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Abstract: Let T : H — H be a bounded linear operator on a separable Hilbert space H. In this paper,
we construct an isomorphism Fyy- : L2(0(|T — al), p7—_q ) = L2(0((T — a)*|), H|(T—a)+|,FH, ) such
that (Fye)? = identity and Fﬂ* is a unitary operator on H associated with Fy.+. With this construction,
we obtain a noncommutative functional calculus for the operator T and Fyy+ = identity is the

special case for normal operators, such that S = R|(5_,)| (M) + a)R‘*Slw| : is the noncommutative

functional calculus of a normal operator S, where a € p(T), Rjr_g ¢ : L2(o(|T —al), WT—al,¢) — H
is an isomorphism and M., + 4 is a multiplication operator on L2(a(|S —al), M|$5—a|,¢)- Moreover,
by Fyx+« we give a sufficient condition to the invariant subspace problem and we present the Lebesgue
class By, (H) C B(H) such that T is Li-Yorke chaotic if and only if T*~! is for a Lebesgue operator T.
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1. Introduction

1.1. Invariant Subspace

The invariant subspace problem has been stated by Beurling and von Neumann [1]. It can be
formulated as follows.

Problem 1. Does every bounded linear operator on a given linear space have a non-trivial invariant subspace?

In 1966, Bernstein et al. [2] showed that if T is a bounded linear operator on a complex Hilbert
space H and p is a nonzero polynomial such that p(T) is compact, then T has non-trivial invariant
subspace. Especially, when p(t) = t, which is, T itself is compact, the result was proved independently
by von Neumann and N. Aronszajn, and in [3], this result was extended to compact operators on a
Banach space.

Let T be a bounded linear operator on a Banach space. In 1973, Lomonosov [4] proved that if T
is not a scalar multiple of the identity and commutes with a nonzero compact operator, then T has a
non-trivial hyperinvariant subspace, which is, any bounded linear operator commuting with T has a
non-trivial invariant subspace (other results see [5-7]).

In 1976, Enflo [8] was the first to construct an operator on a Banach space having no non-trivial
invariant subspace and Nordgren et al. [9] proved that every operator has an invariant subspace if and
only if every pair of idempotents has a common invariant subspace.
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In 1983, Atzmon [10] constructed a nuclear Fréchet space IF and a bounded linear operator, which
has no non-trivial invariant subspace. Especially, in 1984, C. ]. Read made an example, such that there
is a bounded linear operator without non-trivial invariant subspace on ¢ [11].

In 2011, Argyros et al. [12] constructed the first example of a Banach space for which every
bounded linear operator on the space has the form A + K where A is a real scalar and K is a compact
operator, such that every bounded linear operator on the space has a non-trivial invariant subspace.

In 2013, Marcoux et al. [13] showed that, if a closed algebra of operators on a Hilbert space has
a non-trivial almost-invariant subspace, then it has a non-trivial invariant subspace (more results
see [14-18]).

In 2019, Tcaciuc [19] proved that, for any bounded operator T acting on an infinite-dimensional
Banach space, there exists an operator F of rank at most one such that T + F has an invariant subspace
of infinite dimension and codimension.

For finite-dimensional vector spaces or nonseparable Hilbert spaces, the result is trivial.
However, for infinite-dimensional separable Hilbert spaces, the problem is, after a long period of
time, not yet completely solved.

1.2. Linear Dynamics

With the development of operator theory and dynamics progress, there are many papers
about C*-algebras and dynamics. Additionally, “the fundamental theorem of C*-algebras [20]” is
Gelfand-Naimark theorem [21]. Subsequently, in [22], Fujimoto said that this theorem eventually
opened the gate to the subject of C*-algebras. Hence, there are various attempts to generalize this
theorem [23-27].

For the research on Problem 1 and with the development of chaos, Operator Dynamics or Linear
Dynamics has aroused extensive attention as an important branch of functional analysis, which was
probably born in 1982 with the Toronto Ph. D. thesis of C. Kitai [28]. More details of this subject can be
found in [29-33].

If X is a metric space and T is a continuous self-map on X, then the pair (X, T) is called a
topological dynamic systems, which is induced by the iteration

T”:To---oz, n € N, where0 € N.

n

Moreover, if T is a continuous invertible self-map on X, then (X, T) is called an invertible dynamic
and if the metric space X and the continuous self-map T are both linear, then the topological dynamic
systems (X, T) is called a linear dynamic.

For invertible dynamics, the relationship of Li-Yorke chaos between (X, f) and (X, f 1) was
raised by Stockman as an open question [34]. Additionally, in [35,36] and [37], the authors give
counterexamples for this question in noncompact spaces and compact spaces, respectively. For an
invertible bounded linear operator T € B(HH), the chaotic relationship between (H, T) and (H, T*~!) is
also interesting.

Next, we give the following definition

Definition 1 (Li-Yorke chaos). Let T € B(H). If there exists x € H, such that satisfies:
T n
(a)nl1_r>r010|T (x)|| >0 and

(b) Lim [|T"(x)[| = O,
n—o0

then the operator T is said to be Li-Yorke chaotic, and x is called a Li-Yorke chaotic point of T.
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An example of an operator T that is Li-Yorke chaotic but T*~! is not can be found in [38]. However,
presently there is no general method to do this research. In fact, the C*-algebra A(T) generated by T
cannot be used for that.

1.3. Motivation and Main Results

For an n-tuple T of not necessarily commuting operators, Colombo et al. [39] put to use the
notion of slice monogenic functions [40] to define a new functional calculus, which is consistent with
the Riesz—Dunford calculus in the case of a single operator and that allows the explicit construction
of the eigenvalue equation for the n-tuple 7 based on a new notion of spectrum for 7 (more results,
see [41-44]).

In 2010, for bounded operators defined on quaternionic Banach spaces, Colombo et al. [45]
developed a noncommutative functional calculus that is based on the new notion of slice-regularity
and that is based on the key tools of a new resolvent operator and a new eigenvalue problem, also,
they extended this calculus to the unbounded case [46] (more results, see [47]).

In 2018, Monguzzi et al. [48] characterized the closed invariant subspaces for the (*—) multiplier
operator of the quaternionic space of slice £? functions, obtained the inner-outer factorization theorem
for the quaternionic Hardy space on the unit ball and provided a characterization of quaternionic outer
functions in terms of cyclicity.

In this paper, we give a noncommutative functional calculus for T € B(H). Additionally, by this
construction, we give some applications, such as its applications on the invariant subspace problem and
chaos. The precise meaning of the multiplication operator M,y = M:My;) = My Mz = My(,),
will become clear in Theorem 3.

Let H be a separable Hilbert space over C, B(H) be the set of all bounded linear operator on H.
For any given T € B(H), we obtain a C*-algebra A(|T — a|) associated with the polar decomposition
T—a = U|T — a|, where a € p(T) and ¢ is a A(|T — a|)-cyclic vector, such that H = A(|T — a|)¢.
In this paper, we construct an isomorphism Fi,+, such that the following diagram is valid.

L2 (|T —al), ty7—a ) Rir_al¢ H
Frexr \l/ ir FEIC*
L2 ([(T=a)* 1), py(7 oo pit ) Ry pic H

where FIL, is the corresponding unitary operator associated with the isomorphism Fyy+ and
Fix(FIL) # @, (FE.)? = identity and (Fyy~)? = identity. With this construction, we get a
noncommutative functional calculus for the operator T such that

_ —1
T—a=Ryq g e eFoo My Rir_g o -

Especially, Fyy+ = identity, which is the special case for normal operators, will become clear
in Corollary 3, and, in this special case, we get that the noncommutative functional calculus of
a normal operator S is just only S = Rj(s_)e(Mzp(z) + a)Rﬁlﬂ‘/é, which is compatible with the
classical normal operator functional calculus of [49]. Where ¢(z) € L%(o(|T — al), pjr—q),¢) and
¢(z) € L2(o(|S —al), #5—a| )-

Moreover, from Fyy ., we deduce a sufficient condition to Problem 1 on infinite-dimensional
separable Hilbert spaces and present the Lebesgue class By, (H) C B(H), such that, if T is a Lebesgue
operator, then T is Li-Yorke chaotic if and only if T+ 1is.

In fact, we get that

BLeb(H) n BNGT(H) 7é %)

and

BLeb(]HD N (B(H) \BNor(H)) 7& @,
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where By, (H) is the set of all normal operator on H.

2. Decomposition and Isomorphic Representation

In this paper, f(-) means the conjugate of the complex function f(-). Let X be a compact subset of
C, C(X) be the set of all continuous function on X, and P(x) be the set of all polynomial on X. For any
given T € B(H), let o(T) be its spectrum.

Following the polar decomposition theorem [50] (p. 15), we get that

T=U|T| and |T|> =T*T.

Let A(|T|) be the complex C*-algebra generated by |T| and 1. Obviously, if T is invertible, then U
is a unitary operator.

Lemma 1. Let X C C be a compact subset not containing zero. If P(x) is dense in C(X), then P(1) is also
dense in C(X).

Proof. By the properties of complex polynomials, we get that P(%) is a subalgebra of C(X), which is
closed under the standard algebraic operations. In addition, we have:

(M1 €P();

(2) ’P(%) separate the points of X;

@) Ifp(3) € P(3) then p() € P(3).

We get the conclusion from the Stone-Weierstrass theorem [49] (p. 145). O

For X C Ry, thereis x # y <= x> # y2. With Lemma 1, we get the following result.
Lemma 2. Let X C Ry . If P(|x|) is dense in C(X), then P(|x|?) is also dense in C(X).

Using the GNS construction [49] (p. 250), for the C*-algebra A(|T|), we have the following
decomposition.

Lemma 3. Let T be an invertible bounded linear operator on H. Then there exists a sequence of nonzero
A(|T|)-invariant subspaces Hy, Hyp, - - - , Hj, - - -, such that:

(DH=H,eHy & ---dH;E---;

(2) For every Hj, there is a A(|T|)-cyclic vector & such that

H; = A(ITNE = A(ITI=1)E

and
|TIH; = H; = |T|"H .

Proof. The decomposition of (1) is obvious [51] (p. 54), Therefore,
|T|H; € H;,

that is,
H; C |T|"'H; .

From Lemma 1, we get that

H; = A(ITNE = A(IT|=1e!

and
|T|""H; C H; .
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Hence,
|TIH; = H; = |T|"H .

O
Let { € H be a A(|T|)-cyclic vector, such that A(|T|)¢ is dense in H . Because the spectrum is

closed and o(|T|) # @, on C(c(|T|)), we can define the nonzero linear functional

oire e e(f) = FUTDEE), VfeClo(IT])) .

It is easy to get that p|7 ¢ is a positive linear functional. By [51] (p. 54), and the Riesz-Markov
theorem, on C(c(|T|)), we get that there is a uniquely finite positive Borel measure y|7 ¢, such that

| f@)dpre(z) = (F(TNEE), Vf € C(o(IT]) .

o(ITh

Theorem 1. Let T be an invertible bounded linear operator on H, A(|T"|) be the complex C*-algebra generated
by |T"| and 1 and let &, be a A(|T"|)-cyclic vector, such that A(|T"|)&, = H , where n € N. Subsequently:
(1) there is a uniquely positive linear functional

A S@e, @) = UTDEn e, VS € LT Diirg).

(2) there is a uniquely isomorphic representation Ry, : L2(a(|T™)), Wi g,) — Hassociated with the
uniquely finite positive Borel measure prn| ¢, which is complete.

Proof. (1) For A(|T"

)-cyclic vector &, we define the linear functional

e, (f) = FUTNEw, 8n) . Vf € Cla(|T])).
We get that, on C(c(|T"|)), there is a uniquely finite positive Borel measure |7 ¢, , such that
If\ f@)durn g, (2) = (FUT")Gn Cn), Vf € Cla(IT"])).
™

Moreover, we can complete this Borel measure p| x|z, on o |T"|). For this completion, we keep
the notation Hn| g, We know that this Borel measure is unique [52] .
For any f € L2(c(|T"]), 1|17z, ), because of

piro (1F17) = ooy g, (FF) = (FUT D FUT"DEn, Gn) = I F(IT")EnllFy > 0

we get that p|u| # is a positive linear functional.
(2) We know that C(c(|T"|)) is dense in L2(o(|T"|), i) ,)- For any f,g € C(o(|T"|)), we get

AT DEn gUT™ ) En)w
= @UT* N FUT")&n, En)

= P2, (8f) = / f(2)g(z)dp ) ¢,(2)

o(|T")

= (£18) (o (1) sy ) -

Therefore,
Rog, : C(e(|T")) = H, f(z) = f(IT"|)¢n

is a surjective isometry from C(o(|T"|)) to A(|T"|)xn
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Obviously, C(c(|T"|)) and A(|T"|){, are dense subspaces of £2(0(|T"|),V|Tn‘,§n) and H ,
respectively. Additionally, its closed extension

Riguyg, : L2(o(IT"]), pypne,) = H,  f(2) = F(IT")En

is an isomorphic operator.
Therefore, we get that R 7| ¢, is the uniquely isomorphic representation of H associated with the
uniquely finite positive Borel measure j|7n ¢ , which is complete. [

Let T be an invertible bounded linear operator on H = Hx & He @ - @ Hg & - - - and & be
a A(|T|~1)-cyclic vector such that Hz = A(|T|=1)gt = A(|T|)&" . If there exists a unitary operator
Uy € B(H), such that UgP(|T|~") = P(|T~!|)Uo, then Hy; ;i = A(|T-)Up! = UgH, and we get
two series of isomorphic representations

R\T|_1,§i : »62(0'(|T|71|H€I-)1V‘T‘—1,§i) — Hgl ’ f(Z) - f(‘T‘il)gl

and
Rip-1), i * 52(0(|T_1\\Huoéi)/V|T71\,uogi) = Hya o 8y) = g(IT 1 HUog’
Letf =& @@ @& @---. Subsequently, ¢ is a A(|T|~1)-cyclic vector, such that H =
A(|T)~1)¢ and we get the following equation
Rir1g = R0 @ Rp10 @ - @ Ryppma i -

Rir1,u0e = Rir1upet @ Rir1jupe2 @ O Ry © -
CZ(U(ITl_l),mn—l,g) - EZ(U(|T|_1|H§1),mn—l,gl) ®--- D EZ(U(ITI_llméi),Vm—l,gf) @,

and

£2(0(|T71D1V\T*1|,u0§> = L2(c(|T Y| ) M1, uee1) © - @£2<U(|T71"Huogi)’y|T_l‘,U0§j) @

Uoél

3. Noncommutative Functional Calculus

We know that the spectral theory and functional calculus of normal operators [49] is very
important in the study of operator theory and C*-algebras [50]. Inspired by the Hua Loo-kang
theorem on the automorphisms of a sfield [53], in this section, we give a useful construction from
L2(o(|T71)), HiT-1),) to L2(o(|T)7Y), #i7j1,¢) and with this construction, we give a noncommutative
functional calculus for any given T € B(H) . However, there is valueless information just only from

© Rjp-1), or R}

112 © Rirtp -

-1
Ririg
Lemma 4. Let T be an invertible bounded linear operator on H. Subsequently, we get

o(IT7H) =o(ITI7).

Proof. Because of 1
Aea(T'T) = € o(T* 1171,
we get

Aeo(|T]) — % co(|TY)).

Thatis, o(|TY|) = ¢(|T|7Y). O



Mathematics 2020, 8, 1544 7 of 18

Let T be an invertible bounded linear operator on H, ¢ be a A(|T|)-cyclic vector, such that
H = A(|T|)¢ . On P(z), with z € ¢(|T|), we define the mapping

Fo:P(z) = Pzh), Ealf(2) = f(z7).

Following Lemma 3 and Theorem 1, P(z) and P(1) are dense subspaces of £2(c(|T]), M7|,¢) and
L2(o(|T)7Y), MiT|1,¢) , respectively. Its closed extension

Foa s L2 (IT)), pyre) = L2 (T pyppe) » Ea(f(2) = f(z7)

is linear and for this closed extension we keep the notation F,-1 .
Subsequently, we obtain that

[ £ Ddume@) = (FT6E) = [ fEdur40)
o(IT]) o(ITI71)

and
dV|T|*l,§(Z) = |Z\2dH\T\,§(7~) .

By a simple computation, we get that

IE, 1 (f(2))]1% o(|T]-1) Hm—l’é)

/ 1 (F@)dpir(2)
T
- / FE b (2)
o(IT|7)
| P @F @ ()
o(|T])
< s | @7 @dum )

o(|Tl)
< sup m?(|f(2)lI72, :
meo(|T]) L2(a(IT]),py7¢)

Hence, it follows that
|E,ll < sup [m] .
meo(|T)|)

By an application of the Banach inversion theorem [49] (p. 91), we get that F,—; is an invertible
bounded linear operator from £ (o (|T|), #7),¢) to L2(o(|T|7Y), HiT|1e) -
Next, we define the operator

FL A(TNE = A(TITHE, EL(FATNG) = F(ITITHE
By Lemma 1 and [51] (p. 55), we get that FEI is an invertible bounded linear operator on the
Hilbert space A(|T|)¢ = H and

|F2, )| <sup sup |m].
meo(|T|)

Moreover, we obtain the following diagram.
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H 7| H
H H
FZ LEZ
_—
H ITI=! |

By [53] and the isomorphic representations R|rj-1  and R|p-1| 5+ of H, also, by Lemma 2 and 3,
naturally, we give the following definition.

Definition 2. For invertible T € B(H), let the symbol xx* stand for T~ T*~1. Subsequently, we get that
there is a linear algebraic isomorphism from P(xx*) to P(x*x), such that

Frxe t P(xx™) = P(x*x), pu(xx™) = pu(x*x) .

Let & bea A(|T|~1)-cyclic vector, such that A(|T|~1)& = Hand Uy € B(H) be a unitary operator such
that UgP(|T|~1) = P(|T~1|)Up. Subsequently, on o(|T|~1) we define

Frpr : R|_Tl|,1pn(xx*){f — R&{l‘pn(x*x)uozj .

Obviously, P(|y|?) is dense in L2(o(|T|1), pyri-1z) and P(|z|?) is dense in L*(o(|T]), pp-1) u,e) -
Then its closed extension is

Feer - C2@UTI ), pra.0)| = L@UT D)+ Riba Fw)E = Ryl S U
For this closed extension, we keep the notation Fiy.

With the polar decomposition theorem [50] (p. 15), there is T = U|T|. For invertible T € B(H),
we get that
U*T*TU = TT* and U*|T|2U = |T72|.

In fact, when T is invertible, we can choose a special unitary operator, which shows that the
operators |T|~! and | T~!| are unitary equivalent. This is explained in the following theorem.

Theorem 2. Let T be an invertible bounded linear operator on H and Uy € B(H) be a unitary operator, such
that UyP(|T|~Y) = P(|T~Y|)Up. Afterwards, there is a unitary operator FEL,, such that

xx*/

FEL Tt = |77 YL, .

xx*

Moreover, FLi. is the corresponding unitary operator associated with the almost everywhere nonzero

function || (2)|, such that
1
dpt 711z = \4’\T\(g)|d#mfl,§ /

where |¢7((z)| € LYo (|T]), pyr)¢) and & is a A(|T|)-cyclic vector, such that A(|T|)& = H .

Proof. By Lemma 3, let ¢ be a A(|T|)-cyclic vector, such that H = A(|T|)¢ . By Definition 2, we have
the linear operator Fyy- : £2(0(|T|_1),y‘T|71,§) — EZ(U(|T_1|),;¢|T71‘,UO§) .

This construction yields that Fy,+ is an invertible linear operator from £?(o(|T|™1), Hirj1e) to
L2(a(|T7Y), 71, u,¢) - Hence, Fxys o F, 1 is an invertible linear operator from L2(e(|T)), Hi7|,¢) to
Lo (IT7M), w1, up8) -

By [53], we get that Fy,+ is a linear algebraic isomorphism from P(|y|?) on o(|T|~!) to P(|z|?) on
o(|T~1|) . Additionally, by Lemma 2, P(|y|?) is dense in £2(c'(|T| 1), Miri1¢) and P(|z|?) is dense in
£2(0(|T71D1V\T*1|,u0§) :
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Hence, we obtain
(b1, upe) = [dpyr 6]
that is, dp| -1,z and dp 7| -1  are mutually absolutely continuous. Following [49], (IX Theorem 3.6)

and the construction F, -1, we get that there exists ¢|7|(z) € LYe(|T)), H1|,¢), Where ¢ (2)] # 0, a.e,,
such that

dpt 11,0, = |¢\T\( ) dpyr1 e = 2| py7(2) [dpyr) e -
From Lemma 4, for any p, € P(c(|T|~1)) € A(c(|T|7!)) , because of
T pu(ITI7Y) = pu(ITINT*
with [50] (p. 60), we get that there is a unitary operator Uy € B(H), such that
UoP(IT|™) = P(IT™')Uo

Hence, we conclude

UoA(ITI™Y) = A(IT ) Uo

and

H = Up A(|T|71)¢ = A(IT1)Uog -
That is, Up¢ is a A(|T~!|)-cyclic vector. Additionally, with Theorem 1, we get

[ f@durg e = (FITEE) = [ FC)dnne)

o(|T)-1) a(|T])

and

[ f@dnrug(z) = (FOT 1) U0, ot ) -

o(IT71)
By a simple computation, we obtain that

||Fxx* o szl (f(Z)) ||2£2(0(\T71|)/V\T*1\,uoé)

— / Fepr 0 Eo1(f(2)) Farr 0 E1 (f(2))dpyr-1) 1,2 (2)
a(IT-1))

= [ R (FE)Eer (FE D1 0 (2)

o(IT71)

lI>

F D dp -1z (v)
a(ITI7h)
— / F 1 (f ()1 (F () b1 £(v)
o(|T[71)
= H A (f(y ))H o(ITI7 )y y-1,¢)

and £ is introduced by Uy.
Hence, Fyy+ is an isomorphism from £2(c(|T| 1), Hir|1g) to L2(a(|T71)), W1, UpE)-
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With Theorem 1 and Definition 2, we have the operator
Foo tH=H, B (R f(ITI72) = Ripr e (Feae f(ITI72)).

That is, FEL, = = R, yeFx w R I such that the following diagram is valid.

|T|-1
L2 (T, #yg1) Rir-1 H
Foxr i/ i’ xx*
L2 (ITH), -1, upe) Rir-1),u¢ H

Therefore, we said that the linear operator FE* is associated with Fy,+ . Subsequently, we see that

FH, is a unitary operator and by Lemma 3, we obtain

A(IT[71) = H = A(IT~H)Uo¢ -

Subsequently, we obtain

H |T|~1 H
_
Fi. | J FH,
H T H

Naturally, there is
xx*|T| ! |T l| xx*

Afterwards, FL.. is the corresponding unitary operator associated with Fyy+ , which is, associated
with the almost everywhere nonzero function [¢,r( 1)|, such that

dP‘|T 1, Upe = |¢\T\( )|dﬂm g = |z|? |4’\T|( )\dﬂm,g ,

where |¢7(2)| € LY (e (IT), py7)e) - O

We easily deduce (FEIC* ) = Fi o+ and the next results also readily follows. Let T be an invertible
bounded linear operator on H, ¢ be a A(|T|)-cyclic vector, such that H = A(|T|)¢ and let Uy € B(H)
be a unitary operator, such that UyP(|T| 1) = P(|T~!|)Up . In the proof of Theorem 2, and with the
isomorphic representations Rjy-1 s and Rp-1| ;¢ of H, we provide that

1 H
Fovr = Ry e © Frxe © Ry
Especially, let Uy = FLL.. Subsequently,
PXX* = R‘TT{”,FH e} F xx* o RlT‘ 1

Corollary 1. Let T be an invertible bounded linear operator on H and let & be a A(|T|)-cyclic vector, such that
H = A(|T|)&. Then o(|T|) = o(|T*|) and the equality FL..|T| = |T*|FLL. is valid. Moreover, FL.. is the
corresponding unitary operator associated with Fyy+, whih is, associated with the almost everywhere nonzero
function |7 (z)|, such that

d.“\T*\ Fi &= |‘P|T\( |dV|T|,z§ ,

where |¢7(2)| € LYo (IT]), py7)e)-
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Next, for any given g(z) € L=(c(|T|), pj7|,¢), we define

Mg : L2(o(IT]), myre) = L2 (T yrie),  Mgf(2) = 8(2)f(2).

Theorem 3. Let T be an invertible bounded linear operator on H and T = U|T| be its Polar Decomposition.
Let { bea .A(|T|)—cyclic vector, such that H = A(|T|)¢ and |T| = R|T|,§MZR . Subsequently, there exists
Here Mzwz) MzMw( ) = M¢< )Mz = Mw( -

-1
ITI.¢ )
ﬂnd T — RlT*|rPEIC*§Pxx*MZ¢(Z)R

|T\ ¢ IT[.¢

Proof. Let Uy = FL.. in the proof of Theorem 2. Afterwards, we get

X

_p-1 TH
Feyr = R\T*1|PH*§ o Fiy OR\T\*l,C and Fx R\T 1P ¢ o Fyxs o R,
7T xx

|T| Lg
By the polar decomposition theorem [50] (p. 15) we have T = U|T|. Hence, we get

*T=|T? and TT* = U|T]PU*.

By Corollary 1, we get
TT" = Foe | TP(Fie ),
that is,
Foe| TP (B )" =TT = U|TPU” .
We see that

*u’T‘z |T|2 xx*

With the fact that { My : ¥(z) € LZ(c(|T|), p7),¢) } is @ maximal abelian von Neumann algebra
in B(L2(o(|T)), #7),¢)) and the Fuglede-Putnam theorem [49] (p. 279), we obtain that there exists
P(z) € £°°(¢7(|T|),;4|T|,§) such that

H g7 _ -1 _ -1
Fee U = Rir eMy) Rig o = Ry eMy ) Ripyag
Therefore, we get that
-1 _ -1
U = FeeeRigp1,eMyyRig g = Ry, g © Foee © Rippa oRprpon g My R
That is,
U=Rr- 1FH g FyxrM (%) ml _R\T*\FH FXX*M¢(Z)R\T|§
and
j— — -1 t — o
T =U|T| = Ry e eFexs M) Ripy 2R 1 e MeR ) o = Ry pit o P May() Ry -
O

Corollary 2. Let T € B(H). Suppose a € p(T) = C\ o(T) and let ¢ be a A(|T — a|)-cyclic vector, such that
H = A(|T — a|)¢ . Subsequently, there exists a function (z) € L=(c(|T — al), p|7—y| ¢), such that

— -1
T — R|(T—ﬂ)*‘,FEI(* ngx* MZI/J(Z)R‘TfaLg + a.

Proof. Fora € p(T), T — a is an invertible bounded linear operator on H. By the proof of Theorem 3,
wegetthatT —a = Ryr_a) | FE, Fxx*Mle(z)R|T ali” that is,

_ -1
T'=Ryr_gye 1, cFar May () Rip_g 2 00
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O

The following definition is quite natural.

Definition 3. For any given T € B(H), we say that R|(T7a)*\,PH*gpxx*MZlP(Z)R\_Tl_M ctais the
noncommutative functional calculus of T on Fyy+ : L2(0(|T)), el - L2(a(|T*)), V|T*|,FH*5) ,, Where &
isa A(|T — a|)-cyclic vector, such that Hl = A(|T —a|)¢, ¥(z) € LZ(c(|T —al), ujr—q),¢) anda € p(T) .

In the final part of this section, we give some properties of normal operator through the
noncommutative functional calculus.

Corollary 3. For T € B( ), if TT* = T*T, then there exists (z) € L®(o(|T — al), pj7_a|¢) such that
Ry(r—a),e(Mzy(z ) +a)R;; |T ol is the noncommutative functional calculus of T on L (o' (|T — al), HiT—alc) -

and we get T € A (|T —al). Wherea € o(T), Eisa A(|T — a|)-cyclic vector, such that H = A(|T — a|)& and
A (IT —a]) = {A € B(H) : AB = BA for every B € A(|T —al)}.
Proof. For TT* = T*T and a € p(T) , we get that
FE, —identity and |T—a|=[(T—a)*(T —a)]? = [(T—a)(T —a)*]2 = |(T —a)*|.

Therefore, we see that

—1 1
Rir_aym,e = Rir—ale

and there exists §(z) € L (c(|T — al), pj7—4|,¢) such that

_ -1
T—a=Ryr-0)|eMzyx)Rir_) ¢ -

That is,
T = Rj(r—a)|(May(z) T Q)R -

With the proof of Theorem 3, we get T —a € A'(|T —a|), whichis, T € A (|T—a|). O

Corollary 4. Let T € B(H). Subsequently, the operator T is normal if and only if T is unitary equivalent to
My(z) +aon L2(o(|T - al), W7—a|,¢), and if and only if T € A (|T — a|), where & is a A(|T — a)-cyclic
vector, such that H = A(|T —a|)¢, ¢(z) € L2(c(|T — al), ujr—a|¢), and a € p(|T]).

4. A Sufficient Condition

In this section, we study Problem 1 on infinite-dimensional separable Hilbert spaces. With the
fact that the exist of non-trivial invariant subspace is unchanged by the similarity of bounded linear
operators on Banach spaces [1], which is, for R € B(B;) and S € B(B,), if T : B; — B, is an invertible
bounded linear operator and S = TRT !, then R has non-trivial invariant subspace if and only if S
has, where By and B, are Banach spaces. Therefore, for any given T € B(H), using the construction of
Fyx+, we give a sufficient condition to Problem 1 on infinite-dimensional separable Hilbert spaces.

For convenience, we define Fix(FL..) = {FL,(f) = f; f € H}. Obviously, Fix(FL.

o) 1s a closed
subspace of H.

Theorem 4. Let dimH > 1, T € B(H) and R|(T—a)*\,Fﬂ*éFXX*MZlIJ(Z)R‘TTl—a‘,g be the noncommutative
functional caleulus of T —a on Fyye :+ L2(o(|T — al), pir_g )| = L2((|(T - a)* 1), By T—a)r|,FE, &) -
where a € p(|T|), ¢ is a A(|T — al)-cyclic vector, such that H = A(|T —a|)¢ and ¢(z) € L=(c(|T —
a\),y‘T_aw) ) IfR‘T_a‘,éMle(z)leTliﬂ‘ ész(FEIC*) C sz(Fﬂ*) then T has a non-trivial invariant subspace.
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Proof. It is enough to prove the result for infinite-dimensional separable complex Hilbert space H.
Obviously, if A C H is a non-trivial invariant subspace of T if and only if A is a non-trivial invariant
subspace of T — a, where a € C.

Leta € p(T) and let & be a A(|T — a|)-cyclic vector such that H = A(|T — a|)¢ . Subsequently,
following Corollary 2, we get that there exists (z) € L*(c(|T — al),f|7_q¢), such that
Ry a)*|,FH., eFaxt Mzw(Z)Rtha‘,é is the noncommutative functional calculus of T — a on

Feee - 20T = al), pip—a )] = L2 ((T =) 1) gy st o)

By the construction of FL., in Theorem 2, we get (FLL.)? = identity and Fix(FL.) # @.

(1) If Fix(FiL.) = H, that is Fi.. = identity, by the proof of Corollary 3, then T is unitary
equivalent to M, ) + a. Because M., + a is a normal operator, it possesses a non-trivial invariant
subspace and, hence, the same is true for T. For details, see, e.g., [49].

(2) If Fix(FL) # H and R‘T,a‘,ng(Z)R‘_Tl_a‘lgPix(PH ) C Fix(FH

ot ), then Fix(F&
non-trivial invariant subspace of FiL. and we get

) 15 a

FEIC*R‘T‘/éMzw(Z)Rl_TlllgFix(Fﬂ*) C Fix(FL,).

Hence, Fix(FLL.) is a non-trivial invariant subspace of FEI(*R‘T‘/é Mznp(z)Rle| & With the proof of
Theorem 3, we get that

H -1 _ -1 _
FXX*R‘T‘/CMZII’(Z)R|T|,§ = R\(Tfa)*|,Fﬂ*CFXX*MZl/J(Z)R|T7g|,§ =T-—a.

That is,
(T — a)Fix(FL.) C Fix(FEL,).

O

5. Lebesgue Operator

In this section, we study chaos of an invertible bounded linear operator on an infinite-dimensional
separable Hilbert space. For the example of integral calculus in mathematical analysis, we know
that the convergence or the divergence of the weighted integral calculus of x and x~! should be
independent of each other; however, sometimes it happens that this indeed depends on a special
choice of the weight function.

In the view of integral calculus, we define the Lebesgue class and prove that if T is a Lebesgue
operator, then T is Li-Yorke chaotic if and only if T*~! is. With the idea of the noncommutative
functional calculus R| (T—a)*|,FE, ngx* quJ(z) R\}lfa|,§’ we give an example of a Lebesgue operator that is
not a normal operator.

Let dx be the Lebesgue measure on £2(R ). By Theorem 1, there exists a Borel measure dp ) 2,/
which is complete, such that £2(0(|T”|),dy|Tn|,§n) is a Hilbert space. If there exists N > 0, such
that, for all n > N, the measure dy/|rn| ¢, is absolutely continuity with respect to dx, then using the
Radon-Nikodym theorem [49] (p. 380), there exists f, € L£L!(R..), such that dptyrn) g, = fu(x)dx, where
neN,n>Nand H=A(|T"|),.

Definition 4. Let T be an invertible bounded linear operator on the separable Hilbert space H over C. Suppose
that the operator T satisfies the following conditions:
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(1) There exists N € N, such that, for alln > N
dp) g, = fa(x)dx, fu € LY(RY)

fa(x) = fulx71), O0<x<1

(2) There exists N € N, such that for all n > N and for any given nonzero x € H, there exists a nonzero
function g, (t) € £2(0(|Tn|),d]/l|’1"n‘/én) and a nonzero vector y € H, such that y = g, (|T"|~')&, whenever
x = gu(IT")&n -

Subsequently, the operator T is said to be a Lebesgue operator, and the family of all Lebesgue operators on
H is denoted by By ., (H).

Theorem 5. Let T be a Lebesgue operator on the separable Hilbert space H over C. Subsequently, T is Li-Yorke
chaotic if and only if T* 1 is

Proof. Let ¢, be a A(|T"|)-cyclic vector such that
A(T")n = H.

If xg is a Li-Yorke chaotic point of T, then by Definition 4, we see that, for n € N large enough,
there exist g, (x) € L2(o(|T"|), dpyni g, ), fu(x) € L1(R) and yo € H, such that xo = u(|T"|)&n,
Yo = gn(|T"|7")&n, and

dV\T"L;‘n = fu(x)dx

Therefore, we get the following

IT"0lf = (17750, 30) = (1T P T"Dan (17" )2) = (81 T"D*|T" Paa(IT" )2 &)
= [ Po@e@dnms @) = [ Plg@Pf)ds

(1)
—/2m1\n w+/ [0 (x) P fu (x)dx
—/2®Jﬂﬂ w+/ g Pfulx
[ P e+ [ g () dx
/' *m [y A A AT
L

g DPfdr =[x gl galx g, ()
o (7))
(&alIT" 728 (17" &) = (1T 280171, g1 T")2)
= (IT"%v0,y0) = {T"T"*yo, yo)
= IT*"yoll3;

L

where £ is following Definition 4. By Definition 1, we get that T is Li-Yorke chaotic if and only if T* !
is. 0

Following [54], for T € B(H),x € Hand n € N, we introduce the distributional function
1
F(r)=_t0<i<n:(T"()| <t}
In addition, we denote

Fe(1) = li,Ilr_l)i(ngg(T)’ Fi(t) = limsup F(7),

n—oo
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and introduce the following definition.

Definition 5. Let T € B(H). If there exists x € H and

(1) If Fx(t) = 0, for some T > 0 and F}(e) = 1 for Ve > 0, then we say that T is distributionally chaotic
or I-distributionally chaotic.

(2) If Ff(e) > Fx(t) for YVt > 0 and Fi(e) = 1 for Ye > 0, then we say that T is
I1-distributionally chaotic.

(3) If Fi (€) > Fy(7) for YT > 0, then we say that T is I11-distributionally chaotic.

Corollary 5. Let T be a Lebesgue operator on the separable Hilbert space H over C. Then T is I-distributionally
chaotic (or 11-distributionally chaotic or I11-distributionally chaotic) if and only if T*~1 is I-distributionally
chaotic (or I1-distributionally chaotic or 111-distributionally chaotic).

Theorem 6. There exists an invertible bounded linear operator T on the separable Hilbert space H over C, such
that T is Lebesgue operator that is not a normal operator.

Proof. Let 0 < a < b < +oo. Subsequently, £3([a,b]) is a separable Hilbert space over C. Any
separable Hilbert space over R can be expanded to a separable Hilbert space over C. Without loss of
generality, let £2([a, b]) be the separable Hilbert space over R. We prove the conclusion by six parts:
(DLet0<a<1<b= % < +00. We construct a measure preserving transformation on [a, b]. Let
M = {]a, %}, [bz;”, b]}. We get a Borel algebra (M) generated by M . We define ® : [a,b] — [a,b],

e T A (| P e}

Subsequently, ® is an invertible measure preserving transformation on the Borel algebra ¢(M).
With [55] (p. 63), Up # 1 and Ug is a unitary operator associated with ®, where Uy is the operation
of composition

Uph =ho®, Vhe L%([a,b)).
(2) Define Myh = xh on £?([a, b]). Subsequently, M, is an invertible positive operator.

|In x|
(3) For f(x) =
f(x) >0,a.e., x € [a,b]. Hence, dyu that is absolutely continuous with respect to dx is a finite positive
Borel measure that is complete. That is, £2([a, b], du) is a separable Hilbert space over R. Moreover,
£2([a,b]) and £2([a, b],du) are unitary equivalence.
(4) Let T = UpMy. We get

, x > 0, we define dy = f(x)dx. Afterwards, f(x) is continuous and

T*T = UpTT*U;  and  Up # 1.

Because of
ucpr 75 MXUq:. and ucprz 75 Uq;.sz,

we get that T is not a normal operator and ¢ (|T|) = [a, ].

(5) Let the operator T = UMy on £2([a, b]) be corresponding to the operator T” on £2([a, b], du).
Subsequently, T’ is an invertible bounded linear operator that is not a normal operator and ¢ (|T’|) =
[a,b].

(6) From

b b"
/{lx”f(x)dx:/u tf(t%) ,11,1dt-

n ==

Let
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We get that f,,(t) is continuous and almost everywhere positive. Hence, f,(f)dt is a finite positive
Borel measure that is complete.

For any E C R4, we define I = 1 when x € E else I = 0. Subsequently, I is the identity
function on E. With a simple computing, we get that

1
1 _3
- 1 - 1 1 Int n 1
fut™h) = o f(E1) =1 = ﬁl[a”,b”]‘ - 1 | n—1
. t n t n t n
= L1 pt|In tn |
n [an,bn}
and
1 1
1 )t 1 Intn| ¢
tzfn(t) = ﬁl[an’bn]f(tn) é = ﬁl[a”,b”“ nl | é
tn th t n

1 1
— ﬁl[an,bn}t’ ln tn ‘ .
We see that x? f,,(x) = f,(x~!) . From o(|T""|) = [a",b"] and

/bn tzf(t%) i_l dt:/()+oot2fn(t)dt,

n

nt n

let dy‘T/” = fn(t)dt .

Afterwards, dy | is a finite positive Borel measure that is complete. For any given nonzero
h(x) € £2([a,b]), we get the nonzero function h(x~!) € L?([a, b]).

Easily, we get that I|, ;) is a A(|M}|)-cyclic vector of the multiplication M} = Myn and Ijgu jn] is a
A(|T"™|)-cyclic vector of | T™|. By Definition 4, we get that T’ is Lebesgus operator, but is not a normal
operator. [J

Corollary 6. There exists an invertible bounded linear operator T on the separable Hilbert space H over C, such
that T is a Lebesgue operator that is a positive operator.

Corollary 7. Let By, (H) be the subspace of all normal bounded linear operator on an infinite-dimensional
separable Hilbert space Hl. Subsequently, the following families of linear operators are non-empty:

Brep (H) N Bor (H) and Brey(H) N (B(H) \ Byor(H)).
In fact, both these families contain non-trivial members.

6. Conclusions

By the idea of the isomorphism construction Fyy« of this paper, we could study the operator using
the integral calculus on R. This way maybe neither change the properties of chaos nor the difficulty of
computing, but with this we should find some operator class and study its properties, as we give the
Lebesgue class in this section. Hence, if some properties of operators on H only depending the norm
that is compatible with the inner product, then these properties only depend on the corresponding
properties of elements in

{My, (z) +an : 9u(z) € LZ(0(IT" = anl), i7o_g,2,) a0 € p(T"),n € N H = A(|T" — au|)n},
just keeping the noncommutative functional calculus in mind.
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