. mathematics

Article

Integrating Semilinear Wave Problems with Time-Dependent

Boundary

Values Using Arbitrarily High-Order

Splitting Methods

Isaias Alonso-Mallo 1t and Ana M. Portillo Z* 14

check for

updates
Citation: Alonso-Mallo, I.; Portillo,
A M. Integrating Semilinear Wave
Problems with Time-Dependent
Boundary Values Using Arbitrarily
High-Order Splitting Methods.
Mathematics 2021, 9, 1113. https://
doi.org/10.3390/math9101113

Academic Editor: Mechthild

Thalhammer

Received: 9 April 2021
Accepted: 12 May 2021
Published: 14 May 2021

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

Departamento de Matemadtica Aplicada, Facultad de Ciencias, Universidad de Valladolid, Paseo de Belén 7,
47011 Valladolid, Spain; isaias@mac.uva.es

Departamento de Matemadtica Aplicada, Escuela de Ingenierfas Industriales, Universidad de Valladolid,
Paseo del Cauce 59, 47011 Valladolid, Spain

*  Correspondence: ana.portillo@uva.es

t Instituto de Investigacién en Matematicas de la Universidad de Valladolid (IMUVa), 47011 Valladolid, Spain.
T These authors contributed equally to this work.

Abstract: The initial boundary-value problem associated to a semilinear wave equation with time-
dependent boundary values was approximated by using the method of lines. Time integration is
achieved by means of an explicit time method obtained from an arbitrarily high-order splitting
scheme. We propose a technique to incorporate the boundary values that is more accurate than the
one obtained in the standard way, which is clearly seen in the numerical experiments. We prove the
consistency and convergence, with the same order of the splitting method, of the full discretization
carried out with this technique. Although we performed mathematical analysis under the hypothesis
that the source term was Lipschitz-continuous, numerical experiments show that this technique
works in more general cases.

Keywords: splitting methods; method of lines; initial boundary-value problem; consistency; convergence
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1. Introduction

We consider full discretizations by means of the method of lines of a semilinear second
order in time-evolutionary problems with time-dependent boundary values. For this,
we first discretize in space by means of finite differences, obtaining a system of ordinary
differential equations.

For time integration, we rewrite the semidiscrete system as a first-order system in
time and apply an arbitrary splitting scheme. Useful descriptions of splitting methods
can be found in review articles [1-3]. Splitting schemes are especially useful in the field
of geometric integration. In fact, splitting integrators preserve the structural properties
of the original problem flow for as long as the flow of intermediate problems does. The
good performance of geometric integrators in the long-term integration of systems of
Hamiltonian ODEs is well-demonstrated in [4,5].

In this paper, we thus obtain a time integrator that is explicit and has the advantage
of being cheap to implement, but with the disadvantage that its stability interval is finite.
However, for these second-order in-time evolutionary problems, the stability condition is
acceptable, and the step size in time and space may be taken to be of a similar size. It is
also possible to use implicit methods, (see, for example, [6]), where Gautschi methods are
studied avoiding the order-reduction phenomenon that appears with these methods.

The way in which a splitting method works requires three steps [3]: first, by choosing
how to split the problem into several simpler intermediate problems, integrating each
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intermediate problem either exactly or approximately, and lastly composing the solu-
tion of the intermediate problems to obtain an approximation of a certain order of the
original problem.

Denoting by & the step size in space and by k the step size in time, and separating

the problem, we integrate into two intermediate problems with exact flows given by q)m

and CDLZL We consider a general splitting integrator with m stages and coefficients a;, bj,
j=1,...,m,

Ve = (DL%%zmkq)l[:,szk e (blgl,}zqu)l[ﬂzlkcbl[al,}zlk‘ 1)

In the case of the standard method of lines, each must be integrated in time (either
exactly or numerically using a sufficiently accurate quadrature formula); however, for this,
the term due to the space discretization of the nonvanishing boundary values must be
addressed in the same way as the source term is. Since each stage of the splitting method
applied to the spatial discretization is exactly integrated, we deduced that the optimal
order was achieved, at least for a fixed thickness of the spatial discretization.

We propose in this paper a technique to cheaply and effectively incorporate the
boundary values to the time integration carried out by the splitting method. This technique
is consistent with these values being used to approximate the spatial differential operator
on the boundary. We prove consistency and convergence with optimal order of the full
discretization obtained with our technique under the hypothesis that the nonlinear term of
the original second order in time problem was Lipschitz-continuous; however, numerical
experiments showed that this hypothesis is not necessary in practice. Moreover, numerical
experiments clarified the superiority of this technique compared to the use of the standard
line method, with minor errors refining the discretization in both space and time.

Throughout this paper, several constants that are independent of the time step of the
time integration could be likewise denoted (usually with the letter C, and possibly with
some subscript).

The paper is organized as follows. The studied problem and spatial discretization
are introduced in Section 2. Section 3 is devoted to the standard method of lines, time
discretization being performed with a splitting method. In Section 4, we explain the
alternative method that we propose to incorporate boundary values when implementing
the splitting method. Numerical experiments that clearly show the better accuracy of
the proposed method versus the standard method of lines are carried out in Section 5.
Mathematical analysis of the convergence is developed in Section 6, where consistency is
proved, and in Section 7, where convergence is stated along a brief review of the needed
linear stability.

2. Preliminaries
2.1. Partial Differential Equation

Let X and Y be Hilbert spaces, D(A) C X a dense subspace,and A : D(A) C X — X,
B:D(A) C X — Y two closed linear operators. We consider the abstract second-order in
time semilinear equation given by

u”((é; = Au(t)+ f(t,u(t)), t€0,T],
W0) = v @
Bu(t) = g(t),

where source term f : [0, T| x D(A) — X is a smooth function that is generally nonlinear.
In practice, data f and g, solution u, and operators A and B are defined on a domain
Q) C R”, and they could depend on spatial variables. We did not make this dependence
explicit in the abstract formulation (2) in order to simplify the notation.

We make the following hypotheses on operators A and B:
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(A1) Operator B is onto.
(A2) Ker(B) = D(Ap) is a dense subspace of X and Ay = A|p4,) is a negative definite

self-adjoint operator. We denote Sy = (—Ap)'/2.

(A3) Steady-state problem

Ax = 0,
Bx = ve€y,

possesses a unique solution denoted by x = K(0)v, and there exists a constant C, such
that linear operator K(0) : Y — D(A) satisfies

[K(0)o]x < Cllo]y.

(A4) Solution u in (2) satisfies u(t) € D(A) for t € [0, T| and is smooth enough in time.
(A5) Source term f(t,u) is a Lipschitz-continuous function with respect to variable u.

Remark 1. Because of Hypotheses (A2) and (A3), we deduce that linear problem

u”(t) = Au(t)+ f(t),t€[0,T],
u(0) = uo,

u'(0) = v,

Bu(t) = g(t),

is well-posed; see [7,8]. Moreover, Hypothesis (A2) may be generalized to the case of A being a
cosine operator [9,10].

2.2. Spatial Discretization

Our first step to discretize (2) by means of the method of lines is spatial discretization.
Let h € (0, ho| be a parameter that is used to measure the thickness of spatial discretization.
We assumed that Xj, is a family of finite-dimensional spaces that approximate X. The
discrete norm in X, is denoted by || - ||;. Moreover, there is a subspace X}, o C X;, where
the elements of D(A) are well-approximated by using P, : D(A) C X — X}, that is, we
assumed that Pyu is the best approximation when u € D(Ap). The boundary values are
discretized by means of the linear operator Q) : Y — X}, ;, where Xj, = X}, o @ X}, p.

Operator A is approximated by using operators Ay : X}, — Xj,0 and Ay g = Ap[x,,,- When
u e D(A),

Ap(Pyu+ QpBu) = ApoPyu + ApQyBu =~ P, Au. 3)
In practice, if we look for solution u € D(A) of steady-state problem

Au = F,
Bu = g

where F € X and g € Y, we cannot obtain Pyu. Instead, we can compute Ry, u satisfying
Ap(Ryu + Qug) = ApoRyu + ApQpg = PyF. @

In order to discretize the source term, we suppose that function f can be defined in
space X}, 9. That is, we can consider f : [0, T| x X}, o — X}, 0, and

Puf(t,u) = f(t, Pyu),

foreachu € Xand t € [0, T].
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With this spatial discretization, we obtain semidiscrete ordinary differential system

uy(t) = Apoun(t) + A,Qug(t) + f(t,up(t)),
uh(O) = Phuo, (5)
M;I(O) = tho.

We make the following hypotheses:

(H1) There exists a constant C independent of &, such that, for u € D(A) and small
enough I,

[Pyl < Clfae].

(H2) Operator Ay is symmetric and negative definite. Let S, be the symmetric and
positive definite operator, such that Sﬁ,o = — Ay . We also assumed that Aj,y and Sj,
were invertible and their inverses were uniformly bounded on A.

(H3) There exists a subspace Z C D(A) with norm || - ||z, such that

| Ano(Ry — Py)ullp < eyllullz,

for each u € Z, where we suppose that e, — 0 when i — 0.
(H4) f:[0,T] x Xj, 0 — X is Lipschitz-continuous.

With these hypotheses, we can prove that the solution of (5) is a good approximation
of the one of (2).

Theorem 1. We assumed Hypotheses (A1-A5) and (H1-H4), that ¢ € C'([0,T],Y), f € C([0, T] x
X0, Xp0) and u € C([0,T|, Z). Then, spatial error ey, (t) = Pyu(t) — uy(t) satisfies

lew(t)llg, = [Pare(t) — un(t), Put'(8) — i (1)) |,
1/2

= (ISno(Puntt) — ()R + 1P (1) = i (DIF) < e,
where C only depends on T, u, u’ and Lipschitz constant L.

Proof. Applying P, to (2), considering (4), and making the difference with (5),

Pu’ (t) — uy (t)

Apo(Puu(t) —up(t)) + f(t, Pau(t)) — f(t up(t))
—Apo(Pyu(t) — Ryu(t)),
Phu(O) — uh(O = 0,

) (6)
Pyu'(0) —uy,(0) = 0.

Rewriting (6) as a first-order in-time problem,

Pu(t) —up() 1" _ [ 0 L[ Pan(t) —up(t)

[ Pyu’ (t) — uy(t) ] { Apo O } { Pyu’ (t) — uy (1)
+[ ?f(t, Pyu(t)) — f(t, uy(t)) — Apo(Pyu(t) — Ryu(t)) ]

[ Py (0) — 1, (0) } _ {o }

Pyu’(0) — uj,(0) 0

Using that

exp<t[ 0 I, ]) _ [ cos(tSy,0) S,;é sin(tSy,) ]’

Ao 0 —sin(tSy) cos(tSy )
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the variation of the constant formula and the vanishing initial conditions, we deduce that

[ Pyu(t) —up(t) } _

Py (t) — uy, (1)

/t [ S0 Sin((t = 5)Sp0) (f (s, Pyu(s)) — f (s, un(s)) — Ano(Pyue(s) — Ryu(s))) | ;.
0 cos((t —s)Su0) (f(s, Paue(s)) — f(s,un(s)) — Ano(Pyu(s) — Ryu(s)))

Now, using (H2-H4), and that u € C([0, T], Z), we have

1Pyre(t) —un (), = [ISno(Pure(t) — un(E)II5 + I Pa’ (£) =y, ()

t
ZL/ 1Pyt (s) — uy()||pds +2Te, max [[u(t)]2-
0 te[0,T]

IN

Applying the Gronwall lemma, we obtain for t € [0, T],

1Pya(t) = up,()[|g, < max [u(t)]|z2Te* ey,
te[0,T]

O

Therefore, we can obtain a good approximation of the solution of (2) by considering
the solution of (5) with a small enough value of /. Next, we use a time integrator to achieve
full discretization. For this, we consider a splitting scheme. In the next two sections, we
study two different ways of incorporating the boundary values with the full discretization.

3. Full Discretization: Standard Method of Lines

First, we rewrite (5) as a first-order differential problem. We denote
wy (t) = [ug(t), upy(t)] = [up(t), uy,(t)] and obtain system

[ R P | A PR P
Ly Apo 0 || uap ApQng(t) ftuy) |
[ u,,(0) } _ [ Pyug ]
12,1(0) Pyvo |’
of which the exact flow is denoted by uy,(t) = @, yuy,(0).

Second, we apply to (7) a splitting scheme in the usual way. We then choose a split of
(7) in two intermediate problems. The first is

!
Z1) _ {0 I ||z
BRI ®
of which the exact flow is denoted by z;(t) = CID}IZ’:tzh(O), and the second is
!

m] = L ol Lagso [+ Lot |
s = s + + - P 9
{ 2o } [ Ao 0 ]| Zop ApQng(t) f(t2) ©

of which the exact flow is denoted by z;(t) = @h,’t"0+g f z;,(0).
Let k > 0 be a time step; we consider t, = nk, n > 1, and u;,, = [”l,h,nr”Z,h,n}T ~
(1,1 (tn), ug p(tn)] = wp(tn). We now consider a general splitting integrator with m stages



Mathematics 2021, 9, 1113

6 of 24

and coefficients a i bj, j =1,...,m. This splitting scheme composes the flows of intermedi-
ate problems to obtain order p as follows:

ZO,h,n = Wy,

=~ Anot8tf el = ;

Zj,h,n = CDh,bjk (I)h:aij]‘_Lh,n, ]= 1, cele,m, (10)
Uppn+1 = E771,h,nr

where Zj, = 21,51, 22 1] "
To more explicitly write the j-stage in (10), we first consider initial-value problem

= ZZ,jfl,h,n(S)/ SG[O,ajk],

= Zyjnn(bj1k),
= Zpj 1nn(bj-1k),

(s)

2 inn(s) = 0,
(0)
(0)

and, by advancing a step a;k in time,

zinn(ajk) = Z1j1pn(bj-1k) + ajkZa 150 (bj-1k),
22,j,h,n (k) 22 j1,hn(bj-1k).

Second, we consider

Zinals) = 0, se0bkl,
j—1 i1

Djnn(5) = AnoZiinn(s) + ArQug(tn + k) bt ) fltutk Y bit 52 (5)),
i=1 i=1

Zl,j,h,n (0) = Zl,j,h,n(a]'k)/

E2,j,h,n (O) = ZZ,j,h,n(ajk)/

and we advance a step bjk in time,

Z1inn(bjk) = z1jpn(ajk),
) j—1
EZ,j,h,n(b]’k) = Zjhn (IZ]'k) + bjkAh,Ozl,j,h,n(ajk) + A, Qy /0 ! g(tn +k Z b; + T)dT
i=1

bik j—1
+ A ! fltn +k Z b; + 1, Zl,j,h,n(ﬂjk))dT- (11)
' i=1

With this full discretization, we obtain order p in time since this is the order of the
splitting method that we use, and the flows of the intermediate problems are exactly
calculated when both integrals must be exactly calculated. In any case, we can always use
a quadrature rule with the same accuracy as that of the splitting method. Convergence
must be obtained in the discrete energy norm, and a suitable stability hypothesis is needed,
similarly to the case of the discretization studied in the next section.

4. Full Discretization: An Alternative Way to Incorporate Boundary Values

The standard method of lines studied in Section 3 seems to be optimal, especially
when integrals in (11) are exactly calculated. However, the two integrals had very different
origins, since one of them came from the source term and the other one from the boundary
value. Furthermore, the integral that came from the discretization of the boundary values
in (11) can be arbitrarily large when spatial discretization is refined. This is because
operator A, arises from the approximation at the boundary of differential operator A,
which is unbounded.
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We now introduce full discretization that more suitably incorporates the boundary
values, as we show in the numerical experiments in Section 5. For this purpose, we need a
more consistent notation with the fact that we discretize an initial boundary value problem
(cf. [11]).

Suppose that x;, € X9, v, € X, and we want to calculate Ay oxy, + Ayvy,. Then,
we denote

Bpxy, = vy,
and
Apxy = Apoxy + ApBipxy = Ay oxy + Apop.

In this way, semidiscrete Problem (5) can be rewritten as

wy = Apup+ f(tuy),
up(0) = Pyug, (12)
u,(0) = Pyoo,
Buuy(t) = Qug(t),

which is more similar to the original problem.
With this notation, we rewrite Problem (12) as first-order differential system

] = D ) e )

|: ul,h(o) :| _ |: Phuo ] (13)
uz,5,(0) Pyvy |’
Bpuypp(t) = Qug(t),

of which the exact flow is given by u;,(t) = @y, ;u;(0), as in Section 3.

For time discretization, we consider the same splitting scheme as that in Section 3, and
the challenge is to obtain a suitable way with which to incorporate the boundary values.
For this, we split Problem (13) into two intermediate problems; the first is

/
V14 0 Iy || o1n
= : 14
] = Loe ]l s
of which the exact flow is given by v, (t) = CD;f’ .vi(0), and the second is
!
il B P | o R Ty

= 4 , 15
[ Wa,p } [ Ap 0 ]| wy f(t,wip) (1

of which the exact flow is wy,(t) = @,’2’; +f wy,(0), where the value of B,w j,(0), necessary to
compute Apwy ;(0) = Ajowy 4 (0) + Bywy j,(0), must be chosen every time that this second
intermediate problem is used in the final scheme.

We supposed that we computed wy, ,, = [t 1,0, Un ]’ = (g (tn), Uz p(tn)] = uy(tn).
As in Section 3, we use a general splitting method with m stages, with coefficients a;, b
j=1,...,m. Therefore,

jr

Wonn = WUpp,

_ Antf P
Wj,h,n = q)h,bl]-k q)h:ajkw]',llh/n, ] = 1, oo, m, (16)
UWnrl1 = Wmhns

_ T
where W, = [W1j 1, Wajpnl -
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To more explicitly write the j-stage in (16), we first consider initial-value problem

Ull,j,h,n<s) =0j_1hu(s), s€[0,aik],
Ulz,]',h,n(s) =0,

01,1, (0) = w1,j1,5,n(bj-1k),
02,0 (0) = W 1,n,n(bj-1k),

of which the solution at s = ajk is

01, jn(a7k) = W1 i1 (bj-1k) + ajkwy ;1 (bj-1k),

17
02,0 (k) = wo ;11,0 (bj-1k), (17)

and we assign boundary value

j
Bhvl,j,h,n (a]k) = th(i‘n +k Z ai). (18)
i=1

Then,

w’llj/h’n(s) =0, s€l0,bjkl,
j-1

W i (8) = Aptorjjn(s) + f(tn +k Z; bi +8,w1jnn(s)),
1=

w150 (0) = v1jpu(ak),
Wy, 1,1 (0) = V2 pu(ak),

where using (18), we can calculate

Apwinn(s) = Apowijnn(s) + ApBuwy i (s)
= Apowijpu(s) + ApBpoyjna(ajk)

j
= Apowinu(s) + ApQug(tn + kY a;),
i=1

and we deduce that its solution at s = bjk is

Wi jpa(bik) = viipa(aik),

j
Wy jpn(bjk) = vy ipu(ak) +bikAp o0 inn(aik) +bikAyQug(tn +k 21 a)  (19)
i=

bik j—1
[T flt+ kD b+ 0 e
i=1

Remark 2. If we compare Formulas (11) and (19), the only difference is the treatment of the
boundary values. The two ways of dealing with the boundary are

bjk i1
/o Sty +ky bi+71)dT,

i=1

EX(g)

]
B(g) = bkg(tatk) ai),
i=1

for the standard method of lines and for the one that we propose, respectively.
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Obviously, the second option is much simpler since the first option may even require to
numerically evaluate the integral. We see in the numerical experiments in the next section that the
second option also allows for obtaining much more precise results.

We prove in Sections 6 and 7 that, if the full discretization described in this section is
used to approximate Problem (12), then the method is convergent, and the optimal order p
of the splitting method is achieved.

5. Numerical Experiments

For the numerical experiments in this section, we consider splitting integrators of
m stages, with coefficients aj, bj, j=1,...,m,and b, = 0, which are particular cases of
the symmetric ones [3]. More specifically, we use the Strang method with order p = 2,
and coefficients a; = ap = 0.5 and b; = 1 and two other methods that are particular cases
of symmetric-splitting methods, whose coefficients are given in the following way: Let
I € N be an even number; then, we consider a method with m = [ 4 1 stages satisfying
a1 =1=-2(@+...+a12), by =1/2— (b1 +...+ay2-1), 4142 ;i = ajand b1 _; = b;,
fori =1,...,1/2. (Note that our parameter [ is called m in [3]).

For I = 6, we consider method ¥4 with order p = 4 obtained from

a; = 0.0792036964311957, b1 = 0.209515106613362,
ay = 0.353172906049774, b, = —0.143851773179818,
az = —0.0420650803577195,

and, for I = 10, method ¥ g¢ with order p = 6, given by coefficients

a; = 0.0502627644003922, by = 0.148816447901042,
a; = 0.413514300428344, b, = —0.132385865767784,
as = 0.0450798897943977, bz = 0.067307604692185,
ay = —0.188054853819569, by = 0.432666402578175,
as = 0.541960678450780.

5.1. Numerical Experiment: Test 1
We consider test problem

ue(x,t) = upe(x,t) —sin(u) + e #(25(x% + 1) — 2) +sin(e ¥ (x2 + 1)),
u(x,0) = x*+1,

up(x,0) = —p(x¥*+1), (20)
u(0,t) = e M,
u(l,t) = 2eH,

where x € [0,1], t € [0, T], of which the exact solution is u(x, t) = e " (x> + 1).

This problem can be written in abstract format (2) by taking X = L?(0,1), D(A) = H?(0,1),
A is the second-order derivative in the spatial variable, B is the Dirichlet trace operator,
and Y = R?. Then, D(Ag) = H?*(0,1) N Hy(0,1) and operator Ag = A|p,,) is self-adjoint
and definite negative.

We consider grid x; = jh, 0 < j < J +1, of interval [0, 1]. We look for approximations
Ujn =2 u(xj,tn), 0<j<J+1,0<n<N. Wetake X;, = R/*2, and elements u;, € X,
are denoted by uj, = [ug,u1,...,uj,u;41]". In this way, X0 = {u), € X, suchthatuy =
up+1 = 0} but, for the sake of simplicity, we use X;, o = R/ and their elements are denoted
by uj, = [u1,...,uj]T. Moreover, X;,;, = {uy € Xy suchthatu; = ... =u; = 0}.

Operator P, : D(A) — X is given by Pyu = [u(x1),...,u(xj)]T, and operator
Qn: Y — Xy, is given by Qy (uo, uj+1) = (u0,0,...,0,u541). Operator Ay, arises from the
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approximation of the second-order derivative in space by using central finite differences,
that is,

1 -2 1
1 -2 1

Now, by using the previous notation, we can write

Ao = 73 , (21)
1 -2 1
1 -2

which is a symmetric and definite negative operator on Xj, .

Hypothesis (H3) can be verified in the standard way by using Taylor series for the
local truncation error, with e, = O(h?) and Z = C?(0,1). Taking into account that the exact
solution of (20) is a second-order polynomial in variable x, there is no spatial error, and we
can focus on the error due to time discretization.

In this problem, for f(t,u) = —sin(u) + e #(p?(x*> + 1) — 2) +sin(e # (x% + 1)), we
exactly compute fokf(tn + 1,215 (5))dt

EX(f) = —ksin(zs(5)) + (7 — e M) (22 +1) ~2)/p
+ (sinint(e~#n (x]2 +1)) — sinint(e” ¥t +k) (x]2 +1)))/u,

where1l <j <.

For the three symmetric-splitting methods, we compare the errors in the energy norm
for the choice of boundary B(g) and for the EX(g) option in Remark 2, for values 1, 3, and
5 of p. As Figure 1 shows, in all cases, option B(g) (solid line) obtained smaller errors
than EX(g) did (dashed line). Moreover, the difference was more noticeable for ¥s4 and
Y s6. Dependence on the size of boundary function g was also observed; for example, the
difference between errors of B(g) and EX(g) was larger for y = 1 than that for values
u = 3 and y = 5, where the values taken by g were smaller.

In addition, as shown in Figure 1 the slopes of the lines were 2 (Strang), 4 (Ys4) and
6 (Y s6), which coincides with the expected optimal order of the three methods.

5.2. Numerical Experiment: Test 2

We consider test problem

up(x,8) = wye(x,t) —sin(u) + e (=2 +42) (x2 + 1) — 2) +sin(e ¥ (x2 + 1)),
u(x,0) = x2+1,

u(x,0) = 0, (22)
u(0,t) = et
u(1,t) 2e 1,

where x € [0,1], t € [0,T], of which the exact solution is u(x,t) = et (x2+1). In

this problem, a primitive of function f(t,u) = —sin(u) + et (—2+42)(x2+1) —2) +
sin(e~* (x2 + 1)) cannot be exactly expressed using elementary functions, so we used a
quadrature formula of appropriate order. In the calculations to obtain the data in Figure 2
we used the 3-point Gaussian quadrature of order 6, denoted by G3(g). Errors are compared
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for Strang’s method (black), ¥4 (red), and ¥g¢ (blue), and for options B(g) (solid line)
and G3(g) (dashed line). The slopes of the lines indicate order 2 for Strang’s method,
order 4 for ¥s4, and order 6 for ¥g¢. Errors are always smaller for option B(g) than those
for option G3(g). Moreover, this difference was more pronounced as the order of the
method increased.

p=1 w3 p=5

——— Strang, B
= = Strang, EX

Error

10712 ¢ E 1012 1012

L L L L L L L 10-M L L L L L L L L L L L L L L
3 4 5 6 7 89 3 4 5 6 7 89 3 4 5 8 7 89
%10 k %107 %107

Figure 1. Error, in logarithmic scale, for the energy norm of the solution of Test 1, with u = 1,
pu=3and y =5, N =100, final time T = 1 and EX(f), for Strang’s method (black), ¥s, (red) and
Y (blue).

u(x,t)=exp(-t?)(x>+1)

1072
Strang, B
=====Strang, G
-4 1 \1’54, 8 _
10 ———-V,, G |}
% v, B
; —-—-\IJSG, G
S 10°F
(0]
C
(0]
[
£
< 108
S
w
1010 F
10-12 L
1073 1072 107"

k

Figure 2. Error in logarithmic scale of energy norm for Test 2, for several options of symmetric-
splitting methods, with N = 100 for final time T = 1 and G3(f).

5.3. Numerical Experiment: Test 3

Now, we study the behavior of the error of both methods when spatial discretization
is refined. The source term of semidiscrete Problem (5) grows when i — 0 due to the
boundary. However, it is expected that this growth has no influence when it is treated as
part of the discretization of operator A at the boundary, as in the method we propose in
Section 4.



Mathematics 2021, 9, 1113 12 of 24

For this, we consider test problem

up(x,t) = uxx(x,t) —sin(u) +sin(e +¥),
u(x,0) = ¢

u(x,0) = —e, (23)
u(0,t) = e,
u(l,t) = e 1,

where x € [0,1], t € [0, T], of which the exact solution is u(x, t) = e~ '%.

In this experiment, spatial error dominates, and we expected to observe order 2 of
spatial discretization. Figure 3 shows errors for the splitting using B(g) in continuous line
and EX(g) in dashed line, in red for ¥g4 and in blue ¥g4. The valuesof h = k = 1/N
were used for N = 25,50,100,200. In this way, we remained in the stability interval
of both methods. In the two methods with B(g), order 2 of spatial discretization was
observed; when using the EX(g) option, the errors were larger, and order 2 was lost when
h decreased.

u(xt)=e ™
10 -

Error
>
(4]
T

v, B |

S4’

—_—— \1'54, EX
\IISS,B i
[ ‘I’SS’ EX
10°® : ' ' ' N
0.005 0.01 0.015  0.02 0.025 0.030.0350.04

h
Figure 3. Error in energy norm for Test 3, N = 25,50,100,200 and & = k = 1/N.

5.4. Numerical Experiment: Test 4

Although theoretical results were shown for the case where f was Lipschitz-continuous,
we see in a couple of examples that it also works if f is locally Lipschitz-continuous. We
now consider test problem

up(x,t) = upe(x,t) Ful(x,t) Fe (x> —1) —e 2 (x24+1)?,
u(x,0) = x>+1,

ur(x,0) = —(x2+1),
u(0,t) = et
u(l,t) = 27,

where x € [0,1], t € [0, T], of which the exact solution is u(x,t) = e~f(x* + 1).

Table 1 shows the time errors for the three symmetric-splitting methods with # = 1/100
for final time T = 1. The evolution of log, (error(k)/error(k/2)) is displayed in Table 2.
Orders 2, 4, and 6 are shown for Strang’s method, ¥4, and ¥, respectively. The little loss
of order in the lower-right corner was due to the influence of rounding errors.
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Table 1. Time error for three symmetric-splitting methods with # = 1/100 for final time T = 1.

h = 1/100 k =1/100 k = 1/200 k = 1/400
Strang 4.8394 x 10~* 1.0727 x 10~* 2.6416 x 107°
Yoy 3.0924 x 107> 1.6787 x 10~¢ 1.0135 x 1077
Yoo 3.5808 x 1010 5.5734 x 10~12 9.6204 x 10~ 14

Table 2. Evolution of log, (error(k) /error(k/2)) for three symmetric-splitting methods with i = 1/100.

h =1/100 k = 1/100 k = 1/200
Strang 21737 2.0217
Ysu 4.2034 4.0499
Y6 6.0056 5.8563

5.5. Numerical Experiment: Test 5

Lastly, we consider an example in two spatial dimensions, and in the locally Lipschitz
= continuous case. The test problem is

u(x,y,t) = (X, t) +uyy(x,y,8) +1u(x,y,t) + et (2 +y? —3) —e 2 (x2 +y? +1)%,
u(x,y,0) = x2+y>+1,
u(x,y,0) = —(x2+y>+1),
u(0,y,t) = e '(y>+1),
u(Ly,t) = ey’ +2),
u(x,0,t) = e f(x®+1),
u(x,1,t) = e f(x®+2),

for values x € [0,1],y € [0,1], ¢ € [0, T], of which the exact solution is u(x, t) = e~ (x* +y* +1).

This problem can be written in the abstract format (2). For this, we denote
Q= (0,1) x (0,1) and T is the boundary of Q. We take X = L2(Q), D(A) = H?*(Q);
A is the Laplacian operator in the spatial variables x and y, B is the Dirichlet trace operator
onT and Y = h/2(T). Then, D(A¢) = H?(Q) N H}(Q) and operator Ay = Alp(ay) is
self-adjoint and definite negative.

We consider grid (xj, y;) = (jh,1h), 0 < j,I < J+1, of Q. We look for approxi-
mations u;, ~ u(xj,y;,tn), 0 < j,l < J+1,0 < n < N. We take X, = RI+2 x R/t2
and elements u;, € X are denoted by u;, = [ug1,uop,..., u]+1,],u]+1,]+1]T. In this way,
X0 = {u € Xysuchthatug; = upq; = Ujo = tjj41 = 0}; however , for the sake of simplic-
ity, we use Xj,0 = R/ x R/, and their elements are denoted by u;, = [u11, 112, ..., 1)1, 5] .
Subspace Xj, |, is similarly defined.

Operator P, : D(A) — Xj, is given by

Pyu = [u(xy, y1),u(x1,y2), . u(xp,y-1), u(x;,y))]7,

and Ay, arises from the approximation of the Laplacian operator by using central finite
differences in each spatial direction, that is, considering second-order spatial discretization

By I
Iy By I
Apo = -5 , (24)
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where [} is the identity matrix, and

Taking into account that the exact solution is a second-order polynomial in variables
x, Y, there is no spatial error; then, we can again focus on the error due to time discretization.

Table 3 shows the time errors for the three symmetric-splitting methods, with i1 =
1/100 and for final time T = 1. The missing value for the Strang method and k = 1/100 was
due to the instability of the numerical solution in this case; see Section 7.1. The evolution of
log, (error(k) /error(k/2)) is displayed in Table 4. Orders 2, 4, and 6 are shown for Strang’s
method, ¥s4 and ¥, respectively.

Table 3. Time error for three symmetric-splitting methods with # = 1/100 for final time T = 1.

h = 1/100 k = 1/100 k = 1/200 k = 1/400
Strang - 1.3639 x 1074 3.3576 x 107°
Yoy 1.3720 x 10~ 7.9938 x 10~8 49125 x 10~°
Yoo 5.2613 x 10~8 7.6468 x 10710 1.1734 x 10~ 11

Table 4. Evolution of log, (error(k) /error(k/2)) for three symmetric-splitting methods with i = 1/100.

h =1/100 k = 1/100 k = 1/200
Strang - 2.0222
Ysu 4.1012 4.0244
Y6 6.1044 6.0261

6. Consistency Correctly Incorporating Boundary Values

Here, we deduce consistency in the energy norm of the implementation of a splitting
method with the boundary values that we chose in Section 4.
As a first step in the proof of consistency, we introduce ordinary differential system

- !/

ullh i 0 Ih 0 ul,h 0
Uy = Appg 0 Ay upy |+ | f(tury) |,
| U3, . 0 0 0 us Qug'(t) 25)
[ 19,,(0) [ Puug
Uz 1,(0) = Pyvg
| u3,(0) | Qng(0)
We have
us (1) = Qug' (1),
uz,(0) = Qng(0).
and, therefore,
uzp(t) = Qug(t). (26)

Then, for the first two components of (25), we deduce that

ui () = ugy(t),
Apourp(t) + ApQug(t) + f(turn)(t),

=
N~
=
—

~
N—

I
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which is the same problem as (7) (and as (12) with the notation of Section 4). We also
deduce that

g () = up(t), upp(t) = up(t), (27)

being uy,(t) the solution of (5).

We split (25) into two intermediate problems that are similar to the ones used in Section 4,
and we applied to it the same splitting method. The solution of (25) was approximated with
order p of the splitting method. This particularly is true for the two first components that
match those of the solution of (12). Therefore, to prove consistency, it suffices to see that the
obtained approximations for the first two components are the same as those described in
Section 4 with the choice of boundary values made in (18).

We choose the following split of Problem (25). The first intermediate problem is

/

O1,h 0 Ih 0 O1,h 0
U 1y == 0 0 O Uop | + 0 , (28)
V3,1 0 0 0]][ v3p Qng'(t)

of which the exact flow is denoted as vy, (f) = CD,El]tvh(O), and the second is

w1 0 0 0 W 0
W, = | Ao 0 A4, wyp |+ | f(bwin) |- (29)
w3 p 0 0 0 w3 p 0

of which the exact flow is denoted as wy,(t) = @Lz]twh(O).
Assuming that approximation wy, ,, = [t 1, 5, Up o, U )t = [t (tn), o p(tn), s (te)]
is already calculated and, as in previous sections, we apply a general splitting of order p,

T

WO,]’I,H = uh,nl

Wi - ol ol w. =1 m (30)
jhn = bk = hak™j—1hns J=4...,m,

Upn+l = Warhns

where Wi = W1y, W2,j s W3 1) -
The performance of a time step k > 0 is as follows. For each j = 1,...,m, the first
problem to be solved is

Vi inn(8) = v21ua(s), s €[0,ak],
Vo inn(s) = 0,
-1
Vinn(s) = Qug'(tn+k Y ai+s),
=1
OLinn(0) = wyj1n0(bj-1k),
02,inn(0) = waj 15n(bj-1k),

i—1

j
03n(0) = w3 1pn(bj_1k) = Qug(tn +kY_ ap),
=

whose solution at s = a]-k is

01 (ajk) = w11 n(bj_1k) + ajkwa i1 0 (bj-1k),

02, (k) = Wa,j_1,,n (Dj-1K), -
j

03, (ak) = Qug(tn +k ) a).
=1
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Since the third component of (31) provides the boundary value (18), the first and second
components of (31) are the same as (17). Then, the second problem is

Wy ia(s) = 0, s€0bkl],
-1
wlz,j,h,n (s) = Ah,Owl,j,h,n + Ahw3,j,h,n + f(tn +k Z by +s, W1,j,hn (s)),
=1
wyina(s) = 0,
W1,jh,n 0) = Ul,j,h,n(ajk)/
2jmn(0) = vajnnlajk),
w3,jnn(0) = ©v3inn(ajk),
whose solution at s = bjk is
Wi jpa(bjk) = v1jna(aik), ,
]
W25 hn (b]k) = Ujhn (Fl]k) + b]'kAh,OUl,j,h,n (a]k) + b]kAh th(t" +k Z al)

=1

bik j=1 32
+‘/0 ! f(tn +k 2 blT, Ul,j,h,n(ajk))dT/ ( )
=1

i
Wi (bk) = Qug(tn +k ) ay).
=

The first two components of (32) are the same as those of (19).

Remark 3. Although the splitting approximation (30) provides the same approximation as (16)
through its first two components, it is not convenient to use it in practice. It is more useful to use the
implementation of Section 4, which can be carried out with minimal modifications to the standard
method of lines.

Now, we consider wy, () = [uq (), up (£), u3,h(t)]T, the solution of (25). We can easily
deduce that

() = [ (1), o (), i35 ()] = [Spouru(t), uap(t), us ()]

is the solution of ordinary differential system

[, 1 [0 S0 O i 0
0y ] = —Sho 0 Ay || @y |+ | f(5S,0000) ]

- Z7[3,h - 0 0 ﬁ?),h th,(t) (33)
11,,(0) Sh, oPhuo
i,(0) = tho

| i3,,(0) | Qng(0

We deduce that ii3, (t) = Qp,g(t), and that

{ i, (t) ], _ { 0 Sio } { i, (t) ] n

o, (t) —Spo 0 iz (t)
Therefore, the solution of Problem (33) is the appropriate one to calculate the energy

norm of the solution of (25). Now, we see that approximating the solution of Problem (33)

by means of a splitting method is equivalent to applying the same change of variables to
(30), as is stated in (37).

0
Athg(t) +f(t/ S};éul,h(t))/ ‘|
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The first intermediate problem is

!/

51,;, 0 Spp O 51,;, 0
p | = [0 0 0l|@my|+] o | (34)
U3 0 0 0 U3 Qng'(t)

of which the exact flow is denoted as v, (t) = &DP]V/;, (0) and the second intermediate problem

/

By 0 0 0 [ @y 0
Wy )y = —Spo 0 Ay Wop | + | f(ES, oW |- (35)
@3’;1 0 0 O @3’;1 0

of which the exact flow is denoted as wy,(t) = &DEZ] w;,(0).
As in the previous sections, we use a general splitting method with m stages and order
p, with coefficients aj, bj, j=1,...,m. Therefore,

Wonn = Uy,

wi,, = o2 ol & i=1,...,m (36)
jhn bk ChakWi—Lhns ] = Lo 0

l~lh,n+l = ‘W’m,h,n/

A = > T
where Wy, = [W01,j,n, Wa,jhn, W3, hn] -
We now prove that

~ ~ o~ o T T
Uy = [ W n W3 hn) = [SnoUnns U2 hn U pnl (37)

where wy,,, = [U1 4,0, Uz Uz’ is the solution of the splitting given by (30).
Forj=1,...,m, the following problems are solved.

5,1,]',;1,;1 (s) = SnoV2jnn(s), s€[0,aik],
vé,j,h,n(s) =0,
-1
Ué,j,h,n(s) = th/(t” + klz al + S)/
-1
01,jin(0) = W11 ,u(bj-1k) = w1,j_14,0(bj-1k),

02,jnn(0) = W1 4,u(bj-1k) = w3 ;1 4,,(bj-1k),
i1

03,jun(0) = W3 i1 (bj—1k) = Qug(tn +k Y a1) = w3j_1 4 (bj_1k),
=1
whose solution at s = a]-k is
01,1 (ajk) = Spow1,j— 11 (bj-1k) + ajkSpowaj 14, (bj-1k) = Spov1jnu(ajk),

02,1 (ajk) = wo i 1,0 (bj-1k) = v jpn(ajk),
j j :

] (38)
5?),]',h,n (a]k) = th(tn +k Z Cl]) = U3[j/h,n(ajk).
=1
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Then, in s € [0, bjk], we solve system
Wl,j,h,n(s) =0,
j—1
wz],hn(s) Showljhn +Ahw3]hn + f(tn "‘kzbl =+, Sh[)wl]hi’l( s)),
I=
S) =
s (5) (39)
wq Jh n(o) 1 g n k) = Sh,OUl,j,h,n(ajk)/
w2]hn<0) 2]hn k) = 02,jh,n (‘ljk)/
]
w3] h, n(O) = US] h n(a]k) = th(tn +k Z al) = U3,jhn (ajk)/
I=1
whose solution at s = bjk is
W1,j (D) = T1jun(ajk) = Spo01inn(aik) = Spotwrjna(bik),
]
Wo,jjn(bjk) = Tojpn(ajk) + bik(—Spo01jnn(ajk) + ApQug(ts +k ) ay))
1=1
bik j—-1 .
+ /0 fltn+kY by 47,8, 001 pn(ajk))dT,
1=1
j
= 0y jjun(a1k) + bik(Ap 01 i (aik) + ApQug(ta +k Y ar)) (40)

=1
bik j=1
+ /0 fltn+k Z by + T/U1,j,h,n(ajk))dT/
=1
= Wy jun(bjk)

j
W3,jpn(bik) = Qug(tu+k) a;) = wsp,(bik),
i3

and we obtain (37).

Theorem 2. We assume that the time discretization of (12) is obtained by means of a splitting
method of order p, applied as described in Formulas (16)—(17), with the choice of intermediate
boundary values (18). Let wy,(t,) = [uy;,(tn), uo(tn)]" be the value at t, of the solution of (13),
and let uy, , = [ﬁl,h,nrﬁz,h,n}T be its approximation obtained with the splitting method (16) by
taking a step of size k starting from the exact value wy,(t,—1) = [ty (tn—1), iz (tn—1)]7

Then, local error py, , = ay,(t,) — Wy, ,, satisfies

lonnlle, = llan(tn) = Wyl

B B 1/2
= (I1mo(u(ta) = Tapn) 12 + 02 (ta) = Tapall}) = OGP,
Proof.

lup(tn) — @y ullE,

_ 2 2 1/2
= (”Sh,o(ul,h(tn) =y ) I + o (tn) — Mz,h,th)

_ 2 — R — 2\ V2
< (||5h,o(u1,h(tn) =ty )1y + N (tn) = Tl + s p(tn) — u3,h,n||h)

= (””Lh(tn) — U lly + o n(tn) — ol + 34 (tn) — M3,h,n||h)

= [a(tn) = pullg, = OGP,

where ﬁh,n = [ﬁl,h,n/ ﬁ2,h,n/ ﬁg,’hln} T is the approximation obtained at f = ¢, with the splitting
method (36) by taking a step of size k starting from the exact value at ¢,_; of the solution of
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(33) up,(ty—1) = [y p(tu—1), tipp(tn—1), i3, (tn—1)]". Therefore, the result is a consequence
that p is the order of the splitting method. O

7. Stability and Convergence
7.1. Stability
To achieve convergence in energy norm, we need time discretization to be stable. In

our case, it is sufficient to have linear stability. That is, it is enough that time discretization
with the splitting method is stable for fully homogeneous linear problem

uy(t) = Apoun(t),
uy (O) = Phuo, (41)
u;z (0) = PhUO/

corresponding to the space discretization of (2) with vanishing boundary values and
source term.

To test linear stability, we first apply the splitting method to the harmonic oscillator
y" + A%y =0, A > 0. We denote [p,q]” = [Ay,’]T and we consider the standard splitting

HEIHIEESH

If we now apply a splitting method with a time step k > 0, we obtain numerical

method
[ Pn+1 ] :R(w){ Pn :|
dn+1 qn
where w = kA > 0.

Matrix R, of which the elements are polynomials in the w variable, is called the stability
matrix and is given by
R(w) = [

Ri1(w) Rpz(w)
Ry (w) Ry (w) ]
an it can be computed as
R(w) _Im_[l 1 0 1 [ 1 ajw ] :ﬁRj(w), )
il —bw 1 ][0 1 p

where the product of matrices must be calculated in the correct order.

To obtain stability for the harmonic oscillator, the boundedness of the powers of
stability matrix (43) is required. For this, the following definition of “stability interval” is
very useful (cf. [12,13]).

Definition 1. The stability interval of a method with stability matrix R(w) is [0, w*) if w* is the
supremum of values w > 0, such that, for all w € [0, w*),

p(R(w)) <1,
and R(w) is simple when p(R(w)) = 1, where p(R(w)) is the spectral radius of R(w).

In this way, we have linear stability for test Problem (42) when kA < w,. The larger
the value of w; is, the less restrictive the stability condition is.
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Remark 4. In order to calculate the ws value of the stability interval for the methods used in
the numerical experiments, Strang, Yg4 and Y, we follow the same technique as in [14,15].
Taking into account that det(R(w)) = 1 from (43) and, for the three methods, R11(w) = Rpp(w),
the eigenvalues of R(w) are the solutions of A*> — 2R11(w)A + 1 = 0. Then, to obtain the stability
interval, it is enough to study the greatest real value w,, such that Ryj(w)? —1 < 0 for all
w € [0, wy]. The value of w for the Strang method is 2, for ¥ g4 is 6.31 and for ¥ g¢ is 3.44.

Regarding Problem (41), linear stability in the energy norm states that the powers
of matrix

R11(kSpp)  Ra2(kSpp)
R(kSp0) = ,

Ry1(kSpp) Roa(kSpp)

are bounded in the matrix norm induced by the discrete norm in X}, thatis, if T > 0
is fixed,

[R" (kSpo)lln < C, (44)

where C is a constant independent of /1, n and k when nk < T.

Therefore, we need that k|Aj, o] < ws forall Ao € p(Sy ). Taking into account that
S0 is symmetric and positive definite, any of its eigenvalues are positive; therefore, it is
enough that

kApo < ws (45)
is satisfied, where A} , is the largest eigenvalue of S, .

Remark 5. We can now deduce the ratio between parameters k and h that must be satisfied to have
stability in the energy norm for the numerical experiments in Section 5.

The eigenvalues of the tridiagonal matrix diag(1, —2,1), which appears in the matrix (21)
used in tests from 1 to 4, are given by —2 4 2cos(jrt/(J+1)),j=1,2,...,], and they all belong
to the interval (—4,0) (see for example [16,17]). We conclude that the largest eigenvalue of Sy,

satisfies Aj, o < 7 and, to achieve stability, it suffices that

2k Y N
Similarly, for the two-dimensional problem in Test 5, the eigenvalues of the block tridiagonal

matrix appearing in (24) are included in interval (—8,0), which means that, in this case, the largest

2v/2

eigenvalue of Sy, satisfies A o < i and, to achieve stability, it suffices that

*

242k k w
— <w' e < —=. 47
h h ~ 2v2 @7)

Stability conditions (46) and (47) for the three splitting methods considered in the numerical
experiments of Section 5 are given in Table 5. The missing value for the Strang method for
h =1/100 and k = 1/100 in Table 3 is due to the instability of the numerical solution because the
stability condition was not fulfilled.

Table 5. Stability ratios (46) and (47) for the three splitting methods considered in the numerical experiments.

Strang Y4 Y6

1D 1 3.16 1.72
2D 0.71 223 1.22
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7.2. Convergence

We now study the convergence of the full discretization of Section 4.

Theorem 3. Assume that the time discretization of (12) is obtained by means of a splitting
method of order p, applied as described in Formulas (16)—(17), with the choice of intermediate
boundary values (18). Let wy,(ty) = [u1y,(tn), uop(tn)]T be the value at t, of solution of (13),
and let wy, = [uyp, tap,)’ be its approximation obtained with the splitting method (16).
Assume also that (45) and the linear stability condition (44) are satisfied. Then, global error
ey = wy(tn) — uy, satisfies

g, = lw(tn) —up,lE,

= (||5h,0(“1,h(fn) —uy ) 5 + luap(tn) — o

”eh,n

1/2
) =ow,

Proof. Let 6y (t) = [iiy ,(t), 1, (t)]" be the first two components of (33). We showed in
Section 6 that @y (t) = [Spou1(t), ugp(t)]T.

On the other hand, let 6y, ,, = [y 4,,, 2 ,4] be the first two components of (36). We also
showed in Section 6 that 1y, = [Sh,oul,h,n/uz,h,n]T- Therefore, we can obtain 1y, from
Section 4, using Equations (17) and (19). For this, we make V;,, = [Sh,OUl,j,h,anZ,j,h,n]T

4

Winn = [Show1jjuns wZ,j,h,n]T, j=1,...,m,and we deduce that

~ U1in I, akS W1i_1h ~
Vg = [ e } = [ n TR VLI — M (KSp,0) W1

02, 0 I W2,j—1,hn
Then,
. Wy ;
W2,j,h,n
- |: Ih O :| |: 51,j,h’n :|
—bikSpo I || O2jnn

0 0
j + bjk j
Qug(t+ Y ark) /O Fltn +
r=1

-1
Y brk + T, S, 401, T)
1
_ { I 0 ] [ Iy aikSpy ] { Wi 1,1 }

r=

—bikSpo Iy 0 Iy W3,j—1,hn
] . o . ]
+ / +| ik " -
Qug(ta + Y ark) /0 flta+ Y bk + 7,5, 151 ), 0d7)
L r=1 i L r=1 i
= Rj(kSp0)Wjnn
. . S . ]
+ / + |k = -
Qug(ta + Y a,k) /0 flta+ Y bk +7, 5,151 ), 0d7)
L r=1 i L r=1 i
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By using recursive reasoning,

j
Winn = | [Ri(kSno)Wopn
=1
11 RS o
+ R;(kSy ¢
s=11=s41 2 Qugltn + r; ark)
i . . 0
+ R;(kSy, s — 1~
5_21 125111 ( ’0) /O ftn+ Z bk + 7, Shlévl,s,h,n)d’z_'
L r=1
We now define wq, ,, = 1y, (t,), and
Winn = | [Ri(kSho)Wopn
=1
51T R0 o g
+ R;(kSy
s=11=s+1 P Qug(tn + r; ark)
i . - 0
+ R;(kSy, s — 1=
5; ll;l_l ( ,O) ‘/0 f(tn + Z brk + T, Sh,évl,S,h,n)dT
L r=1
and, subtracting
o ~ ] = ~
Wj,h,n - Wj,h,n = HRI (ksh,O) (WO,h,n - WO,h,n) + Fn,j
I=1
where
0
E .= j j R (k bsk s—1 _ s—1 _
nj = Lsm1 Ili—g 41 Ri(kSno) A [f(tn+ Y bk + 7,8, 0018n) — f(ta+ Y bk + 7,5, 015 )0n)1d
r=1 r=1
0
= R;(kSy0)Eyi1+ | bk J = J s
j(kSp0)Fnj /0 Tk + ) bk+T, Sh,évlfj,h,n) —flta+ Y bik+7, Sh,évl,j,h,n)]d
r=1 r=1
To use an inductive reasoning, we first consider
0
Fu1 = bik L e
" /o [f(tn + T, 85000 10m) — f(tn + T, S}, 501, 1,n))dT

and, taking norm,

[Eaalln < [balKILIIS, g 1l M1 (kSp,0) 111 Wo 0 — Wo

= kCi1[[Wosun — Woin

ln

[hs

where, if (45) is satisfied and taking into account Hypothesis (H2), constant C; ; is indepen-
dent on h, k, and n.
On the other hand,

Wi — Wi = R1(kSp0) (Woun — Wopn) + Fun
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and, taking again norm

(1 R1 (kSp,0) 1111 Wo, 1,0 — Woinlln + | Fntlln
(1R (kSp0) |l + kC10) [ Wo 1 — Wo sl
Ci2/Wo,nn — Wo il

||Wl,h,n - VNVl,h,n Hh

IN A

hr

where constant Cj ; is also independent on k, 1, and h because of (45) and Hypothesis (H2).
Now, we use inductive reasoning, assuming that

1Enj—1lln < kCi—1,1[|Wonn — Wounllns
and,

Wonn — Wounlln

n<Cj12

W1 — Wit

where constants C;_1,; and C;_1 > are independent on k, 1, and & when (45) is satisfied.
Then,

IFujlln < IR (kSpo)llnllFuj—1lln + |bj|kL||S];é||h||Mj(kSh,0)”h”ﬁjfl,h,n = Wil

| R (kSp,0) InkCi-11

+|b]‘|kL

kCj,

IN

Won — Wo |
S50 1l M (kS3,0) 15 Cj-1,2

Won — Wounln

Woun — Wounln

and
IWinn—Winnlln < T TRi(KSko)lnllWoun — Wounlln + | Fnj
11

h

j _
<N TRiESno) a1 Wo,nm — Wo
=1

i+ kCia [ Won — Wo sl

= CiallWoun — Wo il

Lastly, we prove convergence taking into account that wo ,,, 1 = U1, ﬁo,h,n—l =
Uy (tp—1), Wy hn—1 = Upn, W n—1 = Up,,. Moreover, we denote F, ,, = F, and Cy, 1 = C.
The global error is given by

s { €1, } _ { 141, (tn) ] _ [ U o ]
o = . =| ~ ~
€2,1,n U,y (tn) U2,
_ { 1y (tn) } _ [ U } " [ Uy ] B [ Y ]
i (tn) oy Yy yy
= @y, +R(kSp0)€pn-1+F
where g}, ,, is the semidiscrete local error at t = t,,.
Therefore, we deduce that
n

. n .
éh,n = Z R"J (kShro)aEh,j + Z R (kSh,O)F]'.
= =

Taking norms and using stability Hypothesis (44)
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" ‘ n .
Y- IR S0 @l + 3 IR CkSi0) 1

lennlln <
= =
n n
< CY_ lonjlln +C Y Il
=1 =1
n o~
< CkP+Co ) kllen,jalln
=1
n—1

= Gk +C ) kllenlln
=0

The proof of convergence is achieved by using the discrete Gronwall lemma. O
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