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Abstract: We apply the method of differential inequalities for the computation of upper bounds for the
rate of convergence to the limiting regime for one specific class of (in)homogeneous continuous-time
Markov chains. Such an approach seems very general; the corresponding description and bounds
were considered earlier for finite Markov chains with analytical in time intensity functions. Now
we generalize this method to locally integrable intensity functions. Special attention is paid to the
situation of a countable Markov chain. To obtain these estimates, we investigate the corresponding
forward system of Kolmogorov differential equations as a differential equation in the space of
sequences [y.

Keywords: inhomogeneous continuous-time Markov chain; weak ergodicity; rate of convergence;
sharp bounds; differential inequalities; forward Kolmogorov system

1. Introduction

In this paper we consider the problem of finding the upper bounds for the rate of
convergence for some (in)homogeneous continuous-time Markov chains.

To obtain these estimates, we investigate the corresponding forward system of Kol-
mogorov differential equations.

Consideration is given to classic inhomogeneous birth—death processes and to special
inhomogeneous chains with transitions intensities, which do not depend on the current
state. Namely, let {X (), t > 0} be an inhomogeneous continuous-time Markov chain with
the state space X' = {0,1,2,..., }. Denote by p;;(s,t) = P{X(t) = j|X(s) =i},i,j >0, 0 <
s < t, the transition probabilities of X(t) and by p;(t) = P{X(t) = i}—the probability that
X(t) is in state i at time t. Let p(t) = (po(t), p1(t),. .., )T be probability distribution vector
at instant ¢. Throughout the paper it is assumed that in a small time interval & the possible
transitions and their associated probabilities are

qij(t)]’l+0tij(f,h), ifj £,
pi(bt+h) =9 1 v qu(Ohta(th), ifj=i,
kEX ki

where sup;- ¥~ [ij(t, )| = o(h), for any t > 0. We also suppose that the transition
intensities g;;(t) > 0 are arbitrary non-random functions of ¢, locally integrable on [0, c0)
and, moreover, that there exists a positive number L such that

Y gt

ke X ki

sup <L <oo, 1

ieX
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for almost all t > 0. Then the probabilistic dynamics of the process X(t) is given by the
forward Kolmogorov system

Sp(t) = A)p(1) @)

where A(t) is the transposed intensity matrix i.e., a;;(t) = q;i(t),i,j € X.

We can consider (2) as the differential equation with bounded operator function in the
space of sequences /1 (see details, for instance in [1]) and apply all results of [2].

Throughout this paper by || - || (or by || - ||; if ambiguity is possible) we denote the
henorm, i.e., [p(t)]| = Licx |pi(t)] and [|A(H)]| = supjcy i ()] Let Q2 be a set of
all stochastic vectors, i.e., [; vectors with non-negative coordinates and unit norm. Then
|A(t)|| <2L for almostall t > 0, and p(s) € Q implies p(t) € Qforany 0 <s < t.

Recall that a Markov chain X (t) is called weakly ergodic, if || p*(t) — p**(t)|| — Oast —
co for any initial conditions p*(0) and p**(0), where p*(t) and p**(t) are the corresponding
solutions of (2).

We consider, as in [3], the four classes of of Markov chains X (t) with the following
transition intensities:

() 9;j(t) = 0 for any ¢ > 0if |i — j| > 1 and both g;;1(t) = A;(t) and ;1 (t) = p;(t)
may depend on i;

(ii) g;;—x(t) = O for k > 1, g;;_1(t) = p;(t) may depend on i; and q;;«(t), k > 1,
depend only on k and does not depend on i;

(iii) g ;4% (f) = O for k > 1, q;;+1(t) = Ai(t) may depend on i; and g;; (f), k > 1,
depend only on k and does not depend on i;

(iv) both g, ;_(t) and g; ;1 (t), k > 1, depend only on k and do not depend on i.

Each such process can be considered as the queue-length process for the corresponding
queueing system M/ MX /1.

Then type (i) transitions describe Markovian queues with possibly state-dependent
arrival and service intensities (for example, the classic M, (t)/M,(t)/1 queue); type (ii)
transitions allow consideration of Markovian queues with state-independent batch arrivals
and state-dependent service intensity; type (iii) transitions lead to Markovian queues with
possible state-dependent arrival intensity and state-independent batch service; type (iv)
transitions describe Markovian queues with state-independent batch arrivals and batch
service. We can refer to them as a M¥/M} /1 queueing model following the original
paper [4], see also [3,5,6].

The paper is organized as follows. Section 2 introduces a description of the problem.
Section 3 considers the explicit form of the reduced intensity matrices. In Section 4, we
obtain upper bounds for the rate of convergence. Section 5 concludes the paper.

2. Preliminaries

The problem of estimating the rate of convergence, like the very fact of convergence,
is very important for studying the long-run (limiting) behavior of continuous time Markov
chains with time varying intensities, see detailed discussion, examples and references in [7].
The simplest and most convenient for studying the rate of convergence to the limiting
regime is the method of the logarithmic norm, see, for example [1,3,8].

However, there are situations in which this approach does not give good results.

Next, we show the possibility of using a different approach in such cases, namely the
method of differential inequalities.

Another (but similar) approach is to use piecewise-line Lyapunov functions, see, for
example, [9-12].

Consider here the two simplest examples of bounding the rate of convergence for
differential equations.

Let firstly

dx
E—Px
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2
dy = 1,dy = 2,and z = Dx = (d1x1,d2x)T. Then % = DPD~'z, both column sums

for P* = DPD~! equal to —1. Hence the logarithmic norm y(P*) = sup; (pl*l + L p;‘l)

-5 8
be a system of differential equations with x = (x1,x,)7, and P = < 5 ) Put

equals —1, and we obtain a sharp upper bound on the rate of convergence ||z(t)| <
e !]|z(0)||. Such a situation is typical if the matrix of the considered system is essentially
non-negative (i.e., all off-diagonal elements are non-negative for any ¢ > 0). Note that the
corresponding eigenvalues of P are —1, —9.

-3 8
On the other hand, let P = 5 3 ) Then corresponding eigenvalues of P

are —3 +4i. On the other hand, the “weighting” logarithmic norm P is not less than
1. In principle, here it is also possible to reduce the matrix to the exact value of the
logarithmic norm (—3), see [2], but the corresponding transformation will be complex and
difficult to implement. The best result (Ce ) here can be obtained using the Lyapunov
function (which does not work well in a countable situation), but the use of differential
inequalities gives us an estimate like Ce~®+¢)t for any positive ¢, see the corresponding
description below, in Section 4. This approach deals with the sums of the columns for
various combinations of the signs of the coordinates of the solutions of the system; it is
described further in Section 4. It was first proposed in our recent papers; see [3] for the case
of finite Markov chain with analytical (in {) intensities.

In this paper, it is shown that this method can be applied in a more general situation
of locally integrable intensities, and, which is most difficult, for a countable chain that does
not lend itself to direct reasoning and requires rather fine approximation estimates.

3. Explicit Forms of the Reduced Intensity Matrices

Due to the normalization condition pg(t) = 1 — }_;>1 pi(t), we can rewrite the system (2)
as follows:

d
Ez(t) = B(t)z(t) + (1), (3)

where

£(t) = (ay(t),az0(t),...)", z(t) = (1 (1), p2(1),...) 7,

ain—aip  di2—4i - A1y —a1
a1 —dazo dxpp—dapp - Agr—A0

B(t)= . 4)
A —ayy  Ar—ar0 - Apr—ady

Let y(t) = z*(t) — z**(t) be the difference of two solutions of system (3), and
y(t) = (y1(t),y2(t),..., )T. Then, in contrast to the coordinates of the vector p(t), the
coordinates of the vector y(t) have arbitrary signs.

Consider now the ‘homogeneous’ system

S¥(0) = Bly(0), ©

corresponding to (3). As was firstly noticed in [13], it is more convenient to study the rate
of convergence using the transformed version B*(t) of B(t) given by B*(t) = TB(t)T~},
where T is the upper triangular matrix of the form
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1 1
o 1 - 1 -
r=1 . . . - (6)
0O o o0 1
Let u(t) = Ty(t). Then the system (5) can be rewritten in the form
d .
Zu(t) =B (tu(t), )

where u(t) = (uy(t), up(t),...)" is the vector with the coordinates of arbitrary signs. If one
of the two matrices B*(t) or B(t) is known, the other is also (uniquely) defined.

The approach based on the differential inequalities (see [3]) seems to be the most
general. On the other hand, if B*(t) is essentially non-negative (i.e., all off-diagonal
elements are non-negative for any t > 0), then the method based on the logarithmic norm
gives the same results, but in a much more visual form, see [3].

Let us write out the form of the matrix B*(t) for each class of chains; in more detail,
the corresponding transformations can be seen in [3].

For X(t) belonging to class (i) (inhomogeneous birth—-death process) one has

B*(t) = TB()T ! =

®)

For X (t) belonging to class (ii) (which corresponds to the queueing system with batch
arrivals and single services), one has

B(=TB()T =| | ©)

For X(t) belonging to class (iii) (which corresponds to the queueing system with
single arrivals and group services), one has B*(t) = TB(t)T~! =

~(Ao+by) by — by by — by
M —(M+ L b))  by—by
i<2

(10)

Finally, for X(t) belonging to class (iv) (which corresponds to the queueing system
with state-independent batch arrivals and group services), one has
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ayr bi—by by—b3
aq axp b1 —Db3
B*=TB(HT'=| | . . L , (11)
a771 P P al arr
where
-1 0
1 -1
0 1
T =
0 0 0 1

Remark 1. Generally speaking, for models of the first and second classes, the matrix B*(t) is
always essentially non-negative; at the same time, for models of the third and fourth classes, this
requires some additional assumptions. Under essential non-negativity of B*(t) all bounds on the
rate of convergence can be obtained via logarithmic norm, see [3]. However, in the general case, this
approach may not work, and the method of differential inequalities described in our previous papers,
see [3,14], would be more effective.

Thus, in this paper we will consider chains of the third and fourth classes with a
countable state space. For simplicity of calculations, we will additionally assume that the
size of the simultaneously arriving and/or servicing group of customers does not exceed
some fixed number, say R, i.e., that all g;;(t) = 0 for |[i — j| > R and any ¢ > 0.

Let {d;, i > 1} be a sequence of non-zero numbers such that infy |d;| = d > 0. Denote
by D = diag(dy,dy, ...) the corresponding diagonal matrix, with the off-diagonal elements
equal to zero. Let w(t) = Du(t) in (7), then we obtain the following equation

%w(t) = B* (t)w(t), (12)
where
*% _ * -1 _ *ok
B**(t) = DB* (D~ = (b (t))i,]él. (13)
If we write out B* () = (bif(t)>i,j21’ then
Kok di * . .
bi(t) = Ejbij(t)/ i—jl <R, (14)

and our assumption implies bfj*(t) = b;*j(t) =0foranyt > 0if |i —j| > R.

4. Upper Bounds on the Rate of Convergence

Let us first consider a general finite system of linear differential equations, which we
will write in the form

%x(t) — B*(t)x(t), >0, (15)

where x(t) = (x1(t),...,xs(t))", and let D now be the corresponding finite diagonal matrix.
The simplest situation with analytical (in t) coefficients b;‘]- (t) has been studied in [3,14,15].

The method of estimating under such assumption is based on the fact that, in this case, on
any finite interval, each coordinate has a finite number of sign changes, which means that



Mathematics 2021, 9, 1752

60f 11

the semiaxis can be divided into intervals, on each of which the signs of the coordinates
are constant. Consider such an (t1,t,). Choose the signs of dy-s so that all dix,(t) > 0.
Hence ||[w(t)| = ||x(t)||p = Li_q dkxx(t) > d||x(t)||1 can be considered as the correspond-
ing norm.

LetY? , b;‘j*(t) < —ap(t), for any j, then

d d
Tiwe)) = MELD _ 5 s 1y (1) < —ap (B wi)]. 16
i,
Then
[w(®)ll = IDx()ll < e~ ES0 T Dx(s) 1, 1 <s<t<ty )

for the corresponding matrix D and corresponding function ap (t). Hence, we have
d \
()l < B o ot s as)
m

forany t; < s < t < tp, and by continuity, forall t <s <t < f;.
Let now s, t be arbitrary, 0 < s < t < co. Then for any interval with fixed signs of

coordinates we have bound (18) with the corresponding D and ap(t). Let now a*(t) =

minap(t), and d*(S) = d* = max %, where the minimum and maximum are taken over
m

all possible combinations of coordinate signs of the solution x(t), for any 0 <'s < t. Then
we obtain the following general estimate

t

Ix()ll1 < d*(S)e™ = O x(s) |, (19)
Let there exist positive numbers M, 8 such that
o= e dr < peBl=s) g <<t (20)
Consider now an arbitrary interval [0, t*]; if our original coefficients are locally inte-
grable, they can be approximated arbitrarily accurately by a continuous functions. In turn,

a continuous function can be approximated arbitrarily accurately by an analytic function.
As a result, instead of the integrable B*(t), we obtain an analytic B*(t), such that

t*
[ 1B (@) - B () dr <. 1)
0
Denote now by W(t,s) and W(t, s) the Cauchy operators for (15) and the respective

system with matrix B*(t). Then, if (20) holds, in accordance with Lemma 3.2.3 [2] (see [2],
pp. 110-111) we obtain

IW(t,s) — W(t,s)| < Md*e Pt=s) (eMd* J 1B+ (r)=B* (v) |t _ 1)
< Md*e Bt=s) (eMd*f - 1). 22)
Hence we have the following statement.
Lemma 1. Let all b};(t) be locally integrable on [0, 00). Let inequality (20) hold. Then
Ix(£) | < d*(5)Me P x(s)] |1, (23)

for any solution of (15) and any 0 < s < t.
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Let us now return to a countable system (7) and consider the corresponding
truncated system

%u(n,t) = B*(n,t)u(n,t), (24)

n
where B*(n,t) = (b;;(t)) .
L]=
Below we will identify the finite vector with entries (a3, ..., 4,) and the infinite vector
with the same first n coordinates and the others equal to zero.
Rewrite system (24) as

%u(n, t) = B*(t)u(n, t) + (B*(n, t) — B*())u(n, t). (25)

Denote by V(t,s) and V (n,t,s) the Cauchy operators for (7) and (24), respectively.
Suppose that n > S, and that, in addition

u(0) = u(n,0) =u(s,0), [u(0)h <1 (26)
Then one has from (7)
u(t) = V(tH)u(0) = V(£)u(n,0). (27)

On the other hand, from (25) we have

t
u(n,t) = V(t)u(n,0) —I—/ V(t,7)(B*(n,T) — B*(7))u(n, 7)dr. (28)
0
Hence in any norm we obtain the bound
t
[u(t) —u(m, 1) S/O V(& OB (n,T) = B*(7))u(n, 7) | dz. (29)
Denote sup % = d < oo, where supremum is taken over all possible combinations of

coordinate signs of the solution u(t) of (7), under assumption |k — m| = 1.

Put now D* = diag(d*(1),d*(2),...).

Note that according to (14) the matrix B**(t) has nonzero entries only on the main
diagonal and at most R diagonals above and below it. Then

IB*(D)llip- = B ()|l < K =2Ld", (30)

for almost all £ > 0. Then
IV (t,5)ipe < KU < eKE (31)

On the other hand, all elements of the first 7 — R columns of the matrix (B*(n, T) — B*(7))
are zeros for any T > 0. Hence, all the first n — R coordinates of the corresponding vector
(B*(n,7) — B*(7))u(n, T) are also zeros too, and

1(B*(n,7) — B*(0))u(n, D)o <K Y. dlug(0)]. (32)
k=n—R

Put D** = diag(d?,d*,...) and w*(t) = D**u(t).
Then, instead of (30) and (31) we have

* ok % Ty L *
IB*(#) i = [ID**B*D** " (#)|ly < K* = 2Ld*", (33)

and
[V (t,5)|[1p= < eK'(t=9) < oK) (34)

respectively.
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Then

n % gk S * pk S
[u(n, ) ipe = Y d*u(n,t)] < e Y d|ug(n,0)] < X 7d* Y Jug(n,0)].  (35)
=1 = =1

Then (35) and (26) imply the bound

n n
RN qug(n, )| < Y dug(n,t)| < 80, (36)
k=n—R k=1
Then
n n n .
Z dk|uk(n,t)| <d" Z [ug(n, £)] < Kt J25+2R—n (37)
k=n—R k=n—R

Finally, for the right-hand side of (29) we have the bound

t * kK _
/0 IV (t, T)||l1p= ||(B*(n,T) — B*(7))u(n, 7)||1p- dT < K KKt j25+2R—n (38)

which tends to be zero at n — co.
Hence we have the following statement.

Lemma 2. Let assumptions of Lemma 1 be fulfilled for any S. Then, under assumption (26), and
for any fixed € > 0, t* > 0, we obtain |[u(t) —u(n,t)||1p+ < € for sufficiently large n, for any
t e [0,t*].

As a result, Lemmas 1 and 2 guarantee an estimate of the form
lu(t)[l1 < Me P |u(0)]|p-- (39)

Consider now two arbitrary solutions p*(t) and p**(t) of the forward Kolmogorov
system (2) with the corresponding initial conditions p*(0) and p**(0). Denote by pj(t) and
pg* (t) the respective vector functions with coordinates 1,2, . . . (i.e., without zero coordinates).

One can write u(t) = T(pg;(t) — p5*(t)). Then (see for instance [8]), the following
inequality holds: [[p*(t) — p™*(t)|l1 < Z[[u(t) 1.

Finally we obtain the following statement.

Theorem 1. Let the assumptions of Lemma 1 hold for any natural S. Then X (t) is weakly ergodic
and the following bound on the rate of convergence holds:

2M
Ip*(t) =P ()]l < TB*&HPS(O) —Po (0]l (40)

Remark 2. A specific model (which belongs to both classes (iii) and (iv)) was investigated in [16]
by the method described here.

Namely, in this paper, the queueing model with possible transitions and respective
intensities of single arrival A(t) and service of group of two customers y(t) was consid-
ered. Hence

B(t) =
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Let 6 > 1 be a positive number. Put

di=1,dy=1/6,d; = 52 k > 3 if all coordinates of solutions are positive;
|di| = 651, k > 1 otherwise.

Then one has,

a*(f) > min [A(t) (1 - 5*1),;1(15)(1 +o)-
A(t)(éz—l),y(t)(1—5_1> f)\(t)(é—l)}. (41)

Moreover,d =61, d = 4, dy = 51 fork > 1.
In particular, if the process X(t) is homogeneous i.e.,, A(t) = A and pu(t) = p are
positive numbers, then fooo a*(t)dt = 400 is equivalent to ™ > 0 and this is equivalent to

0< A<y Putdé= \/g Hence,

a*:min[(\/ﬁ—ﬁy,)t(l—\/z)]. (42)

In the paper [16] the specific example with periodic intensities was considered.

Namely, let A(t) = 2+ sin27t and p(t) = 4 — cos2mt. Put 6 = 1. Then, fol a*(t)dt >
% > 0, X(t) is exponentially weakly ergodic and has the 1-periodic limiting mean (a
Markov chain has the limiting mean m(t), if limy_,o (m(t) — E(t,k)) = 0 for any k, E(t,k)
is the mathematical expectation of X(t) under initial condition X(0) = k). Now, applying
the known truncation technique (see the detailed discussion and bounds in [8]), one can
compute all probability characteristics of the queue-length process X(t). Some of the

corresponding graphs are shown in Figures 1-4; see detailed discussion in [16].

—X(0)=0
-~ X(0)=100

100 <

80 [~

mean

40 -

20 [

0
0 5 10 15 20 25
t

Figure 1. The mean E(t,0) and E(t,100) for ¢ € [0,28], this figure shows the rate of convergence.
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: : : LT X)=0
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28 28.2 28.4 28.6 28.8 29

t

Figure 2. The mean E(t,0) and E(t,100) for t € [28,29], this figure shows approximation of the

limiting mean.
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0 i _i- i i
0 5 10 15 20 25

t
Figure 3. Probability p,(¢) for t € [0,28] and initial conditions X(0) = 0 and X(0) = 100; this figure

shows the rate of convergence.

0.2

probability

T p_2IX(0)=0
- = p_2|X(0)=100

0.1
28 28.2 28.4 28.6 28.8 29

t

Figure 4. Probability p,(t) for t € [28,29] and initial conditions X(0) = 0 and X(0) = 100; this figure
shows approximation of the limiting probability p,(f).
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5. Conclusions

In this paper, we have substantiated one of the most general methods for studying
the rate of convergence to limit characteristics for weakly ergodic Markov chains with
continuous time. Namely, the applicability of the method of differential inequalities for
countable inhomogeneous processes in the case of a nonsmooth dependence of intensities
as functions of time is shown. Thus, studying models with continuous time from the theory
of queues, biology, physics and other sciences, and obtaining guaranteed estimates of the
rate of convergence, we can both make sure that the influence of the initial conditions of the
system disappears with increasing time, and build the main characteristics of the system to
control them.
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