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Abstract: Wu introduced the interval range of fuzzy sets. Based on this, he defined a kind of
arithmetic of fuzzy sets using a gradual number and gradual sets. From the point of view of soft
computing, this definition provides a new way of handling the arithmetic operations of fuzzy sets.
The interval range is an important characterization of a fuzzy set. The interval range is also useful
for analyses and applications of arithmetic. In this paper, we present general conclusions on crucial
problems related to interval ranges of fuzzy sets induced by this arithmetic. These conclusions
indicate that the corresponding conclusions in previous works should be modified: firstly, we give
properties of the arithmetic and the composites of finite arithmetic. Then, we discuss the relationship
between the domain of a gradual set and the range of its induced fuzzy set, and the relationship
between the domain of a gradual set and the interval range of its induced fuzzy set. Based on the
above results, we present the relationship between the intersection of the interval ranges of a group
of fuzzy sets and the interval ranges of their resulting fuzzy sets obtained by compositions of finite
arithmetic. Furthermore, we construct examples to show that even under conditions stronger than
in previous work, there are still various possibilities in the relationship between the intersection of
interval ranges of a group of fuzzy sets and the ranges of their resulted fuzzy sets, and there are still
various possibilities in the relationship between the intersection of the interval ranges of a group of
fuzzy sets and the interval ranges of their resulting fuzzy sets.

Keywords: interval range; arithmetic; gradual numbers; gradual sets

1. Introduction

Since Zadeh [1] put forward the concept of a fuzzy set in 1965, the fuzzy set theory
has been widely used to handle uncertainties [2–4]. In 2008, new concepts of “gradual set”
and “gradual number” were introduced in fuzzy set theory [5,6]. The gradual set and the
gradual number are effective tools to study fuzzy sets, and have considerable applications
in soft computing and related areas [7–10].

Fortin, Dubois and Fargier [5] introduced the concept of a gradual number and
proposed the idea of representing a 1-dimensional fuzzy number as a crisp interval of
gradual numbers. Dubois and Prade [6] introduced the concept of a gradual set and put
forward the idea of inducing a fuzzy set by a gradual set or even an assignment function.

Fuzzy arithmetic are fundamental and essential in fuzzy set theory and widely used
in soft computing. Fuzzy arithmetic and studies related to fuzzy arithmetic have attracted
much attention [8,11–16]. For the need of theory and practical applications, various kinds
of fuzzy arithmetic are proposed and studied. It is well known that Zadeh’s extension
principle [17] can be used to induce the arithmetic operations of fuzzy sets.

Interval arithmetic play important roles in many kinds of fuzzy arithmetic. Recently,
Wu [15] proposed a new way to handle the arithmetic operations of fuzzy sets which does
not directly use the interval arithmetic. In this paper, we discuss the relationship between
the arithmetic defined by Wu and the interval arithmetic (see Section 3).
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Wu [15] introduced the concept of the interval range of a fuzzy set. Based on the use
of an interval range, he introduced the arithmetic operations of fuzzy sets in R by using
gradual sets and gradual numbers.

According to Wu’s definition, the resulted fuzzy sets of arithmetic operations of two
fuzzy sets are defined as the induced fuzzy sets of the gradual sets on the intersection
of the interval ranges of these two fuzzy sets. These gradual sets were generated from
the arithmetic of gradual numbers. Here, we mention that in extreme cases, the gradual
sets will be replaced by an assignment function with its value at each element being the
empty set. Wu’s definition provides a new way of handling the arithmetic operations of
fuzzy sets.

The interval range is an important characterization of a fuzzy set. The interval range
is also useful for the analyses and applications of this arithmetic. Therefore, the discussions
on the interval ranges are essential and important in the study of arithmetic operations
given by Wu [15].

Wu [15] claimed that, under certain conditions, the domain of a gradual set is equal to
the range of its induced fuzzy set.

On the basis of this, Wu [15] claimed that the intersection of the interval ranges of
two fuzzy sets is equal to the interval ranges of the resulted fuzzy sets obtained by the
arithmetic operations of these two fuzzy sets.

Furthermore, Wu [15] claimed that, under certain conditions, the intersection of the
interval ranges of a group of fuzzy sets, the interval ranges and the ranges of their resulted
fuzzy sets obtained by compositions of finite arithmetic operations are equal.

In this paper, we pointed out that the above conclusions in [15] should be modified.
Based on investigations into the properties of the arithmetic and the composites of finite
arithmetic, we further give general conclusions on the above relationships in [15]. Examples
are constructed to illustrate various possibilities in the relationships.

Here, we should mention that our results are complementary to [15], not in competi-
tion with [15].

The remainder of this paper is organized as follows. Section 2 recalls some basic
concepts about fuzzy sets, gradual sets and gradual numbers. Section 3 reviews the
arithmetic of fuzzy sets in R introduced by Wu [15]. Furthermore, we give some properties
of the arithmetic and the composites of finite arithmetic. In Sections 4–6, we point out
that some conclusions on interval ranges and ranges in [15] should be modified, and have
presented general conclusions. Section 4 discusses the domain of a gradual set and the
interval range and range of its induced fuzzy set. Section 5 considers the intersection of the
interval ranges of a group of fuzzy sets and the interval ranges of their resulted fuzzy sets
obtained by compositions of finite arithmetic. Section 6 investigates the intersection of the
interval ranges of a group of fuzzy sets and the ranges and interval ranges of their resulted
fuzzy sets under certain conditions. Finally, we draw our conclusions in Section 7.

2. Fuzzy Sets, Gradual Sets and Gradual Numbers

In this section, we recall some basic concepts about fuzzy sets, gradual sets and
gradual numbers. For details, we refer the readers to [2,5,6,18].

Let X be a topology space; that is, X is a non-empty set equipped with a topological
structure. A fuzzy set A in X can be identified with its membership function A : X → [0, 1].
We use F(X) to denote the set of all fuzzy sets in X.

For a subset S of X, we use SX to denote the characteristic function of S on X, mean-
ing that:

SX(x) =
{

1, if x ∈ S,
0, if x ∈ X \ S.

SX can be regarded as a fuzzy set in X.
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Let A be a fuzzy set in X. Then, the α-cut set of A is defined as

[A]α =

{
{x : A(x) ≤ α}, α > 0,
clX{x : A(x) > 0}, α = 0,

where clX{S} denotes the closure of S in X.
Let R be the real number space. Let S be a set of real numbers. In this paper, we use

cl{S} to denote clR{S} and use S to denote the fuzzy set SR in R.
Fuzzy set A is said to be normalif [A]1 6= ∅. The fuzzy number is a type of normal

fuzzy set which has been exhaustively studied [5,19,20]. It should be mentioned that, in
theoretical research and practical applications, discussions about fuzzy sets are often in
frameworks containing non-normal fuzzy sets [10,15,21]. In this paper, the discussion is on
general fuzzy sets including normal fuzzy sets and non-normal fuzzy sets.

Let A be a fuzzy set in X. The range of A is denoted byR(A). Wu [15] introduced the
interval rangeIA of A, which is defined by

IA :=
{

[0, supR(A)], if supR(A) is attained;
[0, supR(A)), if supR(A) is not attained.

That is to say IA = {α ∈ [0, 1] : α ≤ β for some β ∈ R(A)}.
Dubois and Prade [6] first introduced the concept of gradual set and proposed the

idea of using a gradual set to induce a fuzzy set (see Definitions 2 and 4 in [6]).
The definition of a gradual set according to Wu [15] is different from the definition of

a gradual set according to Dubois and Prade [6]. Wu [15] defined the gradual set as follows
(see Definition 3.1 in [15]):

• A gradual set µ of X is an assignment function µ : I → P(X) \ {∅}, where I is a subset
of [0, 1].

A gradual set of X is a special type of assignment function on I ⊆ [0, 1].
We introduce the fuzzy set Fµ induced by an assignment function µ : I → P(X),

I ⊆ [0, 1], which is defined by

Fµ(x) = sup{α ∈ (0, 1] ∩ I : x ∈ µ(α)}. (1)

In this paper, we set sup ∅ = 0 by default.
It can be seen that Fµ can also be written as

Fµ(x) = sup
α∈I

α · µ(α)X(x). (2)

Wu [15] defined the fuzzy set induced from a gradual set by (2) (see Equation (10)
in [15]).

Remark 1. The way to induce a fuzzy set from an assignment function given by (1) is consistent
with the ways to induce a fuzzy set from a gradual set given by Wu [15] and Dubois and Prade [6],
respectively. These ways of inducing fuzzy sets essentially come from [6].

Fortin, Dubois and Fargier [5] first introduced the concept of gradual number. They
proposed how to represent a 1-dimensional fuzzy number as a crisp interval of grad-
ual numbers.

Wu [15] slightly modified the concept of gradual number as follows:

• A gradual number a in R is an assignment function a : I → R, where I is a subset
of [0, 1].

Wu’s modified definition of a gradual number is more convenient to deal with non-
normal fuzzy sets.
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A gradual number a is said to be an element of a fuzzy set A in F(R), denoted by
a ∈ A, if a is defined on IA and a(α) ∈ [A]α for each α ∈ IA.

3. Arithmetic of Fuzzy Sets in F(R) Using Gradual Number

In this section, we review the arithmetic of fuzzy sets in F(R) introduced by Wu [15].
Furthermore, we give properties of the arithmetic and the composites of finite arithmetic,
which are useful in this paper.

Wu [15] introduced the arithmetic operations of two gradual numbers which are
elements of two fuzzy sets in F(R), respectively.

Based on this, Wu [15] defined the arithmetic operations of two fuzzy sets in F(R)
as follows.

First, a gradual set or an assignment function, which is not a gradual set, is generated
from the corresponding arithmetic of gradual numbers in these two fuzzy sets, respectively.
The domain of this gradual set or this assignment function is the intersection of interval
ranges of these two fuzzy sets. Then, the resulted fuzzy set of the arithmetic operation is
induced from this gradual set or this assignment function.

In this paper, we still use +,−×, / to denote the arithmetic operations of fuzzy sets in
F(R) introduced by Wu [15].

Suppose that A and B are two fuzzy sets in R, and that ◦ ∈ {+,−,×, /} is an
arithmetic operation. For two gradual numbers a ∈ A and b ∈ B, we use I∩ to denote
IA ∩ IB, and the arithmetic operation a ◦ b is defined by

(a ◦ b)(α) = a(α) ◦ b(α)

for all α ∈ I∩.
a ◦ b is said to be meaningful if {α ∈ I∩ : a(α) ◦ b(α) is meaningful} = I∩, at this time,

and a ◦ b is a gradual number on I∩, otherwise a ◦ b is meaningless.
Therefore, taking ◦ ∈ {+,−,×}, then a ◦ b is meaningful; taking ◦ = /, then a ◦ b is

meaningful if and only if the set Mb := {α ∈ I∩ : b(α) 6= 0} satisfies that Mb = I∩.
The family {a ◦ b : a ∈ A, b ∈ B with a ◦ b is meaningful} induces an assignment

function σ : I∩ → P(R) given by

σ(α) = {(a ◦ b)(α) : a ∈ A, b ∈ B with a ◦ b is meaningful}. (3)

Using this assignment function σ, A ◦ B is defined by

(A ◦ B)(x) = sup
α∈I∩

α · σ(α)(x). (4)

From the above definition, A/B is given by

(A/B)(x) = sup
α∈I∩

α · σ(α)(x)

= sup
α∈I∩

α · {a(α)/b(α) : a ∈ A, b ∈ B with b(α) 6= 0 for all α ∈ I∩}(x). (5)

Remark 2. Here, we slightly adjust the presentation of the definition of A ◦ B to improve the
accuracy and clarity of the presentation. Readers may compare it with the corresponding contents
in Section 4 of [15].

Remark 3. From (4), we know that A ◦ B = Fσ, where σ is given by (3).
If the family {a ◦ b : a ∈ A, b ∈ B with a ◦ b is meaningful} 6= ∅, then σ is a gradual set

from I∩ to P(R) \ ∅; if the family {a ◦ b : a ∈ A, b ∈ B with a ◦ b is meaningful} = ∅, then
σ(α) = ∅ for all α ∈ I∩.

Let [A]α ◦ [B]α := {z : z = x ◦ y with x ∈ [A]α, y ∈ [B]α}. Then:

(i) If ◦ ∈ {+,−,×}, then σ(α) = [A]α ◦ [B]α for all α ∈ I∩.
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(ii) If ◦ = / and there exists a b ∈ B satisfying that b(α) 6= 0 for all α ∈ I∩, then
σ(α) = [A]α/[B]α for all α ∈ I∩.

(iii) If ◦ = / and there is no b ∈ B satisfying that b(α) 6= 0 for all α ∈ I∩, then σ(α) = ∅ for
all α ∈ I∩.

Proposition 1. Let A and B be fuzzy sets in F(R). Then, A ◦ B = ∅ if and only if A, B satisfy
one of the following conditions.

(i) A = ∅ or B = ∅; that is I∩ = {0}.
(ii) A 6= ∅, B 6= ∅, ◦ = /, and there is no b ∈ B satisfying that b(α) 6= 0 for all α ∈ I∩.

Proof. The desired result follows from the definition of A ◦ B.

Suppose that f is a composite of the finite arithmetic operations of real numbers. The
symbol f̃ denotes the corresponding composite of finite arithmetic operations of fuzzy sets
in R.

For instance, if f (x, y, z) = (x− y)× z for x, y, z ∈ R, then f̃ (u, v, w) = (u− v)× w
for u, v, w ∈ F(R).

For f̃ (A1, . . . , An), we use I∩ to denote
⋂⋂⋂n

i=1 IAi . If f̃ (A1, . . . , An) is A ◦ B, then
I∩ = IA ∩ IB.

The symbol f ([A1]α, . . . , [An]α) is used to denote the set:

{z : z = f (x1, . . . , xn) with xi ∈ [Ai]α, i = 1, . . . , n}.

Theorem 1. Let f be a composite of finite arithmetic operations of real numbers and for each
i = 1, . . . , n, let Ai be a fuzzy set in F(R). Furthermore, let µ be an assignment function from I∩

to P(R) defined as µ(α) = f ([A1]α, . . . , [An]α).

(i) If Ai = ∅ for some i ∈ {1, . . . , n}, i.e, I∩ = {0}, then f̃ (A1, . . . , An) = Fµ = ∅.
(ii) If f̃ (A1, . . . , An) 6= ∅, then f̃ (A1, . . . , An) = Fµ.
(iii) If f is a composition of ◦ ∈ {+,−,×}, then f̃ (A1, . . . , An) = Fµ.

Proof. From Proposition 1, (i) is true.
If f̃ (A1, . . . , An) 6= ∅, then I∩ % {0}. By using Remark 3, we can deduce that

f̃ (A1, . . . , An) = Fµ. So (ii) is true.
Suppose that f is a composition of ◦ ∈ {+,−,×}. Then f̃ (A1, . . . , An) = ∅ if and

only if Ai = ∅ for some i ∈ {1, . . . , n}. Thus, (iii) follows from (i) and (ii).

4. Ranges and Interval Ranges of Induced Fuzzy Sets

It is claimed in [15] that under certain kinds of conditions, the domain I of a gradual
set µ is equal to the rangeR(Fµ) of its induced fuzzy set Fµ.

In this section, we point out by examples that these conclusions should be modified.
R(Fµ) 6= I can be divided into three cases: “R(Fµ) % I”, “R(Fµ) $ I”, and “R(Fµ) " I
and I # R(Fµ)”. In fact, we show that even under stronger conditions, all these three cases
could happen.

Furthermore, we give the relationship between I and R(Fµ), and the relationship
between I and the interval range IFµ of the induced fuzzy set Fµ.

The conclusions in this section show that for a gradual set µ and its induced fuzzy set
Fµ, the interval range IFµ and the rangeR(Fµ) of Fµ vary in the scope determined by the
domain I of µ, respectively. On the other hand, even under stronger conditions than in [15],
bothR(Fµ) 6= I and IFµ 6= I could happen.

An assignment function µ : I → P(X) is said to be strictly nested if µ(α) $ µ(β) for
α, β ∈ I with α > β.

Affirmation 1 ([15]). (See Remark 3.5 and Proposition 3.6 of [1]) Let µ : I → P(X) \ {∅} be a
gradual set:
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(i) If I = [0, α] or I = [0, α), α > 0, thenR(Fµ) = I.
(ii) If µ is strictly nested, thenR(Fµ) = I.

Remark 4. Affirmation 1 is not valid. In fact, even if the gradual set µ : I → P(R) \ {∅} satisfies:

(i′) I = [0, α] or I = [0, α), α > 0, and
(ii′) µ is strictly nested,

all the three cases “R(Fµ) % I”, “R(Fµ) $ I”, and “R(Fµ) " I and I # R(Fµ)” could
happen. The following three examples correspond to these three cases, respectively.

Example 1. Let the gradual set µ : [0, 1
2 )→ P(R) \ {∅} be defined as

µ(α) = [α− 1, 1− α] for α ∈ [0,
1
2
).

Then, µ is strictly nested and:

Fµ(x) =


1 + x, x ∈ [−1,−1/2],
1/2, x ∈ [−1/2, 1/2],
1− x, x ∈ [1/2, 1],
0, otherwise.

Thus, [0, 1/2] = R(Fµ) % I = [0, 1/2).

Example 2. Let the gradual set µ : [0, 1]→ P(R) \ {∅} be defined as

[µ]α =

{
[−1/2, 1− α), α ∈ [1/2, 1],
[α− 1, 1/2), α ∈ [0, 1/2].

Then, µ is strictly nested and:

Fµ(x) =


1 + x, x ∈ (−1,−1/2),
1, x = [−1/2, 0],
1− x, x ∈ (0, 1/2),
0, otherwise.

Thus, [0, 1/2) ∪ (1/2, 1] = R(Fµ) $ I = [0, 1].

Example 3. Let the gradual set µ : [0, 1)→ P(R) \ {∅} be defined as

[µ]α =

{
[−1/2, 1− α), α ∈ [1/2, 1),
[α− 1, 1/2), α ∈ [0, 1/2].

Then, I = [0, 1), µ is strictly nested and:

Fµ(x) =


1 + x, x ∈ (−1,−1/2),
1, x = [−1/2, 0],
1− x, x ∈ (0, 1/2),
0, otherwise.

Thus,R(Fµ) = [0, 1/2) ∪ (1/2, 1] and IFµ = [0, 1]. Therefore,R(Fµ) " I and I " R(Fµ).

We have the following conclusions on the relationship betweenR(Fµ) and I, and the
relationship between IFµ and I.

Proposition 2. Given a gradual set µ : I → P(X) \ {∅}, then:

R(Fµ) \ {0} ⊆ cl{I \ {0}},
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Î ⊆ IFµ ⊆ [0, sup I],

where Î = {α ∈ [0, 1] : α ≤ β for some β ∈ I}.

Proof. If Fµ(x) > 0, then there exists {αn} ⊆ I \ {0}, such that x ∈ µ(αn) and sup αn =
Fµ(x). Thus, we knowR(Fµ) \ {0} ⊆ cl{I \ {0}} and IFµ ⊆ [0, sup I].

If x ∈ µ(α) for some α ∈ I, then Fµ(x) ≥ α. Therefore, we have Î ⊆ IFµ .

Remark 5. Note that [0, sup I] \ Î ⊆ {sup I}. Thus, by Proposition 2, IFµ has two possibilities:
Î and [0, sup I] (in some cases, these two are the same).

Clearly, if sup I ∈ I, then sup I ∈ R(Fµ).
Even gradual set µ satisfies the conditions (i′) and (ii′) in Remark 4, and each “⊆” in

Proposition 2 could be “$”.
Example 3 shows thatR(Fµ) \ {0} $ cl{I \ {0}} and Î $ IFµ could happen. The following

Example 4 shows that IFµ $ [0, sup I] could happen.

Example 4. Let the gradual set µ : [0, 1)→ P(R) \ {∅} be defined as µ(α) = [α, 1). Then,

Fµ(x) =
{

x, x ∈ [0, 1),
0, otherwise.

SoR(Fµ) = IFµ = [0, 1) $ [0, 1] = [0, sup I].

Remark 6. Let µ : I → P(X) \ {∅} be a gradual set. Note that I ⊆ Î. Thus, by Proposition 2,
I ⊆ IFµ .

From Remark 4, we can see that even conditions (i′) and (ii′) are satisfied, then I $ IFµ could
happen. Clearly, at this time,R(Fµ) * I.

In fact, if µ satisfies condition (i′), then I $ IFµ ⇔R(Fµ) * I ⇔ sup I /∈ I and sup I ∈ IFµ

⇔ sup I /∈ I and sup I ∈ R(Fµ).

5. Interval Ranges of Compositions of Arithmetic

It was claimed in [15] that IA◦B is equal to I∩. In this section, we point out by
examples that this conclusion should be modified. Furthermore, based on the results in
Sections 3 and 4, we discussed the relationship between I f̃ (A1,...,An)

and I∩.

Note that either I∩ ⊆ I f̃ (A1,...,An)
or I∩ % I f̃ (A1,...,An)

. We give the characterizations of
all these two cases, respectively. Moreover, we give the relationship between I f̃ (A1,...,An)

and I∩ in some particular cases. As a corollary of the above results, we illustrate the
relationship between IA◦B and I∩.

The conclusions in this section show that I f̃ (A1,...,An)
vary in the scope determined

by I∩.

Affirmation 2 ([15]). (see Section 4 of [15]) Suppose that A, B ∈ F(R) and ◦ ∈ {+,−,×, /}.
Then, IA◦B = I∩ (here I∩ = IA ∩ IB).

It can be checked that the Affirmation 2 is equivalent to the following Affirmation 3.

Affirmation 3. Supposing that f is a composite of the finite arithmetic operations of real numbers
and that Ai ∈ F(R), i = 1, . . . , n. Then, I f̃ (A1,...,An)

= I∩ (here I∩ =
⋂n

i=1 IAi ).

Affirmation 2 is not valid. The following example shows that, for each ◦ ∈ {+,−,×, /},
I∩ $ IA◦B could happen.
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Example 5. Let A be a fuzzy set in R defined as

A(x) =
{
−0.5x + 1.5, x ∈ (1, 3),
0, otherwise,

and let B be a fuzzy set in R defined as

B(x) =


0.5x + 1.5, x ∈ (−3,−1),
−0.5x + 1.5, x ∈ (1, 3),
1.5− 50/x, x ∈ (100/3, 100),
0, otherwise.

Then, IA = IB = [0, 1) and hence I∩ = [0, 1).
Since:

[A]α =

{
(1, 3− 2α], α ∈ (0, 1),
∅, α = 1,

and:

[B]α =

{
[2α− 3,−1) ∪ (1, 3− 2α] ∪ [100/(3− 2α), 100), α ∈ (0, 1),
∅, α = 1,

we have for all α ∈ (0, 1):

0 ∈ [A]α + [B]α,

0 ∈ [A]α − [B]α,

100 ∈ [A]α × [B]α,

1 ∈ [A]α/[B]α.

So by Remark 3:

(A + B)(0) = 1,

(A− B)(0) = 1,

(A× B)(100) = 1,

(A/B)(1) = 1,

and thus:

I∩ = [0, 1) $ [0, 1] = IA+B,

I∩ = [0, 1) $ [0, 1] = IA−B,

I∩ = [0, 1) $ [0, 1] = IA×B,

I∩ = [0, 1) $ [0, 1] = IA/B.

Now we discuss the relationship between I∩ and I f̃ (A1,...,An)
. Their relationship

can be divided into two cases: I∩ ⊆ I f̃ (A1,...,An)
or I∩ % I f̃ (A1,...,An)

. The following
Theorems 2 and 3 give characterizations of these two cases, respectively.

Theorem 2. Let f be a composite of finite arithmetic operations of real numbers and for each
i = 1, . . . , n, let Ai be a fuzzy set in F(R). Then, I f̃ (A1,...,An)

⊆ cl{I∩} and the following
statements are equivalent:

(i) I∩ ⊆ I f̃ (A1,...,An)
.

(ii) I∩ ⊆ I f̃ (A1,...,An)
⊆ cl{I∩}.

(iii) Ai = ∅ for some i ∈ {1, . . . , n} or f̃ (A1, . . . , An) 6= ∅.

Proof. If f̃ (A1, . . . , An) = ∅, then I f̃ (A1,...,An)
= {0} ⊆ cl{I∩}.
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Let µ be the assignment function from I∩ to P(R) defined by µ(α) = f ([A1]α, . . . , [An]α).
If f̃ (A1, . . . , An) 6= ∅, then by Theorem 1, f̃ (A1, . . . , An) = Fµ. Thus, by Proposition 2,

I f̃ (A1,...,An)
⊆ [0, sup I∩] = cl{I∩}.

Therefore, I f̃ (A1,...,An)
⊆ cl{I∩}, and from this fact, we have (i)⇔ (ii).

If (iii) holds, then by Theorem 1, f̃ (A1, . . . , An) = Fµ. Note that Î∩ = I∩ and
[0, sup I∩] = cl{I∩}. Therefore, by Proposition 2, (ii) holds. Thus, (iii)⇒ (ii).

Suppose I∩ ⊆ I f̃ (A1,...,An)
. If Ai 6= ∅ for all i ∈ {1, . . . , n}, then {0} $ I∩, and therefore

{0} $ I f̃ (A1,...,An)
. Thus, f̃ (A1, . . . , An) 6= ∅. Therefore, we have (i)⇒ (iii).

Theorem 3. Let f be a composite of finite arithmetic operations of real numbers and for each
i = 1, . . . , n, let Ai be a fuzzy set in F(R). Then, the following statements are equivalent:

(i) I∩ % I f̃ (A1,...,An)
.

(ii) I∩ % {0} and I f̃ (A1,...,An)
= {0}.

(iii) Ai 6= ∅ for all i ∈ {1, . . . , n} and f̃ (A1, . . . , An) = ∅.

Proof. The desired results follow immediately from Theorem 2.

The situation described in clause (iii) of Theorem 3 could happen. The following
Example 6 gives an example of A 6= ∅, B 6= ∅ and A/B = ∅.

Example 6. Let A and B be fuzzy sets in F(R) defined as A = {1} and:

B(x) =


1, x = 0,
0.6, x = 1,
0, otherwise.

Then, I∩ = [0, 1]. Note that there is no gradual number a, b with a ∈ A and b ∈ B with a/b
being meaningful. Hence, the assignment function σ corresponding to A/B satisfies σ(α) = ∅ for
all α ∈ [0, 1]. Therefore, from (4) or (5), A/B = ∅.

Clearly, at this time, I∩ = [0, 1] % {0} = IA/B.

Theorem 4 illustrates the relationship between I∩ and I f̃ (A1,...,An)
in some particu-

lar cases.

Theorem 4. Let f be a composite of finite arithmetic operations of real numbers and for each
i = 1, . . . , n, let Ai be a fuzzy set in F(R):
(i) If Ai = ∅ for some i ∈ {1, . . . , n}, then f̃ (A1, . . . , An) = ∅. At this time, I∩ =

I f̃ (A1,...,An)
= cl{I∩} = {0}.

(ii) If f is a composition of ◦ ∈ {+,−,×}, then I∩ ⊆ I f̃ (A1,...,An)
⊆ cl{I∩}.

Proof. (i) obviously holds.
Suppose that f is a composition of ◦ ∈ {+,−,×}. Let µ be the assignment function

from I∩ to P(R) defined by µ(α) = f ([A1]α, . . . , [An]α). Then, by Theorem 1, f̃ (A1, . . . , An) =

Fµ. Note that Î∩ = I∩ and [0, sup I∩] = cl{I∩}. Thus, by Proposition 2, (ii) holds.

Remark 7. (ii) of Theorem 4 can also be proved as follows:
Suppose that f is a composition of ◦ ∈ {+,−,×} and that for each i = 1, . . . , n, Ai is a fuzzy

set in F(R). Note that either Ai = ∅ for some i ∈ {1, . . . , n} or f̃ (A1, . . . , An) 6= ∅. Thus, by
Theorem 2, the (ii) of Theorem 4 holds.

We have the following conclusions on IA◦B and I∩.

Corollary 1. Let A and B be fuzzy sets in F(R):
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(i) If ◦ ∈ {+,−,×}, then I∩ ⊆ IA◦B ⊆ cl{I∩}.
(ii) I∩ ⊆ IA/B ⊆ cl{I∩} if and only if at least one of the following three items holds: A = ∅,

B = ∅, and A/B 6= ∅.

Proof. The desired results follow from Theorems 2 and 4.

For each ◦ ∈ {+,−,×, /}, IA◦B = I∩ and IA◦B 6= cl{I∩} could happen. The following
Example 7 is a such example.

Example 7. Consider A in F(R) defined by

A(x) =
{

x, x ∈ [0, 1),
0, otherwise.

Then, IA = [0, 1).
It can be checked that:

IA+{1} = IA−{1} = IA×{1} = IA/{1} = I∩ = [0, 1) $ [0, 1] = cl{I∩}.

Remark 8. From Theorems 2 and 3, examples in this section and the fact cl{I∩} \ I∩ ⊆ {sup I},
we have:

(i) I f̃ (A1,...,An)
has three possibilities: {0}, I∩ and cl{I∩} (in some cases, all or part of these three

are the same).
(ii) I∩ $ I f̃ (A1,...,An)

$ cl{I∩} is impossible.

(iii) If I∩ = cl{I∩} and I f̃ (A1,...,An)
6= {0}, then I∩ = I f̃ (A1,...,An)

= cl{I∩}.
(ii) and (iii) can also be seen as corollaries of (i).

6. Discussions on Ranges and Interval Ranges of Compositions of Arithmetic

In [15], it is claimed that I f̃ (A1,...,An)
,R( f̃ (A1, . . . , An)) and I∩ are equal under certain

conditions. In this section, we show by examples that this affirmation is not valid.
R( f̃ (A1, . . . , An)) 6= I∩ can be divided into three cases: “R( f̃ (A1, . . . , An)) % I∩”,

“R( f̃ (A1, . . . , An)) $ I∩” and “R( f̃ (A1, . . . , An)) " I∩ and I∩ # R( f̃ (A1, . . . , An))”.
In this section, it is shown that even under stronger conditions than in [15], all the

above three cases ofR( f̃ (A1, . . . , An)) 6= I∩ could happen.
I f̃ (A1,...,An)

has three possibilities: {0}, I∩ and cl{I∩} (see Remark 8). I f̃ (A1,...,An)
6= I∩

can be divided into two cases: “I f̃ (A1,...,An)
6= I∩ and I f̃ (A1,...,An)

= {0}” and “I f̃ (A1,...,An)
6=

I∩ and I f̃ (A1,...,An)
= cl{I∩}”.

In this section, it is shown that under the conditions in [15], both the above two
cases of I f̃ (A1,...,An)

6= I∩ could happen, and even under stronger conditions than in [15],
“I f̃ (A1,...,An)

6= I∩ and I f̃ (A1,...,An)
= cl{I∩}” could happen.

The conclusions in this section show that even under stronger conditions than in [15],
I f̃ (A1,...,An)

,R( f̃ (A1, . . . , An)) and I∩ may still be unequal.
A fuzzy set A is said to be a canonical fuzzy set if [A]α 6= [A]β for all α, β ∈ [0, 1] with

α 6= β.

Affirmation 4 ([15]). (See Proposition 4.5 of [15].) Let f be a composite of finite arithmetic
operations of real numbers and for each i = 1, . . . , n, let Ai be a fuzzy set in R. If some of
A1, . . . , An are canonical fuzzy sets in R, then the assignment function µ : I∩ → P(R) defined by
µ(α) = f ([A1]α, . . . , [An]α) is strictly nested, and therefore:

R( f̃ (A1, . . . , An)) = I f̃ (A1,...,An)
= I∩. (6)
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Affirmation 4 is not valid. This can be drawn from the facts listed below. Note that if
A is a canonical fuzzy set, then IA = [0, 1] or [0, 1).

• There exist canonical fuzzy sets A1, . . . , An such that f̃ (A1, . . . , An) = ∅. In this
case, I∩ = [0, 1] or [0, 1), and R( f̃ (A1, . . . , An)) = I f̃ (A1,...,An)

= {0}. Therefore,

R( f̃ (A1, . . . , An)) 6= I∩ and I f̃ (A1,...,An)
6= I∩.

• Let A be a canonical fuzzy set. Then, A ◦ R = R, where ◦ ∈ {+,−,×, /}. In this
case, I∩ = IA ∩ IR = [0, 1] or [0, 1), R(A ◦ R) = {1} and IA◦R = [0, 1]. Thus,
R(A ◦R) 6= I∩. Furthermore, IA◦R 6= I∩ when I∩ = [0, 1).

Affirmation 4 is still not valid when the above cases are excluded.
Consider conditions:

(a) f̃ (A1, . . . , An) 6= ∅, and
(b) for each i = 1, . . . , n, Ai is a canonical fuzzy set in R.

Then, conditions (a) and (b) are stronger than that in Affirmation 4. If A1, . . . , An and
f satisfy conditions (a) and (b), then the above cases are excluded.

We will show that even A1, . . . , An and f satisfy conditions (a) and (b), the conclusions
in Affirmation 4 do not necessarily hold.

The following Example 8 shows that µ is not necessarily strictly nested even if
A1, . . . , An and f satisfy conditions (a) and (b).

Example 8. Let A be a fuzzy set defined as

[A]α = [2, 6− 3α] ∪ [6, 7]

for α ∈ [0, 1], and let B be a fuzzy set defined as

[B]α = [1, 3− α] ∪ [3, 9]

for α ∈ [0, 1]. Then, A, B are canonical fuzzy sets in R.
Note that for all α ∈ [0, 1]:

[A]α × [B]α = [2, 63].

Thus, the gradual set µ : [0, 1] → P(R) \ {∅} given by µ(α) = [A]α × [B]α is not
strictly nested.

Remark 9. For A, B in Example 8, by Remark 3, we have:

A× B = Fµ = [2, 63].

Thus, {1} = R(A× B) $ IA×B = IA ∩ IB = [0, 1]. Therefore, (6) does not necessarily hold
that A1, . . . , An and f satisfy conditions (a) and (b).

Remark 10. In fact, even A1, . . . , An and f satisfy:

(a) f̃ (A1, . . . , An) 6= ∅,
(b) for each i = 1, . . . , n, Ai is a canonical fuzzy set in R, and
(c) µ is strictly nested,

all the three cases “R( f̃ (A1, . . . , An)) % I∩”, “R( f̃ (A1, . . . , An)) $ I∩” and “R( f̃ (A1, . . . , An)) "
I∩ and I∩ # R( f̃ (A1, . . . , An))” ofR( f̃ (A1, . . . , An)) 6= I∩ could happen. The following three
examples correspond to these three cases, respectively.

Example 9. Let A be a fuzzy set in R defined as

A(x) =
{

x, x ∈ [0, 1),
0, otherwise.



Mathematics 2021, 9, 1351 12 of 15

Then, IA = [0, 1) and:

[A]α =


∅, α = 1,
[α, 1), 0 < α < 1,
[0, 1], α = 0.

Hence, A is a canonical fuzzy set, and the gradual set µ : [0, 1)→ P(R) \ {∅} given by

µ(α) = [A]α − [A]α =

{
(α− 1, 1− α), 0 < α < 1,
[−1, 1], α = 0,

is strictly nested.
So, by Remark 3,

(A− A)(x) = Fµ(x) =


1 + x, x ∈ [−1, 0],
1− x, x ∈ [0, 1],
0, otherwise,

and thus
[0, 1] = R(A− A) = IA−A % I∩ = [0, 1).

Example 10. Let A be the fuzzy set derived from the gradual set given in Example 3; that is:

[A]α =

{
[−1/2, 1− α], α ∈ (1/2, 1],
[α− 1, 1/2), α ∈ [0, 1/2].

Hence, A is a canonical fuzzy set and

[A]α + [A]α =

{
[−1, 2− 2α], α ∈ (1/2, 1],
[2α− 2, 1), α ∈ [0, 1/2].

Therefore, we have the gradual set µ : [0, 1]→ P(R) \ {∅} given by µ(α) = [A]α + [A]α is
strictly nested and by Remark 3:

(A + A)(x) = Fµ(x) =


1 + x/2, x ∈ (−2,−1),
1, x = [−1, 0],
1− x/2, x ∈ (0, 1),
0, otherwise.

Thus, [0, 1/2) ∪ (1/2, 1] = R(A + A) $ I∩ = IA+A = [0, 1].

Example 11. Let A be the fuzzy set in R defined as

A(x) =


x + 1, −1 < x < −0.5,
0.6, x = −0.5,
−x + 0.5, −0.5 < x < 0,
0, otherwise,

and let B be the fuzzy set in R defined as

B(x) =


−x + 0.5, −0.5 < x < 0,
0.6, x = 0,
−0.5x + 0.5, 0 < x < 1,
0, otherwise.
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Then:

[A]α =


[−1, 0], α = 0,
[α− 1, 0), 0 < α ≤ 0.5,
[−0.5,−α + 0.5], 0.5 < α ≤ 0.6,
(−0.5,−α + 0.5], 0.6 < α < 1,
∅, α = 1,

and:

[B]α =


[−0.5, 1], α = 0,
(−0.5, 1− 2α], 0 < α ≤ 0.5,
(−0.5,−α + 0.5] ∪ {0}, 0.5 < α ≤ 0.6,
(−0.5,−α + 0.5], 0.6 < α < 1,
∅, α = 1.

Hence, A and B are canonical fuzzy sets, and:

[A]α − [B]α =


[−2, 0.5], α = 0,
[−2 + 3α, 0.5), 0 < α ≤ 0.5,
[−0.5,−α + 1), 0.5 < α ≤ 0.6,
(−1 + α,−α + 1), 0.6 < α < 1,
∅, α = 1.

Therefore, we have the gradual set: µ : [0, 1) → P(R) \ {∅} given by µ(α) = [A]α − [B]α
which is strictly nested and:

(A− B)(x) = Fµ(x) =


(x + 2)/3, −2 < x < −0.5,
0.6, −0.5 ≤ x ≤ −0.4,
x + 1, −0.4 < x ≤ 0,
1− x, 0 < x < 0.5,
0, otherwise.

Thus, R(A− B) = [0, 0.5) ∪ (0.5, 1]. Note that I∩ = [0, 1). Therefore, we have R(A−
B) " I∩ and I∩ # R(A− B).

Remark 11. From the facts listed at the beginning of this section, we know that under the as-
sumption of Affirmation 4, both the two cases “I f̃ (A1,...,An)

6= I∩ and I f̃ (A1,...,An)
= {0}” and

“I f̃ (A1,...,An)
6= I∩ and I f̃ (A1,...,An)

= cl{I∩}” of I f̃ (A1,...,An)
6= I∩ could happen.

We mention that, even A1, . . . , An and f satisfy:

(a) f̃ (A1, . . . , An) 6= ∅,
(b) for each i = 1, . . . , n, Ai is a canonical fuzzy set in R, and
(c) µ is strictly nested,

I f̃ (A1,...,An)
6= I∩ could happen, and clearly at this time, I f̃ (A1,...,An)

= cl{I∩}, because
condition (a) is equivalent to I f̃ (A1,...,An)

6= {0}. See Example 9 for such an example.

In fact, under conditions (a), (b) and (c), I f̃ (A1,...,An)
has two possibilities: I∩ and cl{I∩}.

It can be seen that I f̃ (A1,...,An)
= I∩ = cl{I∩} could happen under conditions (a), (b)

and (c).
The following Example 12 shows that I f̃ (A1,...,An)

6= cl{I∩} could happen while condi-
tions (a), (b) and (c) are satisfied. Clearly, at this time, I f̃ (A1,...,An)

= I∩.

Example 12. Consider A given in Example 9. Then, A is a canonical fuzzy set, and the gradual
set µ : [0, 1)→ P(R) \ {∅} given by

µ(α) = [A]α + [A]α =

{
[2α, 2), 0 < α < 1,
[0, 2], α = 0,
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is strictly nested.
Therefore, by Remark 3:

(A + A)(x) = Fµ(x) =
{

x/2, x ∈ [0, 2),
0, otherwise,

and thus:
[0, 1) = I∩ = IA+A = R(A + A) 6= cl{I∩} = [0, 1].

Remark 12. When R( f̃ (A1, . . . , An)) = I f̃ (A1,...,An)
= I∩, I∩ 6= cl{I∩} could happen, and

clearly in this case, I∩ 6= {0}. See Example 12 for a such example.
We can see that when R( f̃ (A1, . . . , An)) = I f̃ (A1,...,An)

= I∩, I∩ = cl{I∩} also could
happen, and in this case, both I∩ = {0} and I∩ 6= {0} are possible.

Remark 13. The content of this paper is interrelated. For instance, the conclusion in Remark 10
implies the conclusion in Remark 4. Examples 9, 10 and 11 also show the conclusion in Remark 4.
Example 5 can be used to illustrate some of the relationship between I f̃ (A1,...,An)

and I∩ given in

this paper, and some of the relationship betweenR( f̃ (A1, . . . , An)) and I∩ given in this paper.

7. Conclusions

In this paper, we give general conclusions on the problems related to the interval
ranges of the resulted fuzzy sets of compositions of finite arithmetic.

In [15], it is claimed that under certain conditions, the domain I of a gradual set µ is
equal to the rangeR(Fµ) of its induced fuzzy set Fµ.

We show by examples that this is not valid. In fact, even under stronger conditions
than in [15], there are still various possibilities in the relationship between I and R(Fµ).
Moreover, we give the relationship between I andR(Fµ), and the relationship between I
and IFµ .

In [15], it is claimed that I∩ = IA◦B when ◦ is an arithmetic operation in {+,−,×, /}.
We show by examples that this is not valid. Furthermore, we give the relationship

between I∩ and I f̃ (A1,...,An)
. As a corollary, we give the relationship between I∩ and IA◦B for

◦ ∈ {+,−,×, /}. We point out that I f̃ (A1,...,An)
has three possibilities: {0}, I∩ and cl{I∩}.

In [15], it is claimed that under certain conditions,R( f̃ (A1, . . . , An)) = I f̃ (A1,...,An)
= I∩.

We show by examples that this is not valid. In fact, even under stronger conditions than
in [15], there are still various possibilities in the relationship betweenR( f̃ (A1, . . . , An)) and
I∩, and there are still various possibilities in the relationship between I f̃ (A1,...,An)

and I∩.

The conclusions of this paper show that I f̃ (A1,...,An)
andR( f̃ (A1, . . . , An)) vary in the

scopes determined by I∩, respectively. On the other hand, even under stronger conditions
than in [15], these and I∩ are not necessarily equal, and there exist various possibilities in
their relationship with I∩.

The results in this paper can be used in the theoretical research and practical appli-
cations of gradual numbers, gradual sets and arithmetic using the gradual numbers and
gradual sets introduced by Wu [15]. We will discuss the properties of this kind of arithmetic
in the future.
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