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Abstract: Coronavirus disease 2019 (COVID-19) is a respiratory disease caused by SARS-CoV-2.
It appeared in China in late 2019 and rapidly spread to most countries of the world. Cancer patients
infected with SARS-CoV-2 are at higher risk of developing severe infection and death. This risk
increases further in the presence of lymphopenia affecting the lymphocytes count. Here, we develop a
delayed within-host SARS-CoV-2/cancer model. The model describes the occurrence of SARS-CoV-2
infection in cancer patients and its effect on the functionality of immune responses. The model
considers the time delays that affect the growth rates of healthy epithelial cells and cancer cells.
We provide a detailed analysis of the model by proving the nonnegativity and boundedness of the
solutions, finding steady states, and showing the global stability of the different steady states. We
perform numerical simulations to highlight some important observations. The results indicate that
increasing the time delay in the growth rate of cancer cells reduced the size of tumors and decreased
the likelihood of deterioration in the condition of SARS-CoV-2/cancer patients. On the other hand,
lymphopenia increased the concentrations of SARS-CoV-2 particles and cancer cells, which worsened
the condition of the patient.

Keywords: cancer; SARS-CoV-2; delays; CTLs; antibodies; global stability

1. Introduction

Coronavirus disease 2019 (COVID-19) is a respiratory disease caused by severe acute
respiratory syndrome coronavirus 2 (SARS-CoV-2). It is one of the worst epidemics that
we have witnessed in the modern era. It has changed our social, economic, and health lives
since its first appearance in China in late 2019. It is highly contagious and has affected
millions of people around the world [1,2]. According to the World Health Organization
(WHO) report of 7 February 2021 [3], the total number of confirmed cases reached over
105 million, and the total number of deaths reached over 2 million. The highest numbers of
cases were reported in the United States of America, Brazil, France, the United Kingdom of
Great Britain and Northern Ireland, and the Russian Federation [3].

There are more than 60 COVID-19 vaccine candidates in clinical development and
over 70 in pre-clinical development [4]. Two COVID-19 vaccines were authorized by the
U.S. Food and Drug Administration (FDA) for emergency use: the Pfizer-BioNTech COVID-
19 vaccine and Moderna COVID-19 vaccine [5]. Pfizer was authorized on 11 December
2020 for use in individuals 16 years of age and older [5]. Moderna was authorized on
18 December 2020 for use in individuals 18 years of age and older [5]. In addition to
vaccination, it is essential to understand the biology of COVID-19 to develop effective
treatments for patients who have already become infected [6].
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SARS-CoV-2 is a member of the family Coronaviridae, which also includes SARS-CoV
that appeared in 2002 and the Middle East respiratory syndrome coronavirus (MERS-CoV)
that appeared in 2012 [7,8]. It is a single-stranded positive-sense RNA virus [9]. It enters
human cells through the angiotensin-converting enzyme 2 (ACE2) receptor [10]. ACE2
is expressed in many organs, including the heart, kidney, pancreas, and gastrointestinal
tract [2,11,12].

However, it is mainly expressed in alveolar epithelial type 2 cells of the lungs; therefore,
they are the principal target for SARS-CoV-2 [2]. The most common symptoms of SARS-
CoV-2 infection are fatigue, cough, fever, headache, sore throat, myalgia, shortness of
breath, anosmia, and diarrhea [2,13,14]. Patients can also encounter lung alterations and
reduced circulating lymphocytes (lymphopenia) and platelet counts [2]. In most cases,
infected people show only mild symptoms [13]. However, about 20% of the patients worsen
to pneumonia, multiorgan failure, thrombotic events, and death [11,13,15].

The severe symptoms of SARS-CoV-2 infection are generally detected in patients
of older age and with comorbidities, such as obesity, diabetes, hypertension, coronary
heart disease, chronic obstructive pulmonary disease, chronic kidney disease, and can-
cer [2,12,16,17]. Cancer patients are considered at increased risk of death and severe disease
due to SARS-CoV-2 infection [18,19]. This risk is higher in lymphopenia, which is one of
the most common features of cancer patients with SARS-CoV-2 infection [13,20]. Thus, the
presence of lymphopenia can help to identify patients at risk of serious complications of
SARS-CoV-2 infection [21].

Mathematical modelling has been utilized to help understand the dynamics of many
viral infections [22-25]. Models of SARS-CoV-2 can be used to understand the pathogenesis
of the virus, design effective treatments, reduce its impact, and make good decisions [26,27].
Many mathematical models have been developed at the epidemiological level for COVID-
19 [7,28-33]. These models discuss the transmission of SARS-CoV-2 and predict the best
strategies to reduce the spread of the disease between people [6,34]. However, they do not
consider the within-host dynamics of SARS-CoV-2 infection that determine the different
outcomes of the disease (severe or non-severe) [6].

On the other hand, very few models have been developed at the within-host level
for COVID-19 [34]. These models aim to understand the spread of the virus within
the body of the host and its interactions with the immune system [6,34]. For example,
Almocera et al. [35] considered a model that depicts the interaction between SARS-CoV-2
and effector T cells. They performed stability and bifurcation analysis to help understand
how the virus can overcome the immune response and cause infection [35].

Pinky and Dobrovolny [36] utilized a model to examine SARS-CoV-2 coinfections with
many common respiratory viruses, such as influenza A virus (IAV) and human rhinovirus
(hRV). They found that SARS-CoV-2 had a lower growth rate than these viruses. Accord-
ingly, SARS-CoV-2 infection will be suppressed if infections occur simultaneously [36].
However, coinfection can occur if the second infection is initiated after SARS-CoV-2 infec-
tion [36]. Hernandez-Vargas and Velasco-Hernandez [34] proposed a model to investigate
the dynamics of SARS-CoV-2 in infected patients. They evaluated model parameters by
fitting with data presented by Wolfel et al. [37]. Li et al. [38] used chest radiograph score
data to estimate the parameters of their model and the basic reproductive number.

The above within-host models were built using ordinary differential equations (ODEs).
However, ODEs do not take into account the time delays accompanying many biological
processes [39]. A small number of studies have been done to examine the impact of
COVID-19 viral infection on cancer at the cellular level [10]. This has raised the need for
understanding the dynamics of SARS-CoV-2 in cancer patients and the role of immune
responses in this situation. Mathematical modelling is one of the strongest tools that can
support scientific studies and clinical trials.

Therefore, in this paper, we develop a within-host SARS-CoV-2/cancer model. The
model focuses on (i) exploring the interactions between six compartments, which are
nutrients, healthy epithelial cells, cancer cells, SARS-CoV-2, cancer-specific CTLs, and
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virus-specific antibodies; (ii) investigating the effect of time delays on the growth rates
of healthy cells and cancer cells; and (iii) examining the effect of lymphopenia on the
activation rates of CTLs and antibodies.

The paper is organized as follows. Section 2 presents the model under consideration
and defines the meanings of the different parameters and rates. Section 3 establishes the
well-posedness of the model. In addition, it lists all possible steady states and the associated
existence conditions. Section 4 proves the global stability of the steady states computed
in Section 3. Section 5 displays some numerical simulations and outlines some important
observations. The results and future works are presented in Section 6.

2. The Proposed Model

The model developed in this work was inspired by the oncolytic virotherapy models
investigated in [23,40]. These models depict the cancer cell killing effect of the oncolytic
M1 virus when the virus infects cancer cells. Here, we reformulate the models to measure
the effect of SARS-CoV-2 infection in cancer patients, where SARS-CoV-2 infects healthy
epithelial cells. Hence, our model takes the form:

d%” =0 —KkA(t) — mA(H)N(t) — pA(HC(H),

% = e A — T)N(t— 1) — 5NV (E) — (k +x1)N(8),

d%t) = oyipe PR A(t — 1) C(t — 1) — 7aC(HW(E) — (k +x2)C(8), 1)
d‘;igt) = 03NV () — 55V (D Z (1) — (k + x3)V (1),

d";fff) — oya(1— 1) C(OW () — (i + kg) W (),

d%f) — o5175(1 — p2) V(B Z(t) — (x +x5) Z(1),

where A(t), N(t), C(t), V(t), W(t), and Z(t) represent the concentrations of nutrient,
healthy epithelial cells, cancer cells, SARS-CoV-2 particles, cancer-specific CILs, and virus-
specific antibodies at time ¢, respectively.

The nutrient is produced at a constant rate ¢ and decays at rate kA. The healthy cells
consume nutrients at rate 7; AN, grow at rate (Tlme’thlA(t —1)N(t— 1), and die at a
natural death rate k1 N. The cancer cells consume nutrients at rate 17, AC, grow at rate
om0 22 At — 1) C(t — 12), and die at rate k,C. The delay 7; > 0 is the time needed for
nutrients to contribute to the biomass of healthy cells, while 7, > 0 is the time needed for
nutrients to contribute to the biomass of cancer cells [40]. e 17 and e %27 are the survival
probabilities of healthy and cancer cells during the delay period, respectively.

SARS-CoV-2 particles infect healthy cells at rate 773NV, proliferate at rate o373 NV, and
die at rate x3V. CTLs kill cancer cells at rate 774CW, decay at rate x4 W, and are stimulated
by cancer cells at rate o4774(1 — p1) CW. Antibodies neutralize virus particles at rate 75V Z,
die at rate x5Z, and are produced by B cells at rate o5#5(1 — p2)VZ. The parameter p;
measures the impact of lymphopenia on the activation rate of the CTL immune response,
where 0 < p; < 1. Furthermore, the parameter p, measures the impact of lymphopenia
on the production rate of antibodies, where 0 < p, < 1. For simplicity, we will utilize the
following shortcuts in the next parts of the paper:

O1=xk+%x;, Or=x+Kxy, O3=K+k3 Os=K+%xy Os5=x-+xs.

3. Preliminaries

Let X = C([-7,0],R%), where T = max{7, &2}, be the Banach space of continu-
ous real-valued functions on the interval [—7,0] with norm [|¢|| = sup___z—( |¢(¢)] for

¢ € C([—7,0],RY). By the standard theory of functional differential equations [41], for any
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¢ € C([—7,0],RY ) there exists a unique solution Y (t,¢) = (A(t,¢), N(t,¢),C(t,¢), V(L ¢),
W(t,¢), Z(t,$)) of (1), which satisfies Yy = ¢. The initial conditions are given by

{A OH=¢1(8), N@ =8, C(&)=¢3(2),
V(E) =¢s(2), W) =¢5(2),  Z(&) =¢s(), Eel[-7,0],

where ¢;(¢) > -,6and (¢1(8), $2(S), .-, 96(C)) € X.

3.1. Nonnegativity and Boundedness of the Solution

2

In this subsection, we establish the nonnegativity and boundedness of the solutions of
model (1).

Theorem 1. All solutions of model (1) subject to condition (2) remain nonnegative and
ultimately bounded.

Proof. From the first equation of model (1), we have 2 T | A=0 = U > 0. Furthermore, for all
t € [0, 7], we have

N(t) = ¢o(0)e o (@ +mVINA | gy o=bims /t A(s —1)N(s — 7)e h(@tmvd)dgs,
0

C(t) = ¢3(0)e™ Jo (@2+naW(D))dl + oyrppe 22 /t A5 —)C(s — e jg(®2+q4w(1))d1ds/
0
V(t) = ga(0)e Jo @+ =csmsN)al,

W(t) = ¢5(0)e Jo(@s—cum—pr)CU)A
Z(t) = ¢g(0)e Jo(@s=osns(1=p2)V (D)l

Using (2), we know that the solution of (1) is nonnegative for all t > 0. Now, we
confirm that A(t), N(t),C(t), V(t), W(t), and Z(t) are all ultimately bounded. The first

equation of (1) yields % < 0 — kA(t), thus limy,eosup A(t) < mp, where mp = g
Next, we define

(1) = e M A(t— ) +e R A(E— 1) + IN() + LC(1) + V(1)
1 1
+0204(1*P1)W(t) + 010305(1*P2)Z(t)'

For t = 0, Q(0) = e "TA(=7) + e 22A(-1) + EN(0) + £C(0) + 75-V(0) +
mW(O) + mZ (0). Using the initial conditions given in (2), we obtain
Q(0) > 0. Therefore, Q)(t) > 0 for all + > 0. Differentiating Q)(¢) along the solutions of (1),
we get

00) (e et (e atr - e ) - O - S

dt (%)

03 0, Os

0103 v 0204(1 — p1) W 010305(1 — p2) Z(®)

—me "IA(t—1)C(t — 1) — me PRA(t - )N(t— 1)
<20— ¢ {e_blTlA(t ) e A — 5) + UiN(t) + ;C(t) + %V(t)
1 2 103
1
— W)+ —Z(t
0'20'4(1 — pl) ( ) (7'10'30'5(1 — PZ) ( )

=20 — Q(¥),
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where ¢ = min{x, @1, 0,,03,0,,05} = k. This implies that lim;_,« sup Q(t) < 27.
Since A(t), N(t), C(t), V(t), W(t), and Z(t) are nonnegative, we have

i < i < i < i < i <
thﬁn(r’losup N(t) < m, }Lr?osup C(t) < 7o, }Lr?osup V(t) < 3, thﬁnolosup W(t) < N4,}Lr£10 sup Z(t) < s,

where 11 = 207y, M = 2037, T3 = 201037, Ty = 20204(1 — p1)71p, and 715 =
2010305(1 — p2) 9. Hence, the theorem is proved. [

3.2. Steady States

In this subsection, we compute all the biologically acceptable steady states of model (1)
and determine their existence conditions.
We define the following parameters:

—bhit g —bhmy g, ©) (C)

e o111 e 02112 mYs3 11294

RN=—o—", Re=—s5"2, Ryv=1+ » Rew =1+ T o0
N K@l ¢ K@z Nv K0’3173 cw K(T47]4(1 — Pl)

- Q)

R=1+-——DB"5 1 = MmOz + K033, Yo = 1204 + koyns(1 — p1),

O105775(1 — p2)”
3 = 11305 + O10515(1 — p2).

The meaning of the threshold numbers and the usage of the above parameters are
given in the next theorem.

Theorem 2. Model (1) has ten steady states as follows:

1. The trivial steady state Eq = (Ay,0,0,0,0,0) always exists;
2. The healthy-cell steady state E; = (A1, N1,0,0,0,0) exists if Ry > 1;
3. The cancer-cell steady state Ey = (A,0,Cy,0,0,0) exists if Rc > 1;
4. The infection cancer-immune-free steady state E3 = (As, N3,0,V3,0,0) exists if R > Rnv;
5. The cancer-CTL steady state Eq = (A4,0,Cy,0, Wy, 0) exists if Rc > Rew;
6.  The virus-free steady state Es = (As, N5,Cs,0, W5, 0) exists if Rc > Ry > Rew;
7. The immune-free steady state Eg = (Ag, Ng, Cs, Vi, 0,0) exists if Ry > Re > Rav;
8. The cancer-free steady state E; = (A7, N7,0,V,0,Z;) exists if Ry > R and
105 .

Rn > Rnv + $®y030515 (1= p3)’

9. The antibody-free steady state Eg = (Ag, Ng, Cg, Vg, Ws,0) exists if Ry > Rew + Z;S;;

Oy
xoana(1—p1)’ »
10.  The coexistence steady state Eg = (Ag, No, Co, Vo, Wo, Z9) exists if R > N RN >R+

and Rc > Ryv +

Rc
17204 1721130405 105
+ and Ry > Ryvy +
koyna(1—p1)  k@q1041740515(1 — 1) (1 — p2) N NV %@1030515(1 — p2)
1204 121130405

koyna(1—p1)  x@104740505(1 — p1) (1 — p2)

Proof. Any steady state E = (A,N,C,V,W,Z) of system (1) fulfills the following
algebraic system:

0 —xA—-mAN — 11 AC =0,
o11e T AN — 3NV — ©1N =0,
oaipe 22 AC — 3, CW — @,C =0,
0’3173NV - 175VZ - @3V =0,
0’4174(1 — pl)CW — ®4W =0,
0'5175(1 — pz)VZ — ®5Z =0.

®)
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By solving system (3), we obtain the following steady states:

9
The trivial steady state is given by Eg = (A, 0,0,0,0,0), where Ag = p > 0. Thus,

Ey always exists.
The healthy-cell steady state comes in the form E; = (A1, N1,0,0,0,0), where

b
A = SO leK(RN1>.
o111 m

As Ay > 0, the steady state E; exists when R > 1. Here, Ry is a threshold number
required for the persistence of healthy epithelial cells with nutrient.
The cancer-cell steady state is given by Ey = (A,0,C,0,0,0), where

szz
A= 002 o K(RC—1>.
02172 2

As Ay > 0, the steady state E; is defined when C, > 0, which corresponds to the
condition R¢ > 1. Therefore, R is a threshold number required for the persistence
of cancer cells with nutrient.

The infection steady state is given by E3 = (A3, N3,0, V3,0,0), where

A3:% Na — O3 Vs = K®10‘3RNV<RN _1>.

P 3T o313’ A1 Rnv

We note that A3 > 0, N3 > 0, and V3 > 0if Ry > Ryv. Thus, the steady state

N_ is a threshold number, which determines the

Rnv

establishment of SARS-CoV-2 infection in cancer-free patient.
The cancer-CTL steady state has the form E4 = (A4,0,Cy4,0, Wy, 0), where

E3 exists if Ry > Ryvy. Here,

Ay = doupa(l—p1) o _ Oy kO204(1 — p1)Rew < Rc _1).

7 - 7 W =
(1) T oa(1—p1) * ) Rcw

We see that Ay > 0,C4 > 0,and Wy > 0if Rc > Rew- Hence, E4 existsif Rc > Rew.

= € is a threshold number that determines the activation of cancer-specific
Cw
CTL immune response when the healthy cells are extinct.

The virus-free steady state is given by Es = (As, N5, Cs,0, W5,0), where

Here,

e T80y 104141 — p1) — KO104774(1 — p1) — ©177,04

As = A1, N5=
> ! > O1110414(1 — p1)

Cs = Cy, w5:®2<7%_1).
N4

Itis clear that A5 > 0, C5 > 0, and W5 > 0 if R¢c > Ry. On the other hand, we have

N5 >0 e 01T 190‘11710'4174(1 — Pl) > K@10'4174(1 — pl) + 011720,
e 1T oy 1 7204
e kogna(1 — p1)
<——RNn > Rcw-

Accordingly, Es exists if Rc > Ry > Rew-
The immune-free steady state has the form Eg = (Ag, Ny, Cg, V5,0,0), where

by
A= O o ), ve= Q1 (RN )
6 6 6 C

02112 0373 12 13 \ Rc
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Thus, the steady state Eg exists if Ry > R¢c > Ryv.
The cancer-free steady state is given by Ez = (A7, Ny,0,V,0,Z;), where

bt B
PR N:'@%%OM(RN@,
o1m10575(1 — p2) s
@5 K@1(731730’5(1 _PZ) l/Jl@5
Vo= Bz Ry — Ry — .
7 osn5(1— p2) ’ mys N NV %@1030575 (1 — py)

We note that Ay > 0, Ny > 0if Ry > R, Vo > 0,and Zy > 0if Ry > Rnv +
195 105
k@1030515(1 — p2) k@1030515(1 — p2)

The antibody-free steady state is given by Eg = (Ag, Ng, Cs, V3, Wg, 0), where

. Thus, Ey exists if Ry > Rand Ry > Rnv +

Ag = osmoaa(l—p1)
1720317304 + 104174 (1 — p1)”
Vi = e—bhim 117103130474 (1 — p1) — 11 @1030474(1 — p1) — kO103130414 (1 — p1) — O1772031304
13120311304 + P104774(1 — p1)] ,
Wg = e 22 9051150371304114 (1 — p1) — 1©2@304774 (1 — p1) — KO20377303114(1 — p1) — ©21720317304
7412031304 + P10414(1 — p1)]

Ng = N3, Cg=0Cy,

It is clear that Ag > 0, Ng > 0, and Cg > 0. On the other hand, we have

Vs > 0 <=e "1 0011031730u14(1 — p1) > 11010300774(1 — p1) + kO10317304174 (1 — p1) + O17720317304

(:)e_bm dorm 1 17204 71193
k®q kounja(1—p1) ko313
71193

<=Rn > Rcw + ,
N cw P—

and

Wg >0 <:>e7b2T219(727]2037]3¢74f74(1 — Pl) > 7]1®2®30’4f74(1 — pl) + K@zO’37]30’4774(1 — p1) + @27]20’3773@4
—by1p
e 22901, 14 1©3 . 17204
K0, xkosns - Kkoana(l—pr)
17204
xoya (1 — p1)

<—=Rc > Rnv +

1193 17204

and Rc > Ryy + ————.
KO3H3 ¢ NV K0'4174(1 — Pl)
The coexistence steady state has the form Eg = (Ag, Ng, C, Vo, Wy, Zg), where

Accordingly, Eg exists if Ry > Rew +

- eb]‘rl 3

omosys(1—p2)’

No _ e 801041405175 (1 — 1) (1~ p2) — k@10417405175(1 — p1) (1 — p2) — K1j304174@5 (1 — p1)
my30ans(l—p1)
_ ©1712040515(1 — p2) + 17217304@s5
n1p30ana (1 —pr)
Co=Cs Vo=Vy Wo— ebit 01112;212102112 (7-3_ %)l
Zo— e 1180y 171031730417405775(1 — 1) (1 — pa) — k@1031j30411405775 (1 — p1) (1 — p2)
M soanans(1 —p1)
_ 1©103041405775(1 — p1) (1 — p2) + 1120373045 + O111203773O405775 (1 — p2) + P17730474O5 (1 — p1)
M1W304n475(1 — p1)
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. . R
It is easy to note that Ag > 0,Co > 0, Vo > 0, and Wy > 0if R > —RN. We have
C
No > 0 <=>e "1 80y77103m40505(1 — p1) (1 — p2) > k@1 047740575 (1 — p1) (1 — p2) + K1730474@5 (1 — p1)
+ ©11720405175(1 — p2) + 121730405
11204 n 1721130405

Ry >R+ kouia(1—p1)  kO104140575(1 — p1) (1 —p2)
Similarly,
$10s 1204 121730405
Zg >0 R Rnv + .
PN N T YT @ s0ms (1 p2) | kans(1—pr) | k@10ama0ss(1— p1) (1 p2)
Hence, Eg existsif R > 2N Ry > R+ — 124 121139405 and
% K‘74’é31(1 —p1) K®1(74774¢75775(1®— o1)(1—p2)
RN > Rnv + 1’01 ° 129 211309405

k@1030515(1 — p2)  kouna(l1—p1)  xk©O10417405175(1 — p1)(1 — o)

4. Global Stability

This section is devoted to show the global stability of the steady states of model (1)
by choosing appropriate Lyapunov functions. Hereafter, the following shortcuts will
be applied:

(A(t),N(t),C(t),V(t),W(t), Z(t)) = (A,N,C,V, W, Z),
A(t—1) = Ar, N(t—11) = Ny, C(t — o) = Cy,, wherei =1,2.

Define a function G : (0,+o) — [0,+00) by G(¢) = ¢ —1—1Ing, where G(g) = 0
—c¢c=1

Theorem 3. The steady state Eq is globally asymptotically stable when Ry < 1and R¢c < 1.

Proof. Choose a Lyapunov function Py as

A A eb1T1 eszz eblTl eszz eb]T]
Py =A (——1—ln—>+ N+ C+—V+ W+
020\ A A o %) 0103 0p04(1 —p1) 010305(1 — p2)

+1m /tin A(s)N(s)ds + 112 /LTZ A(s)C(s)ds.

Then, we obtain

d A bim
% — (1 - 70) [19 — kA —11AN — quc] + ea {alme*blmﬁ Ny, — 73NV — ®1N]
eszz b eb1’[’1
+ |:(721’]267 2% Ar,Cr, — 14,CW — ®2C:| + |:0'3173NV —n5VZ — ®3V:|
02 0103
eszz eblTl

{04174(1 —p1)CW — ®4W] + {05;75(1 —0)VZ — ®5Z}

+ - -
0204(1 - p1) 010305(1 — p2)

+m {AN —Aqg Nﬁ} + 12 {AC — ATchz}

_ k(A= Ay L emey (eb”‘ doum 1>N+ el @, <eb2721902172 B 1>c ey,

A (%1 K@ (%) ({S)) 0103
B ehm Oy B ehm Os
0204(1 —p1) 010305(1 — p2)

A—A 2 bty by bty
__ . o) ¢ 91(RN71)N+6 ®2(RC71)C77Q Oy
01 02 0103
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B ebz‘l’z@4 B obiT Os
0204(1 — p1) 010305(1 — p2)

Wenotethat% <Oforall A,N,C,V,W,Z >0if Ry <land Rc < 1. % -0

if A=Apand N = C =V =W = Z = 0. Hence, the singleton {Ep} is the largest
invariant subset of < (A,N,C,V,W, Z) % = 0}. Depending on LaSalle’s invariance

principle [42], Eq is globally asymptotically stable (GAS) if Ry <land R¢ <1. O

Theorem 4. Suppose that Ry > 1and Re < Ry < Rnv. Then, the healthy-cell steady state
E; is GAS.

Proof. Choose a Lyapunov function P; as

12%s] b b1
P1:A1<A—1—1nA>+e N1<N—1—1nN)+e c+& v

Al A1 (%] Nl Nl (%) 0103
€ A " A(s)C(s)d
+t— Wt —o—=7+ / s)C(s)ds
0204(1 — p1) 010305(1 — p2) T2 t—1y

+ 711A1N1/

t—1

t [ A(s)N(s) A(s)N(s)
<A1N1 _1_IH7A1N1 )ds.

Then, we obtain

dPy Aq eb1m Np _
T :(1 - 7) {19 — kA — AN — quc} (1= 5 ) |orme U7 AL Ny, — 3NV — ON
eh bt ehim
-+ |:021]2€ 2 ZA-L—ZC-L—Z — 14CW — @2C:| + |:0'3I73NV —n5VZ — @3‘/}
02 0103

(4)

e { (1—p1)CW —© w} _m { (1-p)VZ-© z]

+ 0 - - + o - -

(i —pp) A= 14 oo —pa) [P~ 5
AN AqNy . AgNg

+ 12 |:AC ATZ C72:| + 771A1N1 |:A1N1 AN, +1In AN

By using the steady state conditions at E;

9 =xA1+ 771A1N1,

eb] T @1

M A1Ny = P

and using the following relation:

A'ClNTl :ln ATlNTl +ln Al

=N AN A’
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the derivative of Py in (4) is converted to

Az N, Ag N,
dpl _<17 ﬂ>(I€Al*KA)7171AlZ\Il (é,l,mﬂ) 7171A1N1<ﬁ717h‘1g>
1

dar A A A AN
by - b7y by b1
Jre @ (e § (72172@171 C+e K”3<17—1N177]1®3)V7 e22@y, _ 11 @5 7
[op) e Moy @, o1 K KOo313 0204(1 - p1) 010305(1 — p2)
k(A —Ap)? A A AN AN
:—%—IﬁAlNl (f—l—]ﬂf) —}]1A1N1< 1;111\;1 —1—1In 1:1111\]1'1)
b, / R b17i g UioYe) Ukte)
e 2 C e 3 e 4 e 5
+ € _q)c+ Ry — Ry |V — -
%3 (RN > o ( N NV) 0204(1 —p1) 010305(1 — p2)
_ K(A - A1)2 Aq ATl NTl ebz'Q@z Rc ebh1m K13
= A I71A1N1 G A + G A]N + o RN 1]C + 0_1171 RN RNV 1%
eh22@, el @s
0204(1—p1) o10305(1 —p2)

Thus, % <0if Re < Ry and Ry < Ryvy. In addition, % = 0when A = A,

N =N and C =V =W = Z = 0. Let I'| be the largest invariant subset of I'; =
dPy

{ (A,N,C,V,W,2Z) T 0}. It follows that I’} = {E1}. In accordance with LaSalle’s

invariance principle [42], the steady state E; is GASif Ry > 1land R¢ < Ry < Ryv. O

Theorem 5. Suppose that Rc > 1and Ry < Re < Rew. Then, the cancer-cell steady state Ep
is GAS.

Proof. See Appendix A. O

105
xk®1030545(1 — p2)

Theorem 6. Assume that Ryy < Ry < Ryv + and R¢c < Ryv. Then,

the infection steady state E3 is GAS.

Proof. See Appendix B. [

Theorem 7. Suppose that R < Rew < Re. Then, the cancer-CTL steady state Eq is GAS.
Proof. See Appendix C. [

71103
K0'3173

Theorem 8. Assume that Rc > Ry and Rew < Ry < Rew +
steady state Es is GAS.

. Then, the virus-free

Proof. See Appendix D. [

171204

— = Then, the
kogi4(1 — p1)

Theorem 9. Assume that 1 < % < Rand Ryy < Re < Rav +
c

immune-free steady state Eg is GAS.
Proof. See Appendix E. [

105

. Then, the cancer-
k®1030515(1 — p2)

Theorem 10. Suppose that Ry > Rand Ry > Ry +
free steady state E7 is GAS if R < %
C

Proof. See Appendix F. O
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1193 1204
and Rc > Ryy + ——F———
KO313 ¢ NV kauns(1— p1)

. . . 105 17204
antibody-free steady state Eg is GAS if Ry < Ryv +
v Y 8 f Ry = Rawv k@1030515(1 — p2)  xoyna(1—p1)

Theorem 11. Suppose that Ry > Rew + . Then, the

1721730405
k®1047740515(1 — p1) (1 — p2)

Proof. See Appendix G. [O

5 RN 5 17204 1721130405
Theorem 12. Assume that R > —, Ry > R + +
RN koaija(l—p1)  k@104140515(1 — p1)(1 — p2)
105 17204 17121730405

and Ry > Ryv + .
N MV k@10305115(1— p2) ka1 —p1)  k@104ma0sns(1—p1)(1 = p2)
Then, the coexistence steady state Eq is GAS.

Proof. See Appendix H. [

5. Numerical Simulations

In this section, we present some numerical simulations to visualize the theoreti-
cal results obtained in Theorems 1-12. We use the MATLAB solver dde23 to solve
system (1). We show the effect of time delays and lymphopenia on the dynamics of
model (1). To achieve this goal, we choose the initial conditions as follows:

A(F) =05 N(&) =01, C(&) = 0.5
002,  W(&) =0004  Z(&)=0002, ¢€[-7,0]

where T = max{7, T»}. According to the results of Theorems 3-12, the stability of steady
states is guaranteed for any other choice of initial conditions. We vary the values of 71, 12,
N4, 5, K1, K2, K3, k4, and k5 while fixing the values of all other parameters. The values of
the fixed parameters are given in Table 1. As a result, we obtain ten cases corresponding to
the global stability of the ten steady states as follows:

1. Wetaken; = 0.03, 7o = 0.03, 4 = 0.03, 5 = 0.3, x; = 0.1, x = 0.08, k3 = 0.5,
k4 = 0.9, and k5 = 0.07. The corresponding threshold parameters are Ry = 0.181 < 1
and R¢ = 0.2172 < 1. In this case, the steady state Eg = (1,0,0,0,0,0) is GAS
(Figure 1a). This result comes in full agreement with the result of Theorem 3. The
populations of healthy cells, cancer cells, SARS-CoV-2 particles, CTLs, and antibodies
tend to zero at this point. Hence, there will be no competition between healthy and
cancer cells, and its effect cannot be measured here.

2. We consider 777 = 0.1, 7 = 0.03, 74 = 0.03, 75 = 0.3, k1 = 0.02, x; = 0.08, k3 = 0.5,
kg = 0.9, and x5 = 0.07. These selected values give Ry = 1.8097 > 1 and R; =
02172 < Ry < Rnv = 20.697. In agreement with Theorem 4, the steady state
E; = (0.5526,0.1619,0,0,0,0) is GAS (Figure 1b). In this case, the cancer cells and
SARS-CoV-2 particles are eliminated from the body. This situation would be reached
with effective treatments that can target both cancer cells and virus particles. Finding
effective ways to target cancer and COVID-19 is still under investigation [12].

3. Wechoose; =0.03, 12 =0.1, 4 =0.03, 5 = 0.3, x; = 0.1, x, = 0.01, k3 = 0.5,
kg = 0.9, and x5 = 0.07. This choice of parameters gives R¢c = 2.4129 > 1 and
Ry = 0.181 < R¢ < Rew = 1.534 x 103, Accordingly, the steady state Ep =
(0.4144,0,0.2826,0,0,0) is GAS as exhibited in Figure 1c and assisted by Theorem 5.
Here, the concentration of healthy epithelial cells tends to zero. This situation might
be reached after a strong competition with cancer cells. Thus, there are no healthy
cells exposed to SARS-CoV-2 infection.
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We select 177 = 0.3, 7o = 0.03, 174 = 0.03, 5 = 0.3, k1 = 0.02, x; = 0.08, x3 = 0.01,
kg = 0.9, and x5 = 0.07. This set of parameters gives Ryy = 4.4091 < Ry = 5.429 <
Rav + K®103(f;7(;)(51 ~ ) = 95.3466 and R¢ = 0.2172 < Ryy. This implies that the
steady state E3 = (0.2268,0.2273,0,0.0168,0,0) is GAS, which agrees with Theorem 6
(Figure 1d). At this point, the cancer cell population becomes extinct, while the
concentration of epithelial cells reduces due to SARS-CoV-2 infection with no active
immune response. The extinction of cancer cells in SARS-CoV-2/cancer patient is not
likely to occur, however. It is more likely that the condition of a cancer patient will
worsen after contracting the infection [2].

We take 777 = 0.03, 772 = 0.1, 574 = 0.9, 155 = 0.3, k1 = 0.1, xp = 0.0005, x3 = 0.5,
x4 = 0.0005, and x5 = 0.07. Then, we obtain Ry = 0.181 < Rcw = 2.1389 < R =
3.5311. In this situation, the steady state E4 = (0.4675,0,0.2278,0,0.0148,0) is GAS as
shown in Figure 2a. This result is in harmony with the result of Theorem 7. With the
extinction of healthy epithelial cells, cancer cells are eliminated by CTLs.

We take 77 = 0.1, 72 = 0.1, 4 = 0.9, 5 = 0.3, x; = 0.01, ko = 0.0005, k3 = 0.5,
Kq4 = 0.0005, and K5 — 0.07. This gives RC = 3.5311 > RN = 24129 and RCW =
21389 < Ry < Rew + :QS;; = 21.8359. These conditions ensure the global stability
of the steady state E5 = (0.4144,0.0548,0.2278,0,0.0106,0) as shown in Figure 2b
and supported by Theorem 8. This represents an ideal situation where the virus is
completely eliminated from the body of the cancer patient. Thus, the parameters used
to reach this situation can be of special benefit.

We take 71 = 0.3, 7 = 0.2, 54 = 0.03, 75 = 0.3, x1 = 0.02, x» = 0.02, k3 = 0.0005,

R .
x4 = 0.9, and x5 = 0.07. These selected values give 1 < R—N =15 <R = 21.625
C

and Ryy = 3.3295 < Rc = 3.6193 < Ryy + 7727@4 = 3.07 x 10°. This corre-
xoyia (1 —p1)
sponds to the global stability of the steady state E¢ = (0.2763,0.1553,0.029,0.0364, 0, 0)
as shown in Figure 2¢, which supports the result obtained in Theorem 9. Here, the
SARS-CoV-2/cancer patient is expected to suffer from severe infection as the immune
responses are not activated at this point.
We have 1 = 0.9, 7 = 0.03, 74 = 0.03, 15 = 1.7, k1 = 0.001, x, = 0.08, x3 = 0.01,
x4 = 0.9, and x5 = 0.0001. This gives Ry = 31.023 > R = 2.5483, Ry > Rnv +
$195 — 286107, and R < 2N — 142.8571. In this situation, the steady
K©10305175(1 — 02) Rc
state E; = (0.0822,0.2483,0,0.0591,0,0.0016) is GAS as exhibited in Figure 2d and

assisted by Theorem 10. The concentration of cancer cells tends to zero and the patient
suffers from only SARS-CoV-2 infection. In addition, the antibody immune response
is activated to attack the virus particles.

We take m = 0.2, N2 = 0.3, Ny = 1.5, s = 0.3, K1 = 0.01, Ky = 0.008, K3 =
0.0005, x4 = 0.0001, and x5 = 0.07. These values give Ry = 4.8258 > Rcw +

1103 11204

~—— = 4563, Rc = 7.7557 > Ryy + ————— = 4563, and Ry < Rnv +

P . C 5 NV Koaa(l — pé)) . N NV
105 224 + 1215 245 = 28.5. In agree-

+
k@1030575(1 — p2)  kouna(l—p1)  «k@104140515(1 — p1)(1 — p2)
ment with the result of Theorem 11, the steady state Eg = (0.2191,0.1556, 0.1339, 0.0031,

0.013,0) is GAS (Figure 3a). Hence, the antibody immune response is not active,
which may allow SARS-CoV-2 particles to replicate without control in SARS-CoV-2/
cancer patients.
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10. We choose 177 = 09, 1 = 0.5,y = 1.7, 55 = 1.7, x; = 0.0001, x; = 0.0003,
x3 = 0.0003, x4 = 0.0001, and x5 = 0.0001. For this combination of parameters,

we obtain R = 2.6171 > Ry = 1.8179, Ry = 32.4121 > R + __ 1O
0.6 Re Kff4’7é)(1 —p1)
121130405 105
= 10.3551 and Ry > Rnv +
k®1047740515(1 — p1) (1 — p2) N NV k@10305175(1 — p2)
1204 121730405

ol —py) T k@aamaosys(l—p ) —pa) 28.4704. This implies that the steady
state Eg = (0.0809,0.1873,0.118,0.0592,0.0053,0.0026) is GAS (Figure 3b), which sup-
ports the result of Theorem 12. The CTL immune response and antibody immune
response are activated to target cancer cells and SARS-CoV-2 particles, respectively.
However, the removal of cancer cells or virus particles depends on the effectiveness
of these immune responses.

Table 1. The parameter values of model (1).

Parameter Description Value Reference
[ Recruitment rate of nutrients 0.02 [23]
m Consumption rate constant of nutrients by healthy epithelial cells Varied -
2 Consumption rate constant of nutrients by cancer cells Varied -
13 Infection rate constant of epithelial cells by virus 0.55 [38]
14 Killing rate constant of cancer cells by CTLs Varied -
15 Neutralization rate constant of viruses by antibodies Varied -

o1 Growth rate constant of epithelial cells 0.8 [23]
o) Growth rate constant of cancer cells 0.8 [23]
03 Production rate constant of virus 0.24 [38]
oy Stimulation rate constant of CTLs 0.1 [43]
05 Stimulation rate constant of antibodies 0.2 [43]
K Decay rate constant of nutrients 0.02 [23]
K1 Death rate constant of epithelial cells Varied -
Ko Death rate constant of cancer cells Varied -
K3 Death rate constant of SASR-CoV-2 Varied -
Ky Decay rate constant of CTLs Varied -
K5 Decay rate constant of antibodies Varied -

by Death rate constant of healthy cells during the delay period 1 [40]
by Death rate constant of cancer cells during the delay period 1 [40]
T Delay in the benefit from nutrients by healthy cells Varied -

T Delay in the benefit from nutrients by cancer cells Varied -
01 Impact of lymphopenia on CTL immunity 0<pi <1 -
02 Impact of lymphopenia on antibody immunity 0<p <1 -

5.1. The Impact of Time Delays on Healthy and Cancer Cells

Increasing or decreasing time delays can have a strong impact on the concentrations
of healthy and cancer cells and on the dynamics of model (1). For example, if we take
the same values of the parameters considered in case (6) and increase only the value of
71 from 0.1 to 0.3, we find that E4 = (0.4675,0,0.2278,0,0.0148,0) is GAS. This means
that increasing 71 causes a bifurcation in the system, where Eg loses its stability and E4
becomes stable. Figure 4a shows how increasing 7 causes a reduction in the concentration
of healthy epithelial cells.

Alternatively, if we consider the same parameter values considered in case (7) and take
T, = 0.3 instead of 7 = 0.1, we find that the steady state E3 = (0.3003, 0.1553, 0, 0.0459, 0, 0)
is GAS. Hence, increasing 1, changes the stability of the steady states E¢ and E3. Figure 4b
shows the impact of increasing the value of T, on decreasing the concentration of cancer cells.
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Similarly, decreasing the values of 71 and 1, will increase the concentrations of healthy
cells and cancer cells, respectively. Increasing or decreasing the concentrations of these

cells could be related to the severity of SARS-CoV-2 infection.

5.2. The Impact of Lymphopenia on Cancer Cells and SARS-CoV-2 Particles

To see the impact of dysfunction in the CTL immune response during SARS-CoV-2
infection, we take the same values of parameters considered in case (10) and increase only
the value of p;. The result is shown in Figure 5a. We see that increasing the value of p;
causes a rise in the concentration of cancer cells. Similarly, decreasing the functionality of
the antibody immune response (by increasing the value of py) causes an increase in the
concentration of SARS-CoV-2 particles (Figure 5b). Therefore, lymphopenia can worsen

the state of cancer and allow the virus to replicate faster.
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Figure 1. The numerical simulations of system (1) for cases 1-4. The figures show the global stability of (a) the trivial steady
state Eg: 71 = 0.03, 7o = 0.03, 74 = 0.03, 715 = 0.3, k1 = 0.1, x; = 0.08, k3 = 0.5, x4 = 0.9, x5 = 0.07, (b) the healthy-cell
steady state Eq: 777 = 0.1, 7o = 0.03, 4 = 0.03, 575 = 0.3, k1 = 0.02, xp = 0.08, k3 = 0.5, x4 = 0.9, x5 = 0.07, (c) the cancer-cell
steady state Ex: 71 = 0.03, 77 = 0.1, 4 = 0.03, 55 = 0.3, k1 = 0.1, k; = 0.01, k3 = 0.5, x4 = 0.9, x5 = 0.07, and (d) the
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infection steady state E3: 77 = 0.3, 2 = 0.03, 4 = 0.03, 5 = 0.3, ¥; = 0.02, x, = 0.08, k3 = 0.01, x4 = 0.9, x5 = 0.07.
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Figure 2. The numerical simulations of system (1) for cases 5-8. The figures exhibit the stability of (a) the cancer-CTL steady
state E4: 171 = 0.03, 7, = 0.1, 4 = 0.9, 55 = 0.3, k1 = 0.1, xp = 0.0005, x3 = 0.5, x4 = 0.0005, x5 = 0.07, (b) the virus-free
steady state Es: 777 = 0.1, 2 = 0.1, 54 = 0.9, 155 = 0.3, k1 = 0.01, ko = 0.0005, x3 = 0.5, k4 = 0.0005, x5 = 0.07, (c) the
immune-free steady state Eg: 771 = 0.3, 2 = 0.2, 74 = 0.03, 115 = 0.3, k7 = 0.02, x = 0.02, k3 = 0.0005, x4 = 0.9, x5 = 0.07,
and (d) the cancer-free steady state E7: 71 = 0.9, 7, = 0.03, 4 = 0.03, 15 = 1.7,k = 0.001, x, = 0.08, k3 = 0.01, x4 = 0.9,
x5 = 0.0001.
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Figure 3. The numerical simulations of system (1) for cases 9 and 10. The figures exhibit the stability of (a) the antibody-free
steady state Eg: 777 = 0.2, 172 = 0.3, 14 = 1.5, 75 = 0.3, x; = 0.01, x, = 0.008, x3 = 0.0005, x4 = 0.0001, x5 = 0.07, and (b)
the coexistence steady state Eqg: 71 = 0.9, 172 = 0.5, 114 = 1.7, y5 = 1.7, x; = 0.0001, x, = 0.0003, x3 = 0.0003, x4 = 0.0001,

x5 = 0.0001.
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Figure 4. The effect of increasing time delays 73 and T on the concentration of (a) healthy epithelial cells N(¢) and (b)
cancer cells C(t). The parameters are taken as (a) 71 = 0.1, 17, = 0.1, 4 = 0.9, 5 = 0.3, k1 = 0.01, x; = 0.0005, k3 = 0.5,
x4 = 0.0005, x5 = 0.07, and (b) 71 = 0.3, 77 = 0.2, 74 = 0.03, 175 = 0.3, k1 = 0.02, x, = 0.02, k3 = 0.0005, x4 = 0.9, x5 = 0.07.
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Figure 5. The effect of increasing p; and p; on the concentration of (a) cancer cells C(¢) and (b) SARS-CoV-2 particles V (¢).
The parameters are taken as 777 = 0.9, 172 = 0.5, 74 = 1.7, 155 = 1.7, 1 = 0.0001, x, = 0.0003, x3 = 0.0003, x4 = 0.0001, and

x5 = 0.0001.

6. Discussion

Although many vaccines have been authorized or are under development [4], COVID-

19 is still spreading and causing daily deaths. Mathematical modelling is an efficient tool
that can contribute to both understanding the disease and finding better ways to defeat
it [27]. Cancer patients are at greater risk for hospitalization and death due to SARS-CoV-2
infection compared to other patients who do not have cancer [2].

In this paper, we developed a within-host SARS-CoV-2 cancer model. This model

consists of a system of delay differential equations and depicts the interactions between
nutrients, healthy epithelial cells, cancer cells, SARS-CoV-2 virus particles, cancer-specific
CTLs, and virus-specific antibodies. The model has ten steady states that have only positive
components and are stable under the following conditions:

1.
2.

The trivial steady state Eg is GASif Ry < land R¢ < 1.

The healthy-cell steady state E; is defined and GASif Ry > land R¢ < Ry < Rav.
This point represents the case when both cancer cells and viral particles are eliminated
from the body.

The cancer-cell steady state Ex is GAS if R¢c > 1and Ry < R¢ < Rew. Here, all
compartments tend to zero except for cancer cells and nutrients.

The infection cancer-immune-free steady state E3 is GAS if Ryy < Ry < Ryv +
105
KO10305775(1 — p2)

cells and immune responses are not present.
The cancer-CTL steady state E4 is GASif Ry < Rew < Rc. Here, the CTL immune
response is activated to kill cancer cells in the absence of healthy cells.

and R¢ < Ryvy. SARS-CoV-2 infection is established while cancer

The virus-free steady state E5 is GASif Rc > Ry and Rew < Ry < Rew +

KO3’
This point corresponds to the case when SARS-CoV-2 is eliminated from SARS-CoV-
2/cancer patient.
The immune-free steady state Eg is GAS if 1 < % < Rand Ryy < Re <
C
Rnv + ’727(94. The cancer patient here fights SARS-CoV-2 infection with
xoyra(1 = p1)

inactive immune responses.
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105
K@1(730’5175(1 — p2) !

and R < R—N At this point, antibody immunity is activated to eliminate the virus,

8. The cancer-free steady state E7 is GASif Ry > R, RN > Rnv +

while cancer cells are removed.

9.  The antibody-free steady state Eg is GAS if Ry > Rcew + Z;@:; , Rc > Rnv +
313
171294 105 1204
—= = _ and R < Rnv +
Kkogi4(1—p1) N NV %@103055(1 — p2)  xouna(1— p1)
1721730405

. Here, the concentration of antibodies tends to zero,

K©10477405775(1 — 1) (1 — p2)
while all other compartments have positive values.

. . o D 'RN ~ 172@4
10. The coexistence steady state Eg is GASif R > —, Ry > R+ ——————
0,0 ’ 9 Ke N@ Koua(] _G)pl)
121130405 105 11204
,and Ry > Ryy +
x©10477405775(1 — p1) (1 — p2) N TNV x@1030515 (1 — ) xogna(1—p1)
121130405

+ .
K®1041740515(1 — p1) (1 — p2)

We found that the time delays affected the growth rates of healthy epithelial cells
and cancer cells and could cause a bifurcation in the system. Increasing the time delay
T2, which represents the delay in the utilization of nutrients by cancer cells, decreases the
concentration of cancer cells. This can have a positive effect by preventing the situation of
SARS-CoV-2 cancer patient from getting worse.

We observed that lymphopenia, which affects the functionality of immune responses,
increased the concentrations of both cancer cells and SARS-CoV-2 particles. This leads to the
presence of high viral loads and the progression of cancer. As a result, the condition of SARS-
CoV-2/cancer patient will worsen and may lead to death. This result agrees with many
studies that correlated lymphopenia with severe infection in cancer patients [2,13,20,44].

The model studied in this paper can be used (i) to estimate the parameters needed
to clear the virus from the body of cancer patient (see case (6) in Section 5); (ii) to test
the effect of time delays on the concentrations of healthy cells and cancer cells during
SARS-CoV-2 infection; (iii) to observe the effect of lymphopenia on the activation rates of
immune responses; accordingly, on the severity of SARS-CoV-2 infection in cancer patients;
and (iv) to check the possibility of eliminating cancer cells and virus particles at the same
time (see case (2) in Section 5)).

The main limitation of this work is that we did not use real data to estimate the values
of the parameters in model (1). We assumed that SARS-CoV-2 does not infect cancer cells.
This is because the data on SARS-CoV-2 infection in cancer patients are very limited, and it
is not yet clear whether and how SARS-CoV-2 affects cancer cells at the cellular level [10].
The model and the theoretical results of this paper can be tested and developed depending
on the availability of real data.

We believe that this work can help to provide a better understanding of SARS-CoV-2
infection in one of the groups that is the most vulnerable to severe infection and death.
A better understanding will facilitate finding more effective ways to treat SARS-CoV-
2/cancer patients. Model (1) can be developed by (i) fitting the model with real data,
(ii) performing a detailed bifurcation analysis, and (iii) applying a multiscale approach
where the within-host dynamics are connected with the between-hosts dynamics.
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Appendix A. Proof of Theorem 5
Proof. Choose a Lyapunov function

A A blTl szz blTl
PUANCV,WZ) Ay [ A —1-m A N (S i-m S ) Sy
o1 053 G (@] 0103

ety " e [ AN
+ + + / s)N(s)ds
0204(1 — p1) 010305(1 — p2) ,

-7
b A(s)C(s) A(s)C(s)
+ 172A2C2 /tf-[z ( A2C2 1—In A2C2 ds.

By using the steady state conditions at E

0 =xAy+1mACy,

o E
€ 2
112A2Cy = 2
we obtain
dP; . Ay Ay Ay eblTl (G2 e_blTl (71111(’*)2
I —( A )(KAZ KA) 172A2C2( A 1—In 2 ) -+ o1 efb2720’2112®1 1|N
n eh2 2y, (;72C2 B Q412 )W . 1@, v
02172 K Koyna(l—p1) 0103
e @5 (AT C ArC
- 7 AC 2772—1—111&)
0’10’3(75(1 — pz) 124252 A2C Azc
k(A - Ap)? Ay A\  ehm@; Ry el
,—f—rlezCz 7—1—1117 + o Ric—l N+Tl’]2 RC_RCW W
1@, e s (AT Ce A, Cy
- - Z—1pACy( S22 1 —1n #)
0103 0’1(73(75(1 — PZ) 124252 AzC AzC
k(A=A Ay A, Cy, em@ (Ry
= f 112A2C2 G 7 + G A2C + o Ric 1|N
eszZKm ( ) ehm O3 ehm Os
B (R —Rew )W — -
o\ ¢ TN 103 710305(1 — p2)
. ap: . ap
It is clear that d—tz < 0if Ry < Re and Re < Rew. One can show that d—tz =0
if A=A, C=C,and N =W =V = Z = 0. Thus, the singleton {E,} is the
. . dp
largest invariant subset of {(A, N,C,V,W,Z) d—tz = 0}. Consequently, the global

stability of E is confirmed by LaSalle’s invariance principle [42] when R¢c > 1 and
RN <Rc < Rew- U
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Appendix B. Proof of Theorem 6

Proof. Select a Lyapunov function P; as

A A ehm N N el ehm 1% 1%
P3 7A3(A73—1—11'1A73> +71N3<ﬁ3—1—1nﬁ3) + o C+010_3V3(V3—1—1nv3)

ehm ebhm t
W+ Z—Hyz/ A(s)C(s)ds
t

0204(1 — p1) 010305(1 — p2) -1
BO(A(N(s) o A(s)N(s)
—+ 771A3N3 /tf-rl (7A3N3 1—In 7A3N3 ds.

From Equation (3), E3 at the equilibrium state fulfills the conditions

 =xAsz+ 1’]1A3N3,
eblT

1 el
UEFNA VA !
(%1

71 A3N3 = o

37

ey N3V el @, v

% 3 0103

By utilizing the above conditions, the time derivative of P; can be provided as:

ﬂé_—ﬂA—A@z
ar A

bt b1
e22@y, e’1lyy (Vs — Vi)Z
0'20'4(1 _Pl) 0103 (Al)
A3 _ ATlNTl

A3 ATlNTl

By using the value of A3 and A¢ computed in the proof of Theorem 2, we obtain

+ 172(A3 — Aé)C —

Ar— A :eb2T2K®20'3773 eih2T2190'2772 1 771®3
2o 102172 K®; ko313

:eb2T2K®20'3173 (RC B RNV)
Yr 02172

Additionally, from the steady states E3 and E; computed in the proof of Theorem 2,

we obtain
- K®10'3 @5

Va3 — V- Ry —R —_
T Ty (N NV) o5175(1 — p2)

_ _ B 105
- [RN Ravv K®103(75775(1P2)}

Hence, Equation (A1) can be rewritten as:

dP3 —K(A - A3)2 eb272K®2(73773 ( ) eb2T2®4
=2 = + Rc—Rny |C— ———% W
dt A 102 co 7204(1 = p1)

th1
e K@1ﬂ5{ l/)1®5 :| |: <A3) (ATlN‘rl)]
+ B Ry — Ry — Z—mAsNs|G( 52 ) 46 Zo) |,
l/J10’1 N NV K®10’30’5175(1—p2) MA3N3 A A3N

105
) xk®1030545(1 — p2)
show that % =0if A= A3 N=N3,V="V3,and C = W = Z = 0. Thus, the singleton
dPs

{E3} is the largest invariant subset of {(A, N,C,V,W,2Z2) = 0}. Consequently,

LaSalle’s invariance principle assures the global stability of E3 when Ryy < Ry <

105
R dRc < Ryyv. O
NV + %©10305775(1 — 02) and K¢ < KNV

. One can

We see that % <0if Re < Ryyv and Ry < Ryv +
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Appendix C. Proof of Theorem 7

Proof. Take the Lyapunov function

A A ehm ehm C C ehm
,Z)=As — —1—In— N Cyl =— —1—In— 1%
Pa(ANCV.W.2) 4<A4 nA4>+ 51 N ) 4<C4 nC4>Jr171f73

e W W e ot
+ — ——1—ln—> _— 7+ / A(s)N(s)ds
0204(1 - p1) 4<W4 Wy 010305(1 — p2) s, (5)N(s)
b A(s)C(s) A(S)C(S)>
AsC / AV g 1y 288 4
T2t r—rz< AyCy A °

By using the steady state conditions at E4

0 = KAy +12A4Cy,

h2T2 hsz@
€ 4 € 2
12A4Cy = d CaWy + Cy,
%] %]
by bZTZG)
e e
4 CiWy = ——= W,
5} 0204(1 — p1)
we find
dP, Ay et @, el @
A (122 ) (kAs— KA Ay— AN — -
dt < A ) (ks —xA) +m (A= A1) 0103 010305(1 — p2)
Ay Ay ATzCTz 1 _ ATchz
K(A—Ag)?  eTk@oya(1 - p1) ( ) ehm@; el @5
=- + RN —Rew | N — - Z
A o1 N cw 0103 010305(1 — p2)

_ Ay AnCr
nasclo(F) vo (%))

By following the same reasoning given in Theorems 3-6, we find that E4 is GAS if
RN < Rew < Re. O

Appendix D. Proof of Theorem 8
Proof. Choose a Lyapunov function

A A ebh1m N N eb2m C C
PS(A,N,C,[/,W,Z) A5< 5 n 5>+ y 5<N5 I‘IN5>+ " C5< S n 5)

e e

W e
* )

S v+ —" W (——l—ln— - 7
0103 (720’4(1—p1) 5 W5 W5 0’1(730’5(1—p2)

't [ A(s)N(s) A(s)N(s)
+171A5N5/t771<7A5N5 ~1-m SR )ds

it A(s)C(s) A(s)C(s)
+;72A5c5/HZ< o B e e )ds.

At the equilibrium state, Es fulfils the following system of equations

% =xAs+ 771A5N5 + 172A5C5,
eb1T1®1

A=N= —
1711 As5Ns o

57

eb2T2 1,]4 eb2T2 @2

12 A5Cs = CsWs + Cs,

%)
hsz b2T2®
er N4 CsWs — e 4
p) 0204(1 — p1)
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By utilizing the above conditions, we find

dPs _—x(A=As)* | e nos e
dt A o1 010305(1 — p2)
A5 A5 AT] NT] AT] NT]
711 As5N5 (A h‘lj + AN In AN -2

As  AyuCo AwCo
A A5 4,45 2-D 2=
T2 5C5( A 2 T ac Mac 2)
7K(A — A5) eblTlKTB 171@3 eblTl 05
= RN —Rcw — -
A o1 ko313 010305(1 — p2)

— A5 ATl NT] _ A5 AT2 CT2
771A5N5 |:G<A> +G< A5N 772A5C5 G j +G TSC .

Thus, 725 < 0if Ry < Rew + 222 975 _ ) \when A = As, N = N, C = Cs, and
dt Ko3ys  dt
V = Z = 0. Let I'; be the largest invariant subset of I's = {(A, N,C,V,W,Z) % = 0}.

Therefore, the solutions of system (1) converge to I't, which comprises elements with
A =A5,N=N5,C =Cs,and V = Z = 0. From the third equation of system (1), we
conclude that W = Ws. It follows that I't = {Es}. Depending on LaSalle’s invariance
1193
KO313

principle [42], the steady state E5 is GASif Rc > Ryand Rew < Ry < Rew +

Appendix E. Proof of Theorem 9
Proof. Take a Lyapunov function

A A b7 b
Pe(A,N,C,V,W,Z) :A6<— 1 71n—> + e—m(ﬁ -1 7lnﬁ> + e—c6<£ 1 71n£>

Ag Ae o1 Ng Ne o Ce Ce
b ) ,
(efll;; Ve (% —lohn %) ozajlﬂi o1) + 0103;5(1111— 02)
+ 171146 Ng /tiﬁ (Agjizés) —1-In %)ds
+1246Cs /:TZ (Aﬁigis) ~1-In Aﬁzgs) )dsA

The steady state conditions at Eg are given by

¢ = xAg +111A6Ne + 172A6Cs,

e
11 AeNs =

112A6Ce =

el1tiy, NV — el @, Ve
01 0103
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After using the steady state conditions, we obtain

dP6 A6 ebm N4 ebl T 15
— =(1-— Ag — KA _— — W4+ —=(Vg—Vy)Z
7 ( A>(K 6 —KA)+ o (Co — C4)W + 103 (Ve —V7)
_ Ag _ Ag ATlNTl _ ATlNTl _
;71A6N6(—A In 2 + AN In AN 2

_ As 1,46 L AnCn | AnCh
;72A6C6( 2 In " + AcC In AcC 2
K(A — A6)2 ebZTZKTM l: 172@4 :| eb1T1®1775 (RN ~)
=— + Rc—Rnv — W + — —R|Z
A o212 €N koyna(1— py) o033 \ Re

_ ﬂ AT1NT1 o ﬁ ATZCTZ
111 A6 Ng |:G( A ) + G(iA(,N 12A6Ce |G A +G 7A6C .

dPs _ . 7204 RN o5 4Ps
Thus, — < 0if < —=—  —and — <R. — = henA=A
us, T <0i RC_RNV+KU4174(1*F)1) an RC_R T 0 when 6/
N = Ng, C = C4,and W = Z = 0. From the second equation of model (1), we find that
V = V. Let I'; be the largest invariant subset of I's = {(A, N,C,V,W,2Z) % = 0}.
This implies that I';, = {E¢}. In accordance with LaSalle’s invariance principle [42], the

. . RN _ 5 17204
steady state Eg is GASif1 < — < Rand Ryy < Rc < Rnyy + —————.
Y o Rc NV ¢ NV koana(1—p1)

Appendix F. Proof of Theorem 10
Proof. Consider a Lyapunov function

A blTl
PrAN,CVW,Z) A (A 1 ) 4 N (N o N
N, N,

A7 A7 (%]
eh2m c e v ( % L1 v ) e W
+ + L —l-In— |4 —
op3 nos \ Vg % 0204(1 — p1)
bt 7 7 ot
e
4+ 7 1ln>+ / A(s)C(s)ds
010305(1 — p2) 7(27 z;) "), (5)C(s)
't (A(s)N(s) A(S)N(S))
+ AN/ (—1—ln ds.
NA7N7 t-u \ AyNy A7N7

By using the following steady state conditions at E7

¢ =xAy +mA;Ny,

hm hng
3 e 1
UESNA VAN
(%1 01

e
71 A7Ny = 7,

)]
@N7V7 — £V7Z7 + —3V7,
% 0103 0103

5 vz Os

72y = ——————77.
0103 010305(1 — p2)
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We obtain
dP; Ay eb2T2®2 eh2f2®4
7 _(1-27)(kAr — kA Ay — c— W
dt < A)(K 7K )+;72< 7 0212 0’20’4(1—pl)
i (4 Ar, AaNo | AqNg
171A7N7( " n— + AN In AN 2
_ K(A — A7)2 N eb1T1®1172 <7~2 B 7—\’,]\]> B ﬂw
A 0'1171 RC 0'20'4(1 *Pl)
A7 ATlNTl
11 A7Ny7 [G( 2 ) + G( AN .

aP;

Thus, —* < 0if R < Ry 4Py

R—C. 7:0whenA:A7,N:N7,andC:W:O.

Then, from system (1) we find that V = V; and Z = Z;. Assume that I} is the largest

d
invariant subset of I'; = {(A, N,C,V,W,2Z) % = 0}. As a consequence, we obtain

I = {E7}. Based on LaSalle’s invariance principle [42], the steady state E7 is GAS if

~ 105 ~ RN
RN >R, Ry > Rnv + ,and R < —. [0
N N NV K®10'30’5175(1 — PZ) RC

Appendix G. Proof of Theorem 11

Proof. Choose a Lyapunov function Pg as follows

A A el N N
AN C,V,W,Z)=Ag| — —1—1In— Ng(——-1—1In—
Po(A,N.C, V. W.Z) 8<A8 nl“8>jL 51 8<N8 nNs)
b2T2 b]T]
e C C e 1% 1%
— —1—-In— Vsl — —1—In—
* op3 Cg(cs nC8)+U103 8<Vs nVs)
(2%0) W W bt
e e
Loy, <_1_1n)+z
0’20’4(1 — pl) 8 Wg Wg 0’10’30’5(1 — p2)

+171ANg /t (A(S)N(s) —1-In A(S>N(S>)ds

t-m \  AsNsg sNg

bt A(s)C(s) A(s)C(s)
A —r == —1—In———=)ds.
T BCS/HZ( AgCs " AgCs )

The steady state conditions at Eg are given by the following equations

¥ = xAg + 111 AsNs + 112 AsCs,
11 AgNg = ebl;iﬂg NgVs + eb1:1®1 8/
112AsCs = ey CsWs + 20, Cs,
%NSVS = %Vsl

C)
%CSWS - (72174(14—()1)W&
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After rearranging and using the above conditions, we obtain

dPs Ag eb171115 Ag Ag | Ay Ny Ag Ny
W —(1—7>(KA8—KA)+ o103 (Vg—V7)Z—771A8N8 I—h’lj-‘r AsN —In AgN -2
B As | Ag  AnCy  AyCh
’72A8C8< A Mt hac 2
_ K(A — A3)2 n eb1T1K®104774775(1 - Pl) |:RN — Rnv — 4]1—65
A 01172031304 + o1P104174(1 — py) k@1030515(1 — p2)
17204 1121130405 } [ <A8) (Afl Ny ﬂ
_ _ Z—1mAgNg |G| — | + G| ———
koyns(1—p1)  kO10440515(1 — p1)(1 — p2) e A AsN
. As\ , oA
P, . S S
Thus, i} < 0if Ry < Rnv + $195 12
dt KGIUZ%%“ —p2)  Kxoga(l—p1)
0,40 .
21322475 . It is easy to show that —° = 0 when A = Ag, N =

k@10417405175(1 — p1) (1 — p2) dt
Ng, C = C3, V= Vg, W = Wg, and Z = 0. Let I'; be the largest invariant sub-

set of Ig = {(A,N,C, V,W,Z7) % = 0}. It follows that Ty = {Eg}. Based on
LaSalle’s invariance principle [42], the steady state Eg is GAS if Ry > Rcw + Z;?;’ ,
313

105 17204
k@1030515(1 — p2)  Kkouna(1l —p1)

17204
Rc > Ryv + KU4174(1 Pl)’ and Ry < Ryv +
772773®4®5 0

k@1041740515(1 — p1)(1 — p2)°

Appendix H. Proof of Theorem 12
Proof. Choose a Lyapunov function Py as follows

Po(A,N,C,V,W,Z) :Ag(% 1 —ln%> + “’%ﬁNg(N% 1 —ln%>
b, b
=% 1) * =2 (% 1)
+ AN tiﬁ (AE:;II:IIQ(S) “1-In %)ds
+112A9Co /firz (AE:ZS(ES) —1—In %)d&

After rearranging and utilizing the steady state conditions, the time derivative of Py
is given by

APy k(A — Ag)? Ag Ag  Ag Ny A Ny,
i A mANo| = —In "+ = F "IN 2

A9 A9 A'rz C'rz ATZ CTZ
112A9Co <7 In A + AoC In W 2

_ K(A-Ag? Ag AgNg \1 Ao Ar,Cq,
= f 7]1A9N9 G 7 +G AgiN 1’]2A9C9 G 7 +G W .

We see that % < 0. It is easy to show that % = 0 at Eg. Let F’g be the largest

invariant subset of I'g = {(A, N,C,V,W,Z) dd% = O}. It follows that Ty = {Eq}.

Depending on LaSalle’s invariance principle [42], the steady state Eg is GAS. [
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