) is said to be measurable if for every y € E, the function
t—d(y,G(t)) =inf{ly —z| : z € G(t)}
is measurable.

Definition 10. A multivalued map F : [ x R — P(E) is said to be Carathéodory if:

(1) t — F(t,u) is measurable for each u € E;
(2) u — F(t,u) is upper semicontinuous for almost all t € 1.

F is said to be L'-Carathéodory if Equations (1) and (2) and the following condition holds:
(3) For each q > 0, there exists g5 € L'(I,R..) such that

|E(t,u)||p =sup{|v| : v € F(t,u)} < @4 forall |u| <q andforae. tecl

For each u € C(I), define the set of selections of F by
Srou = {v € LY(I) : v(t) € F(t,u(t)) ae. t € I}.

Let (E,d) be a metric space induced from the normed space (E, | - |). The function H; : P(E) x
P(E) — Ry U {oo} given by:

H;(A,B) = max{supd(a, B),supd(A,b)}.
acA beB

is known as the Hausdorff-Pompeiu metric. For more details on multivalued maps see the books of
Hu and Papageorgiou [28].

Let Mx be the class of all bounded subsets of a metric space X.

Definition 11. A function p : Mx — [0, 00) is said to be a measure of noncompactness on X if the following
conditions are verified for all B, By, B, € Mx.

(a) Regularity, ie., u(B) = 0 if and only if B is precompact,
(b) invariance under closure, i.e., (B) = u(B),
(c) semi-additivity, i.e., (B U By) = max{u(By), #(B2)}.

Definition 12 ([36,37]). Let E be a Banach space and denote by Qg the family of bounded subsets of E. the map
i Qp — [0,00) defined by

u(M) = inf{e > 0: M C UL M;, diam(M;) < e}, M € Q,
is called the Kuratowski measure of noncompactness.

Theorem 1 ([38]). Let E be a Banach space. Let C C L(I) be a countable set with |u(t)| < h(t) fora.e. t € |
and every u € C, where h € L'(I,Ry.). Then ¢(t) = u(C(t)) € LY(I,R,.) and verifies

w({ [ uerasuect) <2 [ uce)as,
J J

where y is the Kuratowski measure of noncompactness on the set E.
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Lemma 4 ([39]). Let F be a Carathéodory multivalued map and © : L'(I) — C(I); be a linear continuous
map. Then the operator

© 0 Sroy : C(I) = Peoep(C(I)), > (©0Spoy)(u) = O(Srou)
is a closed graph operator in C(I) x C(I).

Definition 13. Let E be Banach space. A multivalued mapping T : E — P ,(E) is called k—set-Lipschitz
if there exists a constant k > 0, such that u(T (X)) < ku(X) for all X € Py ,(E) with T(X) € Py p(E). If
k < 1, then T is called a k—set-contraction on E.

Now, we recall the set-valued versions of the Darbo and Ménch fixed point theorems.

Theorem 2 ((Darbo fixed point theorem) [40]). Let X be a bounded, closed, and convex subset of a Banach
space E and let T : X — Py ,(X) be a closed and k—set-contraction. Then T has a fixed point.

Theorem 3 (Monch fixed point theorem) [41]). Let E be a Banach space and K C E be a closed and convex
set. Also, let U be a relatively open subset of K and N : U — P (K). Suppose that N maps compact sets into
relatively compact sets, graph(N) is closed and for some xy € U, we have

conv(xgUN(M)) DM C Uand M = U (C C M countable) imply M is compact 3)

and
x¢ (1—A)xg+AN(x) VxeU\U, A €(0,1). (4)

Then there exists x € U with x € N(x).

3. Existence Results

First, we state the definition of a solution of the problem found in Equations (1) and (2).

Definition 14. By a solution of the problem in Equations (1) and (2) we mean a function u € C(I) that satisfies
the initial condition in Equation (2) and the equation (CDﬁl‘u)(t) = v(t) on I, where v € Spoy.

In the sequel, we need the following hypotheses.
Hypothesis 1. (Hy). The multivalued map F : I x E — Pcp v (E) is Carathéodory.
Hypothesis 2. (H). There exists a function p € L* (I, Ry) such that
[E(t, u)llp = sup{lvllc : o(t) € F(t,u)} < p(t);
forae. t € 1,andeachu € E,
Hypothesis 3. (H3). For each bounded set B C C(I) and for each t € I, we have
u(E(t B(t)) < p()pu(B(t)),
where B(t) = {u(t) : u € B},
Hypothesis 4. (Hy) The function ¢ = 0 is the unique solution in C(I) of the inequality

(1) < 2p"([gP@)(t),
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where p is the function defined in (Hz), and

p" = esssuprerp(t).
Remark 1. In (Hj3), p is the Kuratowski measure of noncompactness on the space E.
Theorem 4. If the hypotheses (Hy)—(Hs) and the condition

*T(@)
A
I;(1+«)

hold, then the problem in Equations (1) and (2) has at least one solution defined on I.

Proof. Consider the multivalued operator N : C(I) — P(C(I)) defined by:

(t—gs
N() = {h e c():h(t) = g +/ q (s)dqs; D € Suu ). 5)
From Lemma 2, the fixed points of N are solutions of the problem in Equations (1) and (2). Set

p* T(D‘)

Ri=lluoll + + 7=
I;(1+«)

and let Bg := {u € C(I) : ||u]|o < R} be the bounded, closed and convex ball of C(I). We shall

show in three steps that the multivalued operator N : B — P ;,(C(I)) satisfies all assumptions of
Theorem 2.

Step 1. N(BR) S P(BR).
Letu € Bg,and h € N(u). Then for each t € I we have

_ E(t—qs)*V
) = ug +/0 Wv(s)dqs,
for some v € Sge,. On the other hand,
E(t—gs)*V
< RS
[R(E)]| < [[uoll +/0 Ty (a) [o(s)l|dgs

t(t—gs (a—1)
< ol + [ S p)dye

T (i’ qs)(tx 1)
< Jupl| + esssuptelp(t)/o (@) dgs

Hence
|h|le <R, and so N(Bgr) € P(Bg).

Step 2. N(u) € P (Bg) for each u € Bg.

Let {un }n>0 € N(u) such that u, — i in C(I).Then, #i € Bg and there exists f,;(-) € Spo, be such
that, for each t € I, we have

_MO+/ t—qs fn()
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From (H; ), and since F has compact values, then we may pass to a subsequence if necessary to
get that f,,(+) converges to f in L'(I), and then f € Sr.,,. Thus, for each t € I, we get

—gs)(a=1)
wnlt) — (1) = g + [ LBV

T, (a) f(s)dys.

Hence i € N(u).

Step 3. N satisfies the Darbo condition.
Let U C Bg, then for each t € I, we have

p((NU)()) = p({(Nu) () : u € U}).
Leth € N(u). Then, there exists f € Sro, such that for each t € I, we have
=1y +/ — qs ( f(s)dys.

From Theorem 1 and since U C Bg C C(I), then

(t —gs)@D)
u(( <2/ <{t 7:) @ f(s):uEU})dqs.

Now, since f € Spo, and u(s) € U(s), we have

n({(t =)V f(s)}) = (£ —g5) @ Vp(s)u(U(s)).

Then
m(( <2/ ({ ) () )f(s)}>dqs.
Thus
v ) < 29 [ SR )
Hence
H((NU) (1) < mmu
Therefore,

u(N(U)) < Lu(U),

which implies the N is a L—set-contraction.
As a consequence of Theorem 2, we deduce that N has a fixed point that is a solution of the problem in
Equations (1) and (2). O

Now, we prove an other existence result by applying Theorem 3.

Theorem 5. If the hypotheses (Hy) — (Hy) hold, then there exists at least one solution of our problem in
Equations (1) and (2).

Proof. Consider the multivalued operator N : C(I) — P(C(I)) defined in Equation (5). We shall
show in five steps that the multivalued operator N satisfies all assumptions of Theorem 3.
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Step 1. N(u) is convex for each u € C(I).
Let h11, hy € N(u), then there existvy, vy € Spoy, such that

t— (lX 1
= 1o +/ qs vi(s)dgs; te I, i=1,2.
Let0 < A < 1. Then, for each t € I, we have

t(+—gs (a—1)
(W + (1= ) () = [ B (1o 6) 4 (1= A)on(e) g

Since Sy, is convex (because F has convex values), we have Al + (1 — A)hp € N(u).

Step 2. For each compact M C C(I), N(M) is relatively compact.
Let (h,) be any sequence in N(M), where M C C(I) is compact.We show that (/,,) has a convergent
subsequence from Arzéla—Ascoli compactness criterion in C(I). Since h, € N(M) there are u, € M
and v, € Sroy, such that

t(t—gs (a—1)
t) = o +/0 %vn(s)dqs.

Using Theorem 1 and the properties of the measure y, we have

— gs)(®=1)
<2/ ({t qs) o) vn(s)})dqs. (6)

On the other hand, since M is compact, the set {v,(s) : n > 1} is compact. Consequently, u({v,(s) :
n>1}) =0 for a.e. s € I. Furthermore

u({(t = g5)“Dou(s)}) = (t = 45)* Vp({oa(s) :n = 1}) = 0.

for a.e. t,s € I. Now Equation (6) implies that {h,(t) : n > 1} is relatively compact for each t € I. In
addition, for each t1,t, € I; with t; < t, we have

th(t2> _hn(tl)H
t (t, — gs)@—1) to(t — gs)@=1)
/o %p(s)d[’s _/0 %p(s)dqs

T,(0) Ty(a)
< [ s

- /Otl |(t2 — qs)(alliqza()tl ~e) | p(s)dqs ?
< I%(tz —t)"

+p* ,/O.tl |(t2 qs)(“‘lliq(“()tl o dgs

—0ast; — to.

This shows that {h, : n > 1} is equicontinuous. Consequently, {h, : n > 1} is relatively compact
in C(I).

Step 3. The graph of N is closed.
Let (un, hy) € graph(N), n > 1, with(||u, — u||, ||k, — h||) — (0.0), as n — oo. We have to show
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that (u, h) € graph(N). (uy, h,) € graph(N) means that i, € N(u,), which implies that there exists
Uy € Sroy,, such that foreach t € I,

t _ (a—1)
£ = g+ /O (trzs(t)x)vn(s)dqs.

Consider the continuous linear operator @ : L'(I) — C(I),

t(f_ (a—1)
O®0) () — I (t) = g +/O (tr%vn(s)dqs.

Clearly, ||h,(t) — h(t)|| — 0 as as n — oo. From Lemma 4 it follows that ® o S is a closed graph
operator. Moreover, h, (t) € ©(Spoy, ). Since u, — u, Lemma 4 implies

=ug+ / (t= qs (s)dqs.

for some v € Sgqy.

Step 4. M is relatively compact in C(I).
Let M C U; with M C conv({0} UN(M)), and let M = C; for some countable set C C M. the set
N(M) is equicontinuous from Equation (7). Therefore,

M C conv({0} UN(M)) = M is equicontinuous.

By applying the Arzéla—Ascoli theorem; the set M(t) is relatively compact for each t € I. Since
C C M C conv({0} UN(M)), then there exists a countable set H = {h, : n > 1} C N(M) such that
C C conv({0} U H). Thus, there exist u, € M and v, € Sg,,,, such that

ey [
t) = up +/O an(s)dqs.
From Theorem 1, we get

M C C ceonmo({0} U H)) = u(M(t)) < p(C(t)) < u(H(t)) = p({ha(t) :n = 1}).

Using now the inequality Equation (6) in step 2, we obtain

<2/ ({ t—gs ()‘" DU”(S)}) dgs.

Since v, € Spoy, and uy(s) € M(s), we have

<2/ ({ (; 1)vn(s):n21}> dys.

Also, since v, € Spoy, and u,(s) € M(s), then from (Hz) we get

n({(t = g9) " Von(s); n > 1}) = (¢ = g5) @ Vp(s)u(M(s)).

Hence

t —gs (a—1)
p(e) < 2t [ ETE

; Ty () H(M(s))dys.
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Consequently, from (Hy), the function ® given by ®(t) = u(M(t)) satisfies ® = 0; thatis, u(M(t)) =0
for all t € I. Finally, the Arzéla-Ascoli theorem implies that M is relatively compact in C(I).

Step 5. The priori estimate.
Let u € C(I) such thatu € AN(u) for some 0 < A < 1. Then

— gg)(a-1)
u(t) = Auo—i-)\/ tqs(zc)v(s)dqs,
for each t € I, where v € Sg.;,. On the other hand,
(a—1)
()l < ol + [ CEE o) s

t—s
<ol + f A0 UL LAPe

p T("‘)
< luoll + = ——-
I(1+a)
Then @
P*T o«
< —_ =
Jul < ol + £
Set

U={uecCy:|ull <1+d}.

Hence, the condition in Equation (4) is satisfied. Finally, Theorem 3 implies that N has at least one
fixed point u € C(I) which is a solution of our problem in Equations (1) and (2). O

4. An Example
Let

e}
E = ll = {M = (ul,uz,...,un,...) 2 |Mn| < OO}
n=1
be the Banach space with the norm

o0
lulle = Z |t .

Consider now the following problem of fractional } —difference inclusion

{(CDiun)(t) € Fu(tu(t)); t € [0,¢], "

where
o4t

E(t,u(t)) = m[un(t) —1Lu,(t)]; t €10,¢],

with u = (uy,up, ..., uy,...).Seta = %,andF = (F,BR,...,F,...).
Foreachu € Eand t € [0,¢], we have

[E(t,uw)llp < p(t),

with p(t) = t2e~t~*. Hence, the hypothesis (H,) is satisfied with p* = e~2. A simple computation
shows that conditions of Theorem 5 are satisfied. Hence, the problem in Equation (8) has at least one
solution defined on [0, ¢].
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5. Conclusions

We have provided some sufficient conditions guaranteeing the existence of solutions for
some fractional g-difference inclusions involving the Caputo fractional derivative in Banach spaces.
The achieved results are obtained using the fixed point theory and the notion of measure of
noncompactness. Such notion requires the use of the set-valued analysis conditions on the right-hand
side, like the upper semi-continuity. In the forthcoming paper we shall provide sufficient conditions
ensuring the existence of weak solutions by using the concept measure of weak noncompactness, the
Pettis integration and an appropriate fixed point theorem.
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