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Abstract

:

We consider a new type of oscillations of discontinuous unpredictable solutions for linear impulsive nonhomogeneous systems. The models under investigation are with unpredictable perturbations. The definition of a piecewise continuous unpredictable function is provided. The moments of impulses constitute a newly determined unpredictable discrete set. Theoretical results on the existence, uniqueness, and stability of discontinuous unpredictable solutions for linear impulsive differential equations are provided. We benefit from the B-topology in the space of discontinuous functions on the purpose of proving the presence of unpredictable solutions. For constructive definitions of unpredictable components in examples, randomly determined unpredictable sequences are newly utilized. Namely, the construction of a discontinuous unpredictable function is based on an unpredictable sequence determined by a discrete random process, and the set of discontinuity moments is realized by the logistic map. Examples with numerical simulations are presented to illustrate the theoretical results.






Keywords:


discontinuous unpredictable function; linear impulsive system; discontinuous unpredictable solution; asymptotic stability












1. Introduction


A new type of oscillation, called an unpredictable trajectory, was introduced in the paper [1]. An unpredictable trajectory is necessarily positively Poisson stable, and one of its distinctive features is the emergence of chaos in the corresponding quasi-minimal set. The type of chaos based on the presence of an unpredictable trajectory is called Poincaré chaos [1]. Symbolic dynamics, logistic map, and Hénon map are some examples that possess unpredictable motions [1,2]. Instead of interaction of several motions, which is a requirement in other chaos types [3,4,5], it is enough to check the existence of a single unpredictable motion to verify Poincaré chaos. Thus, the connection of unpredictable oscillations with Poincaré chaos is based on Poisson stable motions. The basics of the Poisson stable motion can be seen in [6]. In the theory of differential equations, the class of Poisson stable solutions has been intensively studied [7,8,9,10].



The theoretical basics of the present research lies in the theory of dynamical systems, which was founded H. Poincaré and G. Birkhoff [6,11]. It was the French genius, who learned that underneath of chaotic dynamics is the Poisson stable motion. The line of different types of oscillations was maintained by the notion of an unpredictable point in paper [1]. Let   ( X , d )   be a metric space and   π :  R +  × X → X  , where   R +   is the set of non-negative real numbers, be a semiflow on X. A point   x ∈ X   and the trajectory through it are unpredictable if there exists a positive number   ϵ 0   and sequences    t n  ,  s n    both of which diverge to infinity, such that     lim  x → ∞   π   t n  , x  = x    and   d  ( π   t n  +  s n  , x  ,  π   t n  , x  )  ≥  ϵ 0    for each   n ∈ N  . In paper [1], it was proved that a Poisson stable motion equipped with the unpredictability property determines sensitivity in the quasi-minimal set. It is usual that dynamical properties generate functional ones. For example, recurrent or almost periodic motions allow us to define recurrent and almost periodic functions, respectively. Similarly, issuing from the unpredictable point introduced in [1], in paper [12] the unpredictable function was defined as a point of the Bebutov dynamics, where the state space is a set of functions. In the present research we replace the metrical state space of the dynamics with the B-topology [13], where a convergence of piecewise continuous functions on compact subsets of the real axis is utilized. This makes our suggestions more universal and effective in applications, since constructive verifiable conditions are proposed. In this study it is applied for linear impulsive systems.



Unpredictable points and unpredictable functions are becoming increasingly applicable in the study of chaos theory. For instance, some topological properties of Poincaré chaos were considered by Miller [14], and Thakur and Das [15]. Various types of differential equations with unpredictable solutions were considered in the papers [2,12,16,17,18] and in the book [19]. Recently it is proved in paper [20] that unpredictable motions take place also in random processes.



Alongside the theory of chaos, impulsive differential equations have also played an essential role from both theoretical and practical points of view over the past few decades [13,21,22,23,24,25,26,27,28,29,30]. Such differential equations describe dynamics of real world phenomena in which abrupt interruptions of continuous processes are present, and they play a crucial role in various fields such as mechanics, electronics, medicine, neural networks, communication systems, and population dynamics [31,32,33,34,35,36,37,38]. Chaos in the sense of Li-Yorke and the presence of period-doubling route to chaos in impulsive systems were investigated in the studies [39,40] by means of the replication of chaos technique.



In the present study, we show that unpredictable perturbations can lead to the presence of discontinuous unpredictable motions in the dynamics of linear impulsive systems. In the absence of the perturbation term, the linear system under investigation has a simple dynamics such that it admits an asymptotically stable regular solution. However, our results reveal that the presence of an unpredictable term dominates the behavior of the resulting dynamics and a discontinuous unpredictable solution occurs. In the present study, we also investigate the case of the presence of unpredictability in the impulsive moments. Due to the nature of impulsive systems, the concept of B-topology [13] is required for the theoretical investigation of discontinuous unpredictable solutions.



We have already obtained the essential results for ordinary linear and quasilinear systems, as well as discrete equations [17,18]. One of the main contributions of the present study is the presentation of the novel definitions of discontinuous unpredictable function and unpredictable discrete set. Another main contribution is the demonstration of the existence and uniqueness of unpredictable solutions for linear impulsive systems. Systems with both non-unpredictable and unpredictable impulsive actions are under investigation.



Benefiting from the techniques introduced in [2,12,16,19] and results on the theory of impulsive differential equations [13,21], the existence, uniqueness, and stability of discontinuous unpredictable solutions of linear impulsive systems are investigated in this study. To construct an unpredictable function, an unpredictable sequence resulting from a randomly defined discrete Bernoulli process [20] is utilized.




2. Preliminaries


Throughout the paper,  R ,  N , and  Z  respectively stand for the sets of real numbers, natural numbers, and integers. Moreover, we make use of the usual Euclidean norm for vectors and the spectral norm for square matrices [41].



It is known that solutions of an impulsive system are piecewise continuous functions, which have discontinuities of the first kind. A difficulty of investigation of impulsive system is that, in general, discontinuity moments of distinct solutions do not coincide. For that reason the concept of B-topology is required in our investigations [13].



Denote by  R  the set of all functions defined on the real axis. They are continuous except countable sets of points. At the points the, functions admit one-sided limits. The sets of points do not necessarily coincide, if functions are different. The sets of points do not have finite accumulation points and are unbounded on both sides.



Two functions   F ( t )   and   G ( t )   from  R , are said to be  ϵ -equivalent on an interval   J ⊆ R   if the points of discontinuity of the functions   F ( t )   and   G ( t )   in J can be respectively numerated   θ i F   and   θ i G  ,   i = 1 , 2 , … , k  , such that    |   θ i F  −  θ i G   | < ϵ    for each   i = 1 , 2 , … , k  , and   | | F ( t ) − G ( t ) | | < ϵ   for each   t ∈ J  , except those between   θ i F   and   θ i G   for each i. In the case that F and G are  ϵ -equivalent on J, we also say that the functions are in  ϵ -neighborhoods of each other. The topology defined with the aid of such neighborhoods is called the B-topology.



In what follows we will denote by    [    a 1  ,  a 2   ^  ]  ,   a 1  ,  a 2  ∈ R  , the interval   [  a 1  ,  a 2  ]  , if    a 1  <  a 2    and the interval   [  a 2  ,  a 1  ]  , if    a 2  <  a 1   .



Let   θ i  ,   i ∈ Z  , be a sequence of real numbers such that    θ ̲  ≤  θ  i + 1   −  θ i  ≤  θ ¯    for some positive numbers   θ ̲  ,   θ ¯  , and     θ i   → ∞   as    i  → ∞  .



Definition 1.

A piecewise continuous and bounded function   φ  ( t )  : R →  R p    with the set of discontinuity points   θ i  ,   i ∈ Z  , satisfying   φ  (  θ i  − )  = φ  (  θ i  )    for each   i ∈ Z   is called discontinuous unpredictable function (d.u.f.) if there exist positive numbers   ϵ 0  , σ, sequences    t n  ,  s n    of real numbers and sequences    l n  ,  m n    of integers all of which diverge to infinity such that




	(a) 

	
    θ  i +  l n    −  t n  −  θ i   → 0   as   n → ∞   on each bounded interval of integers and     θ   m n  +  l n    −  t n  −  θ  m n    ≥  ϵ 0    for each natural number n;




	(b) 

	
for every positive number ϵ, there exists a positive number δ such that    φ  (  ρ 1  )  − φ  (  ρ 2  )   < ϵ   whenever the points   ρ 1   and   ρ 2   belong to the same interval of continuity and     ρ 1  −  ρ 2   < δ  ;




	(c) 

	
  φ  ( t +  t n  )  → φ  ( t )    as   n → ∞   in B-topology on each bounded interval;




	(d) 

	
for each natural number n there exists an interval    [  s n  − σ ,  s n  + σ ]  ⊆  [    θ  m n    , (   θ   m n  +  l n     ^  −  t n  )   ]    which does not contain any point of discontinuity of   φ ( t )   and   φ ( t +  t n  )  , and    ∥ φ   ( t +  t n  )  − φ  ( t )   ∥ ≥   ϵ 0    for each   t ∈ [  s n  − σ ,  s n  + σ ]  .











In Definition 1, we call the property   ( b )  conditional uniform continuity of  φ , the property   ( c )  Poisson stability of  φ , and the property   ( d )  unpredictability of  φ .



Definition 2.

Suppose that   ω  ( t )  : R →  R p    is a piecewise continuous and bounded function with the set of discontinuity points   θ i  ,   i ∈ Z  , satisfying   ω  (  θ i  − )  = ω  (  θ i  )    and   Γ i  ,   i ∈ Z  , is a bounded sequence in   R p  . The couple   ω  ( t )  ,  Γ i    is called unpredictable if there exist positive numbers   ϵ 0  , σ, sequences    t n  ,  s n    of real numbers and sequences    l n  ,  m n    of integers all of which diverge to infinity such that




	(a) 

	
    θ  i +  l n    −  t n  −  θ i   → 0   as   n → ∞   on each bounded interval of integers and     θ   m n  +  l n    −  t n  −  θ  m n    ≥  ϵ 0    for each natural number n;




	(b) 

	
for every positive number ϵ there exists a positive number δ such that    ω  (  ρ 1  )  − ω  (  ρ 2  )   < ϵ   whenever the points   ρ 1   and   ρ 2   belong to the same interval of continuity and     ρ 1  −  ρ 2   < δ  ;




	(c) 

	
  ω  ( t +  t n  )  → ω  ( t )    as   n → ∞   in B-topology on each bounded interval;




	(d) 

	
for each natural number n there exists an interval    [  s n  − σ ,  s n  + σ ]  ⊆  [    θ  m n    , (   θ   m n  +  l n     ^  −  t n  )   ]    which does not contain any point of discontinuity of   ω ( t )   and   ω ( t +  t n  )  , and    ∥ ω   ( t +  t n  )  − ω  ( t )   ∥ ≥   ϵ 0    for each   t ∈ [  s n  − σ ,  s n  + σ ]  ;




	(e) 

	
    Γ  i +  l n    −  Γ i   → 0   as   n → ∞   for each i in bounded intervals of integers and     Γ   m n  +  l n    −  Γ  m n    ≥  ϵ 0    for each natural number n.











Similarly to Definition 1, in Definition 2 we call the property   ( b )  conditional uniform continuity of  ω , the property   ( c )  Poisson stability of  ω , and the property   ( d )  unpredictability of  ω .



The sequence    θ i  , i ∈ Z  , is said to be an unpredictable discrete set if the condition   ( a )   is satisfied.



It is clear that if the couple   ω  ( t )  ,  Γ i    is unpredictable in the sense of Definition 2, then   ω ( t )   is a discontinuous unpredictable function in the sense of Definition 1.



Obviously, Definition 1 does not follow from the Definition 2, since one cannot obtain the former just by diminishing the terms   Γ i  . The sequence of zeros is not an unpredictable sequence. Consequently, both definitions are needed in the paper.



The definition of the unpredictable sequence is as follows.



Definition 3

([16]). A bounded sequence    κ i  , i ∈ Z  , in   R p   is called unpredictable if there exist a positive number   ε 0   and sequences   ζ n  ,   η n  ,   n ∈ N  , of positive integers both of which diverge to infinity such that    ∥   κ  i +  ζ n    −  κ i   ∥ → 0    as   n → ∞   for each i in bounded intervals of integers and    ∥   κ   ζ n  +  η n    −  κ  η n    ∥ ≥   ε 0    for each   n ∈ N  .





According to the purpose of the present study, we specify the discontinuity moments of the impulsive systems that will be investigated as


      θ i  = i T +  γ i  ,  i ∈ Z ,     



(1)




where   γ i  ,   i ∈ Z  , is a sequence of real numbers which is unpredictable in the sense of Definition 3 and   T ≥ 4   is a number such that     sup  i ∈ Z     γ i   < T / h    for some number   h ≥ 3  .



Since    γ i  ,    i ∈ Z  , is an unpredictable sequence, there exists a positive number   ϵ 0   and sequences   ζ n  ,   η n  , both of which diverge to infinity such that    |   γ  i +  ζ n    −  γ i   | → 0    as   n → ∞   for each i in bounded intervals of integers and    |   γ   ζ n  +  η n    −  γ  η n    | ≥   ϵ 0    for each natural number   n .  



Let us show that the sequence   θ i  ,   i ∈ Z  , is unpredictable discrete set. More precisely, we will demonstrate that property   ( a )   mentioned in Definition 1 is valid for   θ i  ,   i ∈ Z  , with    t n  = T  ζ n   ,    l n  =  ζ n   , and    m n  =  η n    for each natural number n. By these choices of the sequences    t n  ,  l n   , and   m n  , we have that


    θ  i +  l n    −  t n  −  θ i   =   ( i +  ζ n  )  T +  γ  i +  ζ n    −  ζ n  T − i T −  γ i   =   γ  i +  ζ n    −  γ i   .  











Therefore,     θ  i +  l n    −  t n  −  θ i   → 0   as   n → ∞   for each i in bounded intervals of integers. On the other hand,


    θ   m n  +  l n    −  t n  −  θ  m n    =   (  η n  +  ζ n  )  T +  γ   η n  +  ζ n    −  ζ n  T −  η n  T −  γ  η n    =   γ   η n  +  ζ n    −  γ  η n    ≥  ϵ 0   








for each natural number   n .  



Additionally, one can confirm that   θ i  ,   i ∈ Z  , defined by (1) satisfies the inequality    θ ̲  ≤  θ  i + 1   −  θ i  ≤  θ ¯    with     θ ̲  = T −   2 T  h     and     θ ¯  = T +   2 T  h    .




3. Linear Systems with Non-Unpredictable Impulses


The main object of the present section linear impulsive system,


          x ′   ( t )  = A x  ( t )  + f  ( t )  ,  t ≠  θ i  ,           Δ x |   t =  θ i    = B x  (  θ i  )  ,     



(2)




where   t ∈ R  , the matrices   A ∈  R  p × p     and   B ∈  R  p × p     commute, the sequence   θ i  ,   i ∈ Z  , of discontinuity moments is defined by Equation (1), and   f  ( t )  : R →  R p    is a d.u.f. in the sense of Definition 1. We suppose that   det ( I + B ) ≠ 0  , where I is the   p × p   identity matrix.



Let us denote by   X ( t , u )   the Cauchy matrix of the following linear impulsive system associated with (2),


          x ′   ( t )  = A x  ( t )  ,  t ≠  θ i  ,           Δ x |   t =  θ i    = B x  (  θ i  )  .     



(3)







Since the matrices A and B commute, we have for   t > u   that


     X  ( t , u )  =  e  A ( t − u )     I + B   i ( [ u , t ) )   ,     



(4)




where   i ( [ u , t ) )   denotes the number of the terms of the sequence   θ i  ,   i ∈ Z  , which belong to the interval   [ u , t )  , and   X ( u , u ) = I   [21].



Let us denote by   λ j  ,   j = 1 , 2 , … , p  , the eigenvalues of the matrix    A +  1 T  Ln  ( I + B )    .



The following condition on the system (2) is required.



	   ( C )   

	
    max j  ℜ e  λ j  = λ < 0   , where   ℜ e  λ j    is the real part of   λ j   for each   j = 1 , 2 , … , p  .







In consequence of (4), under the condition   ( C )  , there exist numbers   K ≥ 1   and   0 < α < − λ   such that


      X ( t , u )  ≤ K  e  − α ( t − u )       



(5)




for   t ≥ u   [13,21].



Let us prove the following auxiliary assertion.



Lemma 1.

Assume that the condition   ( C )   is fulfilled, then the following inequality


       X  ( t +  t n  , u +  t n  )  − X  ( t , u )   ≤  K 0   e  − α ( t − u )        



(6)




holds, where     K 0  = K max  1 ,  B     .





Proof. 

By using (4) and (5), we can show that


     X  ( t +  t n  , u +  t n  )  − X  ( t , u )     ≤     e  A ( t − u )     I + B   i (  [ u +  t n  , t +  t n  )  )   −  e  A ( t − u )     I + B   i ( [ u , t ) )         ≤      e  A ( t − u )     I + B   i ( [ u , t ) )       I + B    | i   (  [ u +  t n  , t +  t n  )  )  − i  (  [ u , t )  )   |    − I        ≤     K max  1 ,  B    e  − α ( t − u )   .      








for   t ≥ u  . □





The following theorem is concerned with the discontinuous unpredictable solution of system (2).



Theorem 1.

Suppose that the condition   ( C )   is valid. If   f ( t )   is a d.u.f. in the sense of Definition 1, then system (2) possesses a unique asymptotically stable discontinuous unpredictable solution.





Proof. 

As it is known from the theory of impulsive differential equations [13,21], according to the boundedness of the function   f ( t )  , system (2) admits a unique solution   φ ( t )   which is bounded on the real axis and satisfies the equation


     φ  ( t )  =  ∫  − ∞  t  X  ( t , u )  f  ( u )  d u ,  t ∈ R .     



(7)







One can verify for points of continuity that


            d φ ( t )   d t    ≤  A   ∫  − ∞  t   X ( t , u )   f ( u )  d u +  f ( t )  =    A   M f  K  α  +  M f  ,     



(8)




where     M f  =  sup  t ∈ R    ∥ f  ( t )  ∥    . Therefore,   φ ( t )   is a conditional uniform continuous function. The asymptotic stability of   φ ( t )   can be verified in a very similar way to the stability of a bounded solution mentioned in [13].



Since   f ( t )   is a d.u.f., there exist positive numbers   ϵ 0  ,  σ , sequences    t n  ,  s n    of real numbers and sequences    l n  ,  m n    of integers all of which diverges to infinity such that the properties   ( c )   and   ( d )   in Definition 1 hold for   f ( t )  , i.e., when  φ  is replaced by f.



Let us continue with the verification of the Poisson stability of   φ ( t )  , i.e., property (c) in Definition 1.



Fix an arbitrary positive number  ϵ  and an arbitrary compact interval   [ a , b ]  , where   b > a  . We will show for sufficiently large n that the inequality    ∥ φ   ( t +  t n  )  − φ  ( t )   ∥ < ϵ    is satisfied for each t in   [ a , b ] .   Choose numbers   c < a   and   ξ > 0   such that


        M f   (  K 0  + 2 K )   α   e  − α ( a − c )   <  ϵ 3  ,     



(9)






        M f   (  K 0  + 2 K )    e  α ξ   − 1    α  1 −  e  − α  θ ̲       <  ϵ 3  ,     



(10)




and


       K ξ  α  <  ϵ 3  .     



(11)







Let n be a sufficiently large natural number such that     θ  i +  l n    −  t n  −  θ i   < ξ   for    θ i  ∈  [ c , b ]   ,   i ∈ Z  , and    | | f   ( t +  t n  )  − f  ( t )   | |  < ξ   for   t ∈ [ c , b ]  . We assume without loss of generality that    θ i  ≤  θ  i +  l n     . Additionally, suppose that


      θ  m − 1   ≤ c ≤  θ m  < ⋯ <  θ q  ≤ t ≤  θ  q + 1       








for   m , q ∈ Z  .



If   t ∈ [ a , b ]  , then we have


        φ  ( t +  t n  )  − φ  ( t )   ≤  ∫  − ∞  c   X  ( t +  t n  , u +  t n  )  − X  ( t , u )    f ( u +  t n  )  d u         +  ∫  c  t   X  ( t +  t n  , u +  t n  )  − X  ( t , u )    f ( u +  t n  )  d u +  ∫  − ∞  c   X ( t , u )   f  ( u +  t n  )  − f  ( u )   d u         +  ∫  c  t   X ( t , u )   f  ( u +  t n  )  − f  ( u )   d u .     











Using the inequality (6), one can obtain


        ∫  − ∞  c   X  ( t +  t n  , u +  t n  )  − X  ( t , u )    f ( u +  t n  )  d u ≤  ∫  − ∞  c   M f   K 0   e  − α ( t − u )   d u <    M f   K 0   α   e  − α ( a − c )   .     











Moreover, we have


         ∫  c  t   X  ( t +  t n  , u +  t n  )  − X  ( t , u )    f ( u +  t n  )  d u ≤  ∑  i = m  q   ∫   θ i     θ  i +  l n    −  t n     M f   K 0   e  − α ( t − u )   d u           ≤  ∑  i = m  q     M f   K 0   α   e  − α t     e  α (  θ  i +  l n    −  t n  )   −  e  α  θ i     ≤  ∑  i = m  q     M f   K 0   α   e  − α ( t −  θ i  )     e  α ξ   − 1            <    M f   K 0   α    e  α ξ   − 1   e  − α ( t −  θ q  )    ∑  i = m  q   e  − α (  θ q  −  θ i  )   <    M f   K 0    e  α ξ   − 1    α  1 −  e  − α  θ ̲       .      











In a similar way to the last inequality, one can deduce that


          ∫  − ∞  c   X ( t , u )   f  ( u +  t n  )  − f  ( u )   d u +  ∫  c  t   X ( t , u )   f  ( u +  t n  )  − f  ( u )   d u          ≤  ∫  − ∞  c  2  M f  K  e  − α ( t − u )   d u +  ∫  c  t  K ξ  e  − α ( t − u )   d u +  ∑  i = m  q   ∫   θ i     θ  i +  l n    −  t n    2  M f  K  e  − α ( t − u )   d u          <   2  M f  K  α   e  − α ( a − c )   +   K ξ  α  +   2  M f  K   e  α ξ   − 1    α  1 −  e  − α  θ ̲       .     











The inequalities (9)–(11) imply that    φ  ( t +  t n  )  − φ  ( t )   < ϵ   for   t ∈ [ a , b ]  , and therefore,   φ  ( t +  t n  )  → φ  ( t )    uniformly on each compact interval in B-topology.



Next, we will show the existence of a sequence   r n  , which diverges to infinity, and positive numbers   ϵ 1  ,  σ  such that    φ  ( t +  t n  )  − φ  ( t )   ≥  ϵ 1    for   t ∈ [  r n  − σ ,  r n  + σ ]  .



Corresponding to the Definition 1 for the d.u.f.   f ( t )  , the interval    [  s n  − σ ,  s n  + σ ]  ⊆  [    θ  m n    , (   θ   m n  +  l n     ^  −  t n  )   ]   , does not admit any points of discontinuity of   f ( t )   and   f ( t +  t n  )  . For that reason, the following discussion ignores the presence of a discontinuity moment.



There exists a positive number    σ 1  < σ   such that the inequalities


      f  ( t +  t n  )  − f  (  t n  +  s n  )   ≤   ϵ 0   4  p        








and


      f  ( t )  − f  (  s n  )   ≤   ϵ 0   4  p    ,     








are valid for every   t ∈ [  s n  −  σ 1  ,  s n  +  σ 1  ]   and natural number n.



Let us fix an arbitrary natural number n, and suppose that   f  ( t )  = (  f 1   ( t )  ,  f 2   ( t )  , … ,  f p   ( t )  )  , where each    f k   ( t )   ,   k = 1 , 2 , … , p  , is a real valued function. One can confirm that there exists an integer   j n  ,   1 ≤  j n  ≤ p  , such that


       f  j n    (  t n  +  s n  )  −  f  j n    (  s n  )   ≥   ϵ 0   p   .     











Therefore, the inequality


      f  j n    ( t +  t n  )  −  f  j n    ( t )       ≥   f  j n    (  t n  +  s n  )  −  f  j n    (  s n  )   −   f  j n    ( t +  t n  )  −  f  j n    (  t n  +  s n  )           −   f  j n    ( t )  −  f  j n    (  s n  )           ≥   ϵ 0   2  p        



(12)




is valid for   t ∈ [  s n  −  σ 1  ,  s n  +  σ 1  ]  .



There exist numbers    u 1 n  ,  u 2 n  , … ,  u p n    in the interval   [  s n  −  σ 1  ,  s n  +  σ 1  ]   such that


       ∫   s n  −  σ 1     s n  +  σ 1     f  ( u +  t n  )  − f  ( u )   d u  = 2  σ 1      ∑  k = 1  p     f i   (  u i n  +  t n  )  −  f i   (  u i n  )   2     1 / 2   .     











It can be verified by utilizing the inequality (12) that


       ∫   s n  −  σ 1     s n  +  σ 1     f  ( u +  t n  )  − f  ( u )   d u  ≥ 2  σ 1    f  j n    (  u  j n  n  +  t n  )  −  f  j n    (  u  j n  n  )   ≥    σ 1   ϵ 0    p   .     











Additionally, using the equation


     φ  (  t n  +  s n  +  σ 1  )  − φ  (  s n  +  σ 1  )     =    φ  (  t n  +  s n  −  σ 1  )  − φ  (  s n  −  σ 1  )  +  ∫   s n  −  σ 1     s n  +  σ 1    A  φ  ( u +  t n  )  − φ  ( u )   d u         +  ∫   s n  −  σ 1     s n  +  σ 1     f  ( u +  t n  )  − f  ( u )   d u ,     








we deduce that


       φ  (  t n  +  s n  +  σ 1  )  − φ  (  s n  +  σ 1  )   ≥    σ 1   ϵ 0    p    − ( 1 + 2   σ 1   | | A | | )   sup  t ∈ [  s n  −  σ 1  ,  s n  +  σ 1  ]    φ  ( t +  t n  )  − φ  ( t )   .      











Hence, the inequality


       sup  t ∈ [  s n  −  σ 1  ,  s n  +  σ 1  ]    φ  ( t +  t n  )  − φ  ( t )   ≥    σ 1   ϵ 0     2 ( 1 +   σ 1   | | A | | )   p         








holds.



Suppose that     sup  t ∈ [  s n  −  σ 1  ,  s n  +  σ 1  ]    φ  ( t +  t n  )  − φ  ( t )   =  | | φ   (  t n  +  r n  )  − φ  (  r n  )   | |     for some number    r n  ∈  [  s n  −  σ 1  ,  s n  +  σ 1  ]   . Let us denote


      ϵ 1  =    σ 1   ϵ 0     4 ( 1 +   σ 1   | | A | | )   p        








and


      σ ˜  =    σ 1  α  ϵ 0    8  M f   ( 1 +   σ 1   | | A | | ) ( α  +  2 K | | A | | )   p    .     











Let us choose   σ ¯   such that


       σ ¯  < m i n   σ ˜  , σ −  σ 1   .      



(13)







Then, for   t ∈ [  r n  −  σ ¯  ,  r n  +  σ ¯  ]  , we have that


     φ  ( t +  t n  )  − φ  ( t )     ≥     φ  (  t n  +  r n  )  − φ  (  r n  )   −   ∫   r n   t   | | A | |   φ  ( u +  t n  )  − φ  ( u )   d u        −     ∫   r n   t   f  ( u +  t n  )  − f  ( u )   d u       ≥       σ 1   ϵ 0     2 ( 1 +   σ 1   | | A | | )   p    −   4  σ ¯   M f   K | | A | |   α  − 2  σ ¯   M f        =     ϵ 1  .     











Thus,    φ  ( t +  t n  )  − φ  ( t )   ≥  ϵ 1    for each t from the intervals    [  r n  −  σ ¯  ,  r n  +  σ ¯  ]  ⊆  [    θ  m n    , (   θ   m n  +  l n     ^  −  t n  )   ]   ,   n ∈ N  . It is clear that the sequence   r n   diverges to infinity. Consequently,   φ ( t )   is the unique discontinuous unpredictable solution of system (2). □






4. Linear Systems with Unpredictable Impulses


Consider the following linear impulsive system,


          x ′   ( t )  = A x  ( t )  + f  ( t )  ,  t ≠  θ i  ,           Δ x |   t =  θ i    = B x  (  θ i  )  +  I i  ,     



(14)




where   t ∈ R  , the matrices   A ∈  R  p × p     and   B ∈  R  p × p     commute, the sequence   θ i  ,   i ∈ Z  , of discontinuity moments is defined by Equation (1), and   ( f  ( t )  ,  I i  )   is an unpredictable couple in the sense of Definition 2. Additionally,   det ( I + B ) ≠ 0  , where I is the   p × p   identity matrix.



It is worth noting that (14) is a linear impulsive system with unpredictable impulses, and it is not a particular case of system (2). Indeed, to introduce the perturbations   I i   in the impulsive part, one must not only consider the sequence to be unpredictable but also assume that the sequences   t n   and   s n   proper for the unperturbed system have to be consistent with the new terms.



In the proof of the following theorem, we will again use the notations     K 0  = K max  1 ,  B      and     M f  =  sup  t ∈ R    ∥ f  ( t )  ∥     as mentioned in the proof of Theorem 1. Moreover, we set     M I  =  sup  i ∈ Z    ∥  I i  ∥    .



Theorem 2.

Suppose that the condition   ( C )   is valid. If the couple   f  ( t )  ,  I i    is unpredictable in the sense of Definition 2, then system (14) possesses a unique asymptotically stable discontinuous unpredictable solution.





Proof. 

According to the results of [13,21], system (14) possesses a unique solution   ω ( t )   which is bounded on the whole real axis. Moreover,   ω ( t )   satisfies the equation


      ω  ( t )  =  ∫  − ∞  t  X  ( t , u )  f  ( u )  d u +  ∑   θ i  < t   X  ( t ,  θ i  + )   I i       



(15)




for   t ∈ R  . If t is not one of the discontinuity moments   θ i  , then


       d ω ( t )   d t      ≤     A   ∫  − ∞  t   X ( t , u )   f ( u )  d u +  f ( t )        ≤     A   ∫  − ∞  t   M f  K  e  − α ( t − u )   d u +  M f        =     A     M f  K  α  +  M f  .     











The last inequality yields the conditional uniform continuity of   ω ( t )  . Moreover, the asymptotic stability of   ω ( t )   can be verified using the results mentioned in the books [13,21].



The asymptotic stability of the solution   ω ( t )   can be verified as stability of a bounded solution in [13].



Since the couple   f  ( t )  ,  I i    is unpredictable, there exist positive numbers   ϵ 0  ,  σ , sequences    t n  ,  s n    of real numbers and sequences    l n  ,  m n    of integers all of which diverges to infinity such that the properties   ( c )  ,   ( d )  , and   ( e )   in Definition 2 hold for the function   f ( t )   and the sequence   I i  , i.e., when  ω  and   Γ i   are respectively replaced by f and   I i  .



Next, we focus on the Poisson stability of   ω ( t )  . Fix an arbitrary positive number  ϵ  and a compact interval   [ a , b ]   with   b > a  . We will show that for sufficiently large n the inequality    ∥ ω   ( t +  t n  )  − ω  ( t )   ∥ < ϵ    holds for each   t ∈ [ a , b ] .  



Let us fix numbers   c < a   and   ξ > 0   satisfying the inequalities


        M f   (  K 0  + 2 K )   α   e  − α ( a − c )   <  ϵ 5  ,     



(16)






       4  M I  K   1 −  e  − α  θ ̲       e  − α ( a − c )   <  ϵ 5  ,     



(17)






        M f    K 0  + 2 K    e  α ξ   − 1    α  1 −  e  − α  θ ̲       <  ϵ 5  ,     



(18)






       K ξ   M I  + 1    1 −  e  − α  θ ̲      <  ϵ 5  ,     



(19)




and


       K ξ  α  <  ϵ 5  .     



(20)







One can check that if n is a sufficiently large natural number, then the equation


       ∑   θ i  < t +  t n    X  ( t +  t n  ,  θ i  + )   I i  =  ∑   θ i  < t   X  ( t +  t n  ,  θ  i +  l n    + )   I  i +  l n         








is valid.



Fix a sufficiently large natural number n such that     θ  i +  l n    −  t n  −  θ i   < ξ  ,     I  i +  l n    −  I i   < ξ   whenever    θ i  ∈  [ c , b ]    and    | | f   ( t +  t n  )  − f  ( t )   | |  < ξ   for   t ∈ [ c , b ]  . Assume without loss of generality that    θ i  ≤  θ  i +  l n     . For all   t ∈ [ a , b ]  , we have


       ω  ( t +  t n  )  − ω  ( t )           ≤  ∫  − ∞  c   X  ( t +  t n  , u +  t n  )  − X  ( t , u )    f ( u +  t n  )  d u +  ∑   θ i  < c    X  ( t +  t n  ,  θ  i +  l n    + )  − X  ( t ,  θ i  + )     I  i +  l n               +  ∫  c  t   X  ( t +  t n  , u +  t n  )  − X  ( t , u )    f ( u +  t n  )  d u +  ∑  c ≤  θ i  < t    X  ( t +  t n  ,  θ  i +  l n    + )  − X  ( t ,  θ i  + )     I  i +  l n               +  ∫  − ∞  c   X ( t , u )   f  ( u +  t n  )  − f  ( u )   d u +  ∑   θ i  < c    X ( t ,  θ i  + )    I  i +  l n    −  I i             +  ∫  c  t   X ( t , u )   f  ( u +  t n  )  − f  ( u )   +  ∑  c ≤  θ i  < t    X ( t ,  θ i  + )    I  i +  l n    −  I i   d u .      











Using the inequality (6), it can be verified that


         ∫  − ∞  c   X  ( t +  t n  , u +  t n  )  − X  ( t , u )    f ( u +  t n  )  d u +  ∑   θ i  < c    X  ( t +  t n  ,  θ  i +  l n    + )  − X  ( t ,  θ i  + )     I  i +  l n               ≤  ∫  − ∞  c   M f   K 0   e  − α ( t − u )   d u +  ∑  i = − ∞   m − 1    M I  K  e  − α ( t +  t n  −  θ  i +  l n    )   +  ∑  i = − ∞   m − 1    M I  K  e  − α ( t −  θ i  )            <     M f   K 0   α  +   2  M I  K   1 −  e  − α  θ ̲        e  − α ( a − c )   .     











On the other hand, one can obtain that


         ∫  c  t   X  ( t +  t n  , u +  t n  )  − X  ( t , u )    f ( u +  t n  )  d u +  ∑  c ≤  θ i  < t    X  ( t +  t n  ,  θ  i +  l n    + )  − X  ( t ,  θ i  + )     I  i +  l n               ≤  ∑  i = m  q   ∫   θ i     θ  i +  l n    −  t n     M f   K 0   e  − α ( t − u )   d u +  ∑  i = m  q   M I  K ξ  e  − α ( t −  θ i  )   <    M f   K 0    e  α ξ   − 1    α  1 −  e  − α  θ ̲       +    M I  K ξ   1 −  e  − α  θ ̲      .      











Additionally, the inequality


         ∫  − ∞  c   X ( t , u )   f  ( u +  t n  )  − f  ( u )   d u +  ∑   θ i  < c    X ( t ,  θ i  + )    I  i +  l n    −  I i             ≤  ∫  − ∞  c  2  M f  K  e  − α ( t − u )   d u +  ∑  i = − ∞   m − 1   2  M I  K  e  − α ( t −  θ i  )   <    2  M f  K  α  +   2  M I  K   1 −  e  − α  θ ̲        e  − α ( a − c )        








holds for   t ∈ [ a , b ]  . Furthermore, we have


         ∫  c  t   X ( t , u )   f  ( u +  t n  )  − f  ( u )   +  ∑  c ≤  θ i  < t    X ( t ,  θ i  + )    I  i +  l n    −  I i   d u           ≤  ∫  c  t  K ξ  e  − α ( t − u )   d u +  ∑  i = m  q   ∫   θ i     θ  i +  l n    −  t n    2  M f  K  e  − α ( t − u )   d u +  ∑  i = m  q  K ξ  e  − α ( t −  θ i  )            <   K ξ  α  +   2  M f  K   e  α ξ   − 1    α  1 −  e  − α  θ ̲       +   K ξ   1 −  e  − α  θ ̲      .     











Thus,    ω  ( t +  t n  )  − ω  ( t )   < ϵ   for   t ∈ [ a , b ]   in accordance with the inequalities (16)–(20). Therefore,   ω  ( t +  t n  )  → ω  ( t )    uniformly in B-topology on each compact interval.



The unpredictability of solution   ω ( t )   can be proved identically to that for solution   φ ( t )   of system (2). □






5. Examples


Example 1.

In this example, we will construct a discontinuous unpredictable function by means of an unpredictable orbit of the logistic map and a randomly determined unpredictable sequence [20].



In the paper [2], it was proved that for each   μ ∈ [ 3 +   ( 2 / 3 )   1 / 2   , 4 ]  , the logistic map


       ν  i + 1   = μ  ν i   ( 1 −  ν i  )  ,  i ∈ Z .      



(21)




possesses an unpredictable solution    γ i  , i ∈ Z  , in the interval   [ 0 , 1 ]  . There exists a positive number   ϵ 0   and sequences    ζ n  ,    η n  , both of which diverge to infinity such that     γ  i +  ζ n    −  γ i   → 0   as   n → ∞ ,   for each i in bounded intervals of integers and     γ   η n  +  ζ n    −  γ  η n    ≥  ϵ 0    for each   n ∈ N  .



Consider the sequence    θ i  , i ∈ Z   defined by


       θ i  = 4 i +  γ i  ,  i ∈ Z .      



(22)







Since the sequence (22), is of the form (1), with   T = 4  , there exists a positive number   ϵ 0  , a sequence    t n  = 4  ζ n    of real numbers and sequences    l n  =  ζ n  ,     m n  =  η n    of integers all of which diverge to infinity such that     θ  i +  l n    −  t n  −  θ i   → 0   as   n → ∞   for each i in bounded intervals of integers and     θ   m n  +  l n    −  t n  −  θ  m n    ≥  ϵ 0    for each natural number n. That is, the sequence is an unpredictable discrete set.



In this example, we utilize a realization of the Bernoulli process, for construction of a discontinuous unpredictable function by considering it as infinite sequences of two integers 1 and 3 with equal probability   1 / 2   such that according to (Theorem 1, [20]). Then, there exists an unpredictable sequence   τ i  ,    τ i  = 1 , 3 ,  i ∈ Z  , and there exist sequences   ζ n  ,   η n  ,   n ∈ N  , of positive integers both of which diverge to infinity as   n → ∞   such that    τ  i +  ζ n    =  τ i    for each i in bounded intervals of integers and    |   τ   ζ n  +  η n    −  τ  η n    | ≥   ε 0  =  | 1 − 3 |  = 2   for each natural number n.



Let   Ω ( t ) : R → R   be the function defined through the equation   Ω  ( t )  =  τ i    for   t ∈ [  θ i  ,  θ  i + 1   )  ,   i ∈ Z  . We will show that   Ω ( t )   is a discontinuous unpredictable function in the sense of Definition 1.



One can show that if   t ∈ [  θ i  ,  θ  i + 1   )  ,   i ∈ Z  , then   t +  t n  ∈  [  θ  i +  ζ n    ,  θ  i + 1 +  ζ n    )   ,   i ∈ Z  . For   t ∈ [  θ i ′  ,  θ  i + 1  ′  )  ,   i ∈ Z  , it can be verified that    θ i ′  ≤ t <  θ  i + 1  ′  ,   and    θ i ′  +  t n  ≤ t +  t n  <  θ  i + 1  ′  +  t n  ,   then    θ  i +  ζ n   ′  ≤ t +  t n  <  θ  i + 1 +  ζ n   ′  .   That is, the discontinuity points of   Ω ( t +  t n  )   are that ones for   Ω ( t )  . Let us denote them    θ i ′  =  θ  i +  ζ n    −  t n   . Accordingly, for each   i ∈ Z , n ∈ N   the value of function   Ω ( t +  t n  )   is equal to   τ  i +  ζ n    . Hence, by using the unpredictability   τ i  , we have that   Ω  ( t +  t n  )  → Ω  ( t )    as   n → ∞   in B-topology on each bounded interval. Moreover, the values of functions   Ω ( t )   and   Ω ( t +  t n  )  , on the corresponding intervals   [  θ  η n   ,  θ   η n  + 1   )  , and   [  θ   η n  +  ζ n    ,  θ   η n  + 1 +  ζ n    )  , for fixed n, are respectively equal to   τ  η n    and   τ   η n  +  ζ n    . Consequently, we have that    Ω  ( t +  t n  )  − Ω  ( t )   =   τ   η n  +  ζ n    −  τ  η n    ≥  ϵ 0  = 2  .



Thus,   Ω ( t )   is a discontinuous unpredictable function with positive numbers    ϵ 0  = 2 ,  σ =  3 2    and sequences    t n  = 4  ζ n  ,   s n  =    θ  η n   +  θ   η n  + 1    2   . The graph of the function   Ω ( t )   is represented in Figure 1.





Example 2.

Let us consider the impulsive system,


           x 1 ′  = −  x 2  + 2  Ω 3   ( t )  ,  t ≠  θ i  ,          x 2 ′  =  x 1  − 7 Ω  ( t )  ,  t ≠  θ i  ,         Δ  x 1    |   t =  θ i    = −  15 16   x 1  + 3  γ i  ,         Δ  x 2    |   t =  θ i    = −  15 16   x 2  − 2  γ i  ,      



(23)







where   Ω ( t )   is the d.u.f. from Example 1, and


        A =     0    − 1      1   0     ,  B =      −  15 16     0     0    −  15 16       .      











The couple    f  ( t )  ,   I i   =       2   ( Ω  ( t )  )  3        − 7 Ω ( t )      ,       3  γ i        − 2  γ i          is unpredictable in the sense of Definition 2 according to (Lemmas 1.4 and 1.5 [17]).



The matrices A and B commute, and the matrix


        A +  1 T   l n   ( I + B )  =      − l n  2     − 1      1    − l n  2      ,      











has the eigenvalues    λ  1 , 2   = − l n  2 ± i  . One can show that


       X  ( t , u )  = P      c o s ( t − u )     − s i n ( t − u )       s i n ( t − u )     c o s ( t − u )       P  − 1     ( I + B )   i ( u , t )   ,      











where   P =     0   1     1   0      . Inequality (5) is satisfied for system (23) with   α = 0.5   and   K = 2  . According to Theorem 2, there exists the unique asymptotically stable discontinuous unpredictable solution of system (23).



It is worth noting that the simulation of an unpredictable function is not possible, since the initial value is not known. That is why, we will simulate a solution   ϕ  ( t )  = (  ϕ 1   ( t )  ,  ϕ 2   ( t )  )   which approaches to the unpredictable solution   x ( t )   as time increases. Instead of the curve describing the unpredictable solution, one can take the graph of   ϕ ( t )  . We depict in Figure 2 the graph of the solution with initial values    ϕ 1   ( 0 )  = 1 ,  ϕ 2   ( 0 )  = 0.5  . Moreover, Figure 3 presents the orbit of the solution   ϕ ( t )  .






6. Conclusions


In this study, we present sufficient conditions for the existence and uniqueness of asymptotically stable discontinuous unpredictable solutions. To determine the presence of unpredictability at discontinuity moments of the solutions, we introduced the concepts of unpredictable discrete set and discontinuous unpredictable function. Our approach can be applied in studies of the unpredictability of various types of impulsive differential equations.







Author Contributions


M.A., conceptualization, methodology, investigation; M.T., investigation, supervision, writing—review and editing; M.O.F., conceptualization, investigation, writing—review and editing; Z.N., software, investigation, writing—original draft. All authors have read and agreed to the published version of the manuscript.




Funding


This research received no external funding.




Acknowledgments


M.A. and M.O.F. have been supported by a grant (118F161) from TÜBİTAK, the Scientific and Technological Research Council of Turkey. M.T. and Z.N. have been supported by the MES RK grant No. AP05132573 “Cellular neural networks with continuous/discrete time and singular perturbations” (2018–2020) of the Committee of Science, Ministry of Education and Science of the Republic of Kazakhstan.




Conflicts of Interest


The authors declare no conflict of interest.




References


	



Akhmet, M.; Fen, M.O. Unpredictable points and chaos. Commun. Nonlinear Sci. Numer. Simul. 2016, 40, 1–5. [Google Scholar] [CrossRef]

	



Akhmet, M.; Fen, M.O. Poincaré chaos and unpredictable functions. Commun. Nonlinear Sci. Numer. Simul. 2017, 48, 85–94. [Google Scholar] [CrossRef]

	



Devaney, R. An Introduction to Chaotic Dynamical Systems; Addison-Wesley: Boston, MA, USA, 1989. [Google Scholar]

	



Li, T.Y.; Yorke, J.A. Period three implies chaos. Am. Math. Mon. 1975, 82, 985–992. [Google Scholar] [CrossRef]

	



Wiggins, S. Global Bifurcations and Chaos: Analytical Methods; Springer: New York, NY, USA, 1988. [Google Scholar]

	



Birkhoff, G.D. Dynamical Systems; American Mathematical Society: Providence, RI, USA, 1927. [Google Scholar]

	



Sibirsky, K.S. Introduction to Topological Dynamics; Noordhoff: Leyden, The Netherlands, 1975. [Google Scholar]

	



Bohr, H. Sur les Fonction Presque-Periodiques. C. R. Acad. Sci. 1923, 177, 737–739. [Google Scholar]

	



Cheban, D.; Liu, Z. Periodic, quasi-periodic, almost periodic, almost automorphic, Birkhoff recurrent and Poisson stable solutions for stochastic differential equations. J. Differ. Equ. 2020, 269, 3652–3685. [Google Scholar] [CrossRef]

	



Kumar, A.; Bhagat, R.P. Poisson stability in product of dynamical systems. Int. J. Math. Math. Sci. 1987, 10, 613–614. [Google Scholar] [CrossRef]

	



Poincaré, H. Les Methodes Nouvelles De La Mecanique Celeste. Vol. III; Gauthier-Villars: Paris, France, 1899. [Google Scholar]

	



Akhmet, M.; Fen, M.O. Existence of unpredictable solutions and chaos. Turk. J. Math. 2017, 41, 254–266. [Google Scholar] [CrossRef]

	



Akhmet, M. Principles of Discontinuous Dynamical Systems; Springer: New York, NY, USA, 2010. [Google Scholar]

	



Miller, A. Unpredictable points and stronger versions of Ruelle–Takens and Auslander–Yorke chaos. Topol. Appl. 2019, 253, 7–16. [Google Scholar] [CrossRef]

	



Thakur, R.; Das, R. Strongly Ruelle-Takens, strongly Auslander-Yorke and Poincaré chaos on semiflows. Commun. Nonlinear. Sci. Numer. Simul. 2019, 81, 105018. [Google Scholar] [CrossRef]

	



Akhmet, M.; Fen, M.O. Non-autonomous equations with unpredictable solutions. Commun. Nonlinear Sci. Numer. Simul. 2018, 59, 657–670. [Google Scholar] [CrossRef]

	



Akhmet, M.; Fen, M.O.; Tleubergenova, M.; Zhamanshin, A. Unpredictable solutions of linear differential and discrete equations. Turk. J. Math. 2019, 43, 2377–2389. [Google Scholar] [CrossRef]

	



Akhmet, M.; Tleubergenova, M.; Zhamanshin, A. Quasilinear differential equations with strongly unpredictable solutions. Carpathian J. Math. 2020, 36, 341–349. [Google Scholar]

	



Akhmet, M.U.; Fen, M.O.; Alejaily, E.M. Dynamics with Chaos and Fractals; Springer: Cham, Switzerland, 2020. [Google Scholar]

	



Akhmet, M.; Fen, M.O.; Alejaily, E.M. A randomly determined unpredictable function. Kazakh Math. J. 2020, 20, 30–36. [Google Scholar]

	



Samoilenko, A.M.; Perestyuk, N.A. Impulsive Differential Equations; World Scientific: Singapore, 1995. [Google Scholar]

	



Erbe, L.H.; Liu, X. Existence of periodic solutions of impulsive differential systems. J. Appl. Math. Stoch. Anal. 1991, 4, 137–146. [Google Scholar] [CrossRef]

	



Li, Y.; Zhou, Q.D. Periodic solutions to ordinary differential equations with impulses. Sci. China Ser. A 1993, 36, 778–790. [Google Scholar]

	



Fećkan, M. Existence of almost periodic solutions for jumping discontinuous systems. Acta Math. Hungar. 2000, 86, 291–303. [Google Scholar] [CrossRef]

	



Stamov, G.T. Almost Periodic Solutions of Impulsive Differential Equations; Springer: Berlin, Germany, 2012. [Google Scholar]

	



Liu, J.W.; Zhang, C.Y. Existence and stability of almost periodic solutions for impulsive differential equations. Adv. Differ. Equ. 2012, 34. [Google Scholar] [CrossRef]

	



Liu, J.W.; Zhang, C.Y. Existence and stability of almost periodic solutions to impulsive stochastic differential equations. CUBO Math. J. 2013, 15, 77–96. [Google Scholar] [CrossRef]

	



Bonotto, E.; Jimenez, M. On impulsive semidynamical systems: Minimal, recurrent and almost periodic motions. Topol. Methods Nonlinear Anal. 2014, 44, 121–141. [Google Scholar] [CrossRef]

	



Li, X.; Bohner, M.; Wang, C.-K. Impulsive differential equations: Periodic solutions and applications. Automatica 2015, 52, 173–178. [Google Scholar] [CrossRef]

	



Girel, S.; Crauste, F. Existence and stability of periodic solutions of an impulsive differential equation and application to CD8 T-cell differentiation. J. Math. Biol. 2018, 76, 1765–1795. [Google Scholar] [CrossRef] [PubMed]

	



d’Onofrio, A. On pulse vaccination strategy in the SIR epidemic model with vertical transmission. Appl. Math. Lett. 2005, 18, 729–732. [Google Scholar] [CrossRef]

	



Fen, M.O.; Tokmak Fen, F. SICNNs with Li-Yorke chaotic outputs on a time scale. Neurocomputing 2017, 237, 158–165. [Google Scholar] [CrossRef]

	



Ghosh, P.; Peters, J.F. Impulsive differential equation model in methanol poisoning detoxification. J. Math. Chem. 2020, 58, 126–145. [Google Scholar] [CrossRef]

	



Haddad, W.M. Condensed matter physics, hybrid energy and entropy principles, and the hybrid first and second laws of thermodynamics. Commun. Nonlinear Sci. Numer. Simul. 2020, 83, 105096. [Google Scholar] [CrossRef]

	



Liu, X. Stability results for impulsive differential systems with applications to population growth models. Dynam. Stabil. Syst. 1994, 9, 163174. [Google Scholar] [CrossRef]

	



Yang, T.; Chua, L.O. Impulsive stabilization for control and synchronization of chaotic systems: Theory and application to secure communication. IEEE Trans. Circuits Syst. I Fund. Theory Appl. 1997, 44, 976988. [Google Scholar]

	



Zhao, Z.; Li, Q.; Chen, L. Effect of rhizosphere dispersal and impulsive input on the growth of wetland plant. Math. Comput. Simul. 2018, 152, 69–80. [Google Scholar] [CrossRef]

	



Stamova, I.; Stamov, G. Applied Impulsive Mathematical Models. CMS Books in Mathematics; Springer: New York, NY, USA, 2016. [Google Scholar]

	



Akhmet, M.; Fen, M.O. Replication of Chaos in Neural Networks, Economics and Physics; Springer: Heidelberg, Germany; Higher Education Press: Beijing, China, 2016. [Google Scholar]

	



Fen, M.O.; Tokmak Fen, F. Replication of period-doubling route to chaos in impulsive systems. Electron. J. Qual. Theory Differ. Equ. 2019, 58, 1–20. [Google Scholar] [CrossRef]

	



Horn, R.A.; Johnson, C.R. Matrix Analysis; Cambridge University Press: Cambridge, NY, USA, 2013. [Google Scholar]








[image: Mathematics 08 01798 g001 550] 





Figure 1. The graph of discontinuous unpredictable function   Ω ( t )  . 
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Figure 2. The time series of the coordinates   ϕ 1  ,   ϕ 2   of the solution of system (23) with the initial conditions    ϕ 1   ( 0 )  = 1.0  ,    ϕ 2   ( 0 )  = 0.5  . 






Figure 2. The time series of the coordinates   ϕ 1  ,   ϕ 2   of the solution of system (23) with the initial conditions    ϕ 1   ( 0 )  = 1.0  ,    ϕ 2   ( 0 )  = 0.5  .



[image: Mathematics 08 01798 g002]







[image: Mathematics 08 01798 g003 550] 





Figure 3. The trajectory of the solution   ϕ ( t )  , which approximates the discontinuous unpredictable solution   x ( t )  . 
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