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Abstract: The multitemporal nonlinear Schrédinger PDE (with oblique derivative) was stated for
the first time in our research group as a universal amplitude equation which can be derived via a
multiple scaling analysis in order to describe slow modulations of the envelope of a spatially and
temporarily oscillating wave packet in space and multitime (an equation which governs the dynamics
of solitons through meta-materials). Now we exploit some hypotheses in order to find important
explicit families of exact solutions in all dimensions for the multitime nonlinear Schrodinger PDE
with a multitemporal directional derivative term. Using quite effective methods, we discovered
families of ODEs and PDEs whose solutions generate solutions of multitime nonlinear Schrédinger
PDE. Each new construction involves a relatively small amount of intermediate calculations.

Keywords: multitime nonlinear Schrodinger PDE; oblique derivative; exact solutions; first integrals

MSC: 35Q41; 35Q55

1. Introduction

In order to define the multitime nonlinear Schrédinger PDE (multitime NLSE),
we need: (i) Two intervals, [} C R, I, C [0, 00), (ii) an open subset D C R™, (iii) the function
f: I x I — R, and (iv) the vector field h = (h*): I x D — R" (for a € {1,2,...,m}).
All these together define the multitime NLSE [1]

2
ih“(x,t)%+37bzl+f(x,|u|z)u:0. (1)

Remark 1. (a) If u is a solution of multitime NLSE (1), then also —u is a solution of the multitime
NLSE (1).

(b) If u is a solution of the multitime NLSE (1), then for any constant k € R, the function
@ := e'*u is a solution of the multitime NLSE (1).

(¢) If u is a solution of the multitime NLSE (1), then for any pair of constants p,k € R, p # 0,
the function ¢ := pe'*u is a solution of the multitime NLSE

, dp 9 1
ih(x,t) S+ S5+ £ (x, alol)o=0

(d) If we introduce the Hamiltonian action Hy(u) = 3 [(|ux|> — g(x, |u|?)) dx, then we can

9g

T du _ SH; 5 _ 2 3 _
write ih* (x, t) §& = 5L, where 5. = &+ — Dy ;- is the Euler—Lagrange operator, and f = B
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(e) The solutions of multitime Hartree PDE
(e, 1) 9% A= (x|
"ot
and the solutions of multitime logarithmic Schrodinger PDE (superfluids, quantum gravity)
u
o«
can be studied by procedures similar to those used for the multitime NLSE.

ih*(x,t) +Au+uln|ul>=0

The multitime NLSE has been indicated to manage the evolution of a multitime
wave packet in a weakly nonlinear and dispersive medium and has possible applica-
tions in diverse fields such as nonlinear optics, water waves and plasma physics. In this
paper, it is shown that the multitime NLSE solutions can be expressed analytically by
specific methods.

Section 2 analyzes solutions of a special multitime NLSE obtained by fixing a multi-
temporal direction h. Section 3 introduces and studies solutions of the multitime NLSE with
a specified f. Section 4 gives solutions of multitime NLSE whose argument is independent
of x. Section 4.1 refers to first integral theory in the context of multitime NLSE. Section 4.2
gives a theorem about the solutions of multitime NLSE with the argument independent
of x. Section 5 introduces the multitime NLSE in a Riemannian setting. Section 6 formulates
some conclusions that underline the authors” thoughts.

The recent mathematical literature dedicated to the context insists on the following
topics: The papers [2-5] give properties of nonlinear Schrodinger equation; [6,7] underline
an exact solution of the single-time Schrodinger equation; [8] introduces and studies the
multitime Schrodinger equation; [1,9-12] introduce and describe the multitime solitons
as solutions of multitime PDEs. The paper [13] refers to solving the time-dependent
Schrédinger equation via Laplace transform on ¢. A single-time Schrodinger equation
in Riemannian setting is studied in the paper [14]. The paper [15] comes closest to our
style by offering “methods for constructing complex solutions of nonlinear PDEs using
simpler solutions”.

For possible numerical solutions we can use the techniques from our papers [16-19],
using either discretization with respect to space variable x, or in relation to multitime
variable ¢, or both.

2. Solutions of a Special Multitime NLSE

We will consider a particular form of the Equation (1), assuming that the vector field
h = (h*) does not depend on x, and the function f and the vector field & are of class C'.
Consequently, in this case the multitime NLSE has the form

2
ih“(t)%%—%%—f(x,\ulz)uzo. )
Definition 1. Let Iy C I be an interval and let Dy C D be an open subset. A function
u: Ip x Dy — C is called exact solution of the multitime NLSE if: (i) it is of class C1;
(ii) there exists its partial derivative of the second order with respect to x; (iii) we have |u(x,t)|> € I
for any (x,t) = (x,t1,£2,...,t™) € Iy x Dy; (iv) and u verifies the relation (2) on Iy x Dy
(generally, the solutions are not globally defined).

2
Note that from the relationship (2) it follows that the function ﬁ is continuous.
Suppose m > 2. Let us give some methods to find solutions of multitime NLSE (2),
using the orbits of the vector field h.

The symmetric ODEs system

dr dr? dim
RGN IO R
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describes the orbits of the vector field i = (h*). The first integrals of this ODEs system are

C! solutions of the PDE 5
w

Remark 2. (i) Along each trajectory of the ODEs system %t(’t’) = h(t(t)), we have

prdu _ dtt ou _ du
o — dT ol T dt-
(ii) Let us consider r € N*, and (3 C D, U C R" as open subsets. Suppose that Y1, ¥,

... ¥r: Q — Rare first integrals of ODEs system (3) such that (¥1(t), ¥2(t),..., ¥r(t)) € U,
forallt € Q. Let E: U — R be an arbitrary C! function. Then, the function ¥: Q — R,
Y(t) = E(Y1(t), ¥a(t), ..., ¥r(t)) is afirst integral for the ODEs system (3).

Remark 3. Let us choose tg € D, for which there exists ag € {1,2,...,m}, such that h*(ty) # 0.

Suppose that F, F, ..., F,_1:' V. — Roare Ct functional independent (see the condi-
tion (40)) first integrals of the ODEs system (3), where V. C D, tg € V, V is open and connected
such that for all t € V, we have h*(t) # 0. These first integrals determine the vector field
F(t) := (F(t), B(t),..., Fu_1(t)), t € V.

Any other first integral of ODEs system (3), defined in a neighborhood of to, has the form
Y(t) = E(E(t)), forall t € Wy, where E: U — R is a C! function, U C R™"1, U open;
to € Wo C V, Wy open; F(t) € U, forall t € Wy (see the Proposition 11 and the other results of
the Section 4.1).

Proposition 1. Let k € R be a fixed constant and the subset Dy C D be open.
(a) Suppose that the C* function v: Dy — C is a solution of the PDE

i (1) %(t) — ko(t), 5)

such that |v(t)| =1, forany t € Dy. If the function ¢: Iy x Dy — C (Iy subinterval of I) is a
solution of a multitime NLSE

. dp ¢
(1) = + 55 + (k4 f(x o) 9 =0, (6)

then the function u: Iy x Dy — C,
u(x, t) = o(x,t)o(t), forall (x,t) € Iy x Dy,

is a solution of a multitime NLSE (2).
awo

(b) Suppose that the C' function wqy: Do — R verifies the PDE h*(t) 3 (t) =1, forany t € Dy
(the local description of functions of type wy is found in Proposition 10, selecting g = 1). Then
the function v: Dy — C, v(t) = e’lk“’(’(t),for all t € Dy, is a C! solution of the PDE (5), with
|o(t)| =1, forall t € Dy.

If there is an index B € {1,2,...,m} for which the component hP depends only on the variable
tP and hWP(tP) # O, for any tP, and if H is a primitive of the function

wo(t) := H(tF).

—, then we can select
hb

Proof. (a) Replacing the function u in (2), we find

ih* () g%x, t)-o(t) + o(x,t) - ih" () %(t)

2

#5000+ 1 (x ol D) - 9lx0)-0(t) = 0.

Since the function v(+) is a solution of PDE (5), it turns out that the above equality is
equivalent to
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(1) gTﬁ(x,t) o(t) + ko(x, £) - o(#)

02 2
+5E (1) o) + f(x o 1)) - plx,t) -0(t) = 0,
and this last equality is true since the function ¢ is a solution of the PDE (6).
(b) The statements are verified immediately by direct calculation. [J

Proposition 2. Let ¢: Iy x Dg — C be a solution of multitime NLSE (2) (Iy subinterval of Iy;
Do C D, Dy open). Let ¥: Dy — R bea C' first integral of the ODEs system (3).
Then, the function u: Ip x Dy — C,

u(x,t) = @(x,1)e™¥®,  forall (x,t) € I x Dy,
is a solution of multitime NLSE (2).

Proof. We apply Proposition 1, for k = 0. If k = 0, then the PDE (6) becomes the PDE (2).
One verifies automatically that the function v(-) = ¢*(*) is a solution of the PDE (5),
fork = 0. More |v(t)| =1, forallt € Dy. O

Corollary 1. Suppose that the function f does not depend on x, i.e., there exists the C ! function
f: I, = R, such that f(x,p) = f(p), forall x € R, forall p € I, (we have I, = R). Let py € I,
with f(pg) = 0. Let ¥: Dy — R bea C! first integral of ODEs system (3) (Dy C D, Dy open).

Then, the function u: R x Dy — C, u(x,t) = \/po - e, forall (x,t) € R x Dy, isa
solution of multitime NLSE (2).

Proof. The constant function ¢(x,t) := /qq is a solution of PDE (2). The conclusion results
immediately by applying Proposition 2. O

Proposition 3. Let k € R be a constant and let v: Dy — C be a C! solution of PDE (5), such that
lo(t)| =1, forany t € Dy (Dy C D, Dy open,).

Let us consider ¢(x,t,c), withc = (c1,...,¢) € G, asolution of the PDE (6), which depends
on r parameters, where G is an open subset of R.

Hypotheses: the function ¢: Iy x Dy x G — C is of class C! with respect to all arquments;

o2 o . .
there exists a—(g and it is continuous with respect to all arguments; furthermore, for each ¢ € G, the

function ¢( .fc-, c): Iy x Dy — Cis a solution of the multitime NLSE (6) (Iy subinterval of I).
Suppose that the C! functions ¥1, ¥, ..., ¥y, ¥,11: Do — R are first integrals of the ODEs
system (3), such that, for any t € Dy, to have (¥1(t), ..., ¥,(t)) € G.
Then, the function u: Ip x Dy — C,

w(x, t) = (2,6, ¥1(t),..., ¥ (1)) -0(t) - e ¥r1 ™), forall (x,t) € Iy x Dy, 7)

is a solution of the multitime NLSE (2).

Proof. Let ¢(x,t) := ¢(x,t,¥1(t),...,¥,(t)). We check that ¢ is a solution of the PDE (6).
Denote ®(t) = (¥1(t), .. .,‘Py(t)) One substitutes ¢ in (6) and one obtains
(1) 12 2 (xt,000)) - T 1)+ () 22 (3, 1,0(0)
L e, o1 ot 1
0%¢

+5 8 (ot (1) + (k+f(x, lo(x, t,<I>(t))|2>) cp(x,t,D(t) =0,

oY
12 (x, 8, D(t)) - h*(t) %(t) +ih*(t) quZ(x, t,®(t))

@(x,t, (1)) |2)) ~@(x,t,®(t)) =0,
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which is true because functions Y, are first integrals, and ¢( -, -, c) verifies the relation (6)
for any ¢ € G, so also for ¢ = ®(¢).

In this way we showed that ¢ is a solution of PDE (6). According to Proposition 1,
we find that ¢(x,t) - v(t) is a solution of PDE (2). Due to Proposition 2, it follows that
$(x,t) - o(t) - e ¥r+1() is a solution of the PDE (2). [

Proposition 4. Suppose that G is an open subset of R". Let us consider ¢(x,t,c), with
c=(c1,...,¢) € G,as asolution of the PDE (2) which depends on r parameters.

Hypotheses: the function ¢: Iy x Dy x G — C is of class C with respect to whole arquments;
2

., 0 . . .
there exists —f, continuous in all arquments; more, for each ¢ € G, the function ¢( -, -,c):
x

Iy x Dy — Cis a solution of multitime NLSE (2) (Dy C D, Dy open; Iy subinterval of I).
Suppose ¥1, ¥2, ..., ¥,41: Do — Rare C! first integrals of the ODEs system (3), such that,
forany (x,t) € Iy x Dy, to have (¥1(t),...,¥+(t)) € G.
Then, the function u: Ip x Dy — C,

u(x, ) = o(x,t,¥1(t),..., ¥ () -1t forall (x,t) € Iy x Dy,
is a solution of multitime NLSE (2).

Proof. One applies Proposition 3 fork =0and v(t) =1. O

Now let us use an original ODE that incorporates the De Boer-Ludford ODE in plasma
physics and the Stuart-Landau ODE in hydrodynamic stability.

Proposition 5. Let us consider the second order differential equation

y'+ (k+ f(x,v%))y =0, ®)

where k is a real fixed number (y real solution).

Let &(-,c1,...,¢): Iy = R be a solution of the ODE (8), which depends on r parameters,
with (c1,...,¢;) € G, where G is an open subset of R" and Iy is a subinterval of I,. Suppose that
the function &: Iy x G — Riis of class C! with respect to all arguments.

Assume that the C function v: Dy — C is solution of PDE (5), such that, |o(t)| = 1, for
any t € Dy (Do C D, Dy open).

Ifthe C! functions ¥1, ¥o, ..., ¥y, ¥r41: Do — R are first integrals for ODEs system (3),
such that, for any t € Dy, to have (¥1(t), ..., ¥,(t)) € G, then, the function u: Iy x Dy — C,

u(x, t) = &(x,¥1(8), ..., ¥ (D) -0(t) - Y1), forall (x,1) € Iy x Dy,
is a solution of multitime NLSE (2).

Proof. Let ¢: Iy x Dy x G — C, ¢(x,t,¢) := {(x,c), for all (x,t,¢) € Iy x Dy X G. One
observes immediately that, for all ¢ = (cy,...,¢,) € G, the function ¢( -, -, ¢) is a solution
of the PDE (6). One applies Proposition 3 and we obtain the conclusion. [

Applying Proposition 5, for k = 0, v = 1, we find the next result.

Proposition 6. Let us consider the second order ODE

v+ f(xy*)y = 0. )

Impose &(-,c1,...,¢r) as a solution of the Equation (9), which depends on r parameters,
(- c1,00,00): Iy — R with (c1,...,¢r) € G; where G is an open subset of R" and Iy is
a subinterval of I;. Suppose that the function &: Iy x G — R is of class C! with respect to
all arguments.
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Ifthe C! functions Y1, ¥a, ..., ¥y, ¥,41: Do — R are first integrals for the ODEs system (3),
such that, for any t € Dy, to have (Y1(t), ..., ¥,(t)) € G, then the function u: Iy x Dy — C,

u(x, t) =¢(x, ¥1(t),..., ¥r (1)) ettt forall (x,t) € Iy x Dy,
is a solution of multitime NLSE (2).

According to Remark 3, each of the first integrals ¥';, which appears in Propositions 2-6,
has locally the form ¥;(t) = E;(F(t)), with F(t) = (Fy(t), Fa(t),. .., Fu_1(t)), where Fi, F,
..., F—1 are functional independent first integrals for the ODEs system (3).

Remark 4. Suppose that Iy is an open interval; let I = (p, 00), with p > 0; let I = (\/fi, 00).
Forke R, A€, cq € I3, 0 € R, let (-, A;¢q,c2;k) be the maximal solution y( - ) of
Equation (8) which verifies y(A) = c1 and y'(A) = cy. The domain of definition of this solution is
an open interval 1(A; c1,c;k) C I, with A € I(A; ¢, cp; k); the codomain is I3.
The set M := {(x,A;c1,c0:k) | A € [, c1 € Iz, c0 € Rk € Rox € I(A;¢1,00k) } is

g—‘;: M — I is of class C'. We have:

open. The function o: M — Iy is of class C1; the function
(A, A;c1,00;k) = ¢q and g—(;(/\, A;c1, e k) = cp.

Let (xo,tp) € 1 x D. Suppose there exists ag € {1,2,...,m}, such that h*0(ty) # 0. Let
F,F, ..., Ey_1: V= RbeC! first integrals for the ODEs system (3), withV C D, ty € V, V
open, such that for all t € V, the condition (40) is met.

We introduce the vector field F(t) = (F(t), F2(t),...,Fu_1(t)), t € V.

Letcig € I3, c20 € R, kg € R. Since M is an open set, it turns out that there exists open
intervals Iy, Lo, L1, L, La, such that xo € Iy, xo € Lo, c10 € L1, c20 € Lp, ko € L3, and
Io x Lo x Ly X Lp x Ly C M.

We need a C function v: Dy x R — C, (tg € Dy C D, Dy open), with the properties:
—forall k € R, the function v( - ;k): Dy — C is a solution of the PDE (5);

—forall k € R, for all t € Dy, we have |v(t;k)| = 1 (for example, v can have the form
in Proposition 1, b), i.e., v(t;k) = e*ik“")(t), with wg: Dg — R, of class Cl, which verifies
h*(t) %(t) =1).

We add the C' functions Ey: Uy — Ly, Ex: Uy — Ly, Ez: Uy — R, E4: Uy — L3
Uy € R™ 1, Uy open); let Wy C Dy NV, Wy an open neighborhood of ty, such that, for any
t € Wy to have F(t) € Up.

We use the auxiliary function &: Iy x Ly X Ly x Ly — I3, &(x, ¢1,¢2, k) = 0(x, x0;¢1,¢2;k),
forall (x,c1,c;k) € In x Ly X Ly X Lg.

For k € Lg fixed, the function &( -,c1,c2;k) is a solution of PDE (8) which depends on
two parameters (c1,c2) € Ly X Ly and has the properties of hypothesis of Proposition 5. From
Proposition 5 it follows that the function

E(x, E1(F()), E2(E(£)); k) - 0(£:k) - B EO) (with (x, 1) € Iy x W)
is a solution of PDE (2); but this solution also depends on one parameter, namely by k. From
Proposition 4 (with r = 1, choosing ¥,11 = 0) it follows that the function u: Iy x Wy — C,
defined for all (x,t) € I x Wy by

u(x, t) = &(x, E1(F(t)), E2(F(t)); E4(F(1))) - v(t; Ea(F(t)) - B3 (F1D)
is a solution of multitime NLSE (2).
Lemma 1. Suppose that the function f does not depend on x, i.e., there exists a C! function
fi I — R, such that f(x,p) = f(p), forall x € R, forall p € I (we have I; = R).
Let ¢1,co € R, such that c% € b letk:= c% —'f(c%).
(a) The function y: R — C, y(x) = c1€'?%, for all x € R, is a solution of the ODE

y' + (k+ f(ly1*)y =0. (10)
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(b) If 3 = f(c?), then the function u: R x D — C, u(x,t) = c1!?%, for all x € R, for all
t € D, is a solution of multitime NLSE (1).

Proof. (a) Replacing y in the equality (10) one obtains —c3 - ¢1¢'?* + (k+ f(c2)) - c1e'?* = 0,
which is true because k = 3 — f(c?).
(b) A similar calculation is made with the one from the point a), withk = 0. O

Proposition 7. Let us consider the multitime NLSE (2); suppose there exists the C! function
f: I, = R, such that f(x,p) = f(p), forall x € R, for all p € I (in this case we have I; = R).
Let I3 C I, I3 interval, such that, for all ¢c; € I3 to have c1 € b

Let Dy C D, Dy open; let the C! function v: Dy x R — C, with the properties:
—for each k € R, the function v( - ;k): Dy — C is a solution of the Equation (5);

—forall t € Dy, forall k € R, we have |v(t;k)| =1 (for example v might have the form indicated

—ikewy(t)

in Proposition 1, (b), i.e., v(t;k) = e , with wy: Dy — R, of class Cl which verifies

() 98 (1) = 1),

Suppose the C! functions Y1: Dy — I3 and Yo, ¥3: Dy — R are first integrals for the
ODEs system (3).

Then, the function u: R x Dy — C defined for all (x,t) € R x Dy by the formula

u(x ) = 1 (0200 (1 (45(0)% - F((1(1)?)),

is a solution of the multitime NLSE (2).

Proof. Let w(x,t;cq,cp) := c1e’?*, forallx € R, t € Dy, c; € I3, co € R.

From Lemma 1, (a), it follows that the function w( -, -;c1,¢2) is a solution of the
Equation (6), with k = ¢3 — f(c%)

Let ¢(x,t;¢1,¢2) := w(x, t¢1,¢2)0(E; c% —f(c%)), forallx e R,t € Dy, c1 € I3, c» € R.
From Proposition 1 it follows that ¢( -, -;c1,¢2) is a solution of multitime NLSE (2); the
function ¢( -, -;c1,¢2) depends obviously on two parameters. The function ¢( -, -;c¢1,¢2)
satisfies the conditions in Proposition 4, with r = 2. One applies Proposition 4 and the
conclusion immediately follows. [

Lemma 2. Let k € R be a constant and let g1: Iy — R\ {0} (with Iy subinterval of 1;) be a
solution of the ODE

k2
gl - at (k+ f(x,87))81 = 0. (11)
1

Let go: In — R be a primitive of the function glz Then, the function
‘ 1
y:lp = C, y(x) = g1(x)e*2™, forall x € I,
is a solution of the equation

v+ (k+ f(x, [y[*)y = 0. (12)

Proof. 3/ (x) = g (1)eH520) -+ kg (g5 (1)) g (x)el0) 4 Lol

2
y//(x) :glll(x)eikg2( )+lkg ( )g ( ) ikgo(x) _ lkgi(x)zeikgz(x) _ k glz(x)eikgz(x)
. (g1(x)) g1(x)
; k
= gl (et - =
(g1(x))

y"(x) + (k+ f(x, Iy(x)lz))y(x)
g1 (

) - F ) (s (0000t = 0.
(&1(x))

ok (v),
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Proposition 8. Let k € R be a constant; let g1: Iy — R\ {0} be a solution of the Equation (11);
let g>: Ip — R be a primitive of the function — (lo subinterval of I). Suppose the C! function
8

1
v: Do — C is a solution of the Equation (5), such that |v(t)| = 1, forallt € Dy (Dy C D,
Dyg open).
Then, the function u: Ip x Dy — C,

u(x,t) = g1(x)e*2Wo(t),  forall (x,t) € Iy x Dy,
is a solution of multitime NLSE (2).

Proof. According to Lemma 2, the function y(x) = gl(x)eing(x) is a solution of equa-
tion (12) which is equivalent to the fact that the function ¢(x,t) := g1(x)e82(¥) is a
solution of the Equation (6). From Proposition 1 it follows that u is a solution of multitime
NLSE (2). O

The function g; depends on two constants and the parameter k; the same for the
function g,. The function v depends also on the parameter k. Using Propositions 4 and 8, a
solution can be obtained for the multitime NLSE (2) analogous to Remark 4.

3. Multitime NLSE with a Specified f

Let ¢ € R be a fixed constant. Let us consider the multitime NLSE (2), with
f:RxR =R, f(x,p) =c—2p;ie.,

2
ih“(t)a—”+87”+(c—z|u\2)u:0. (13)

We select tg € D, for which it exists ag € {1,2,...,m}, such that h*0(ty) # 0, and the
C! functions F;, Fy, ..., F,,_1: V — R, as first integrals for ODEs system (3), with V C D,
ty € V, V open, such that for all t € V, the condition (40) is satisfied. We introduce the
vector field F(t) = (F(t), F(t),...,Fu—1(t)), t € V.

We need the C! function wy: Dy — R, which for any ¢ € Dy verifies h*(t) 9o

() =1
tﬂ(
(Dg open neighborhood of ty); wy can be selected as in Proposition 10, (b) (with g = 1).
If the function h* depends only on the variable t*0 and h*0(t*0) % 0, for all t*0, then

we can select wy(t) := H(t*0), where H is a primitive of the function %
Let us consider the C! functions Ej, E, E3: U — R (with U € R™ 1, U open).
Suppose that for any t € Dy NV we have F(t) € U, possibly replacing the domain Dy NV
with another smaller open neighborhood of ty. It eventually shrinks Dy N V, such that the
different solutions obtained in this Section, in which appear E1(F(t)), Ex(F(t)) or E3(F(t))
to be well defined (to make sense).
Concrete case: h*(t) = b* constant functions, with b™ # 0. The PDE (13) becomes

ou  %u

e 2 7R _ 2y, —
ib 5w T T (¢ —2lu|*)u=0. (14)
tm
In this case we choose wp(t) = . It is easy to see that the m — 1 functionally

independent first integrals for the ODEs system (3) can be chosen in this way
E,(t) =b"t" = b7t", forallt € R", forall y €{1,2,...,m—1}.

The orbits of the parallel vector field b = (bl, ...,b™) are straight lines.

Lemma 3. (a) Let a € R be a fixed constant. We consider the ODE

y" =2(y* —a?)y. (15)



Mathematics 2021, 9, 1995 9 of 23

1 — ¢qe2ex +av/2
W’ G(xv0)=——F—— (16)

The functions X,c1) = +a
f Gilxe) sin (av2x +c1)

are two solutions of the Equation (15) which depend on the parameter cy.
(b) Let a € R be a fixed constant. We consider the ODE

' =207 +a)y. o (17)

+av2
The functions wq(x,c1) = tatan(ax +cq), wo(x,c1) = 18
fi 1(x,¢1) ( 1), wa(x,c1) sinh (av2% + c1) (18)

are two solutions of the Equation (17) which depend on one parameter.

Let a € R be an arbitrary constant. We choose k = 2a% —¢. The Equation (8) becomes
the Equation (15). For this equation we found two solutions of it that depend on one
parameter, namely the functions defined by the formulas (16).

—zkwo(

Applying Proposition 5, for v(t) := Y, we deduce that the functions

o T E((F(E)E™ by (F(1)+i(e—2a2)n (1)
ua(x t)*ial-kEl(F(t))eZ“ € ’

o, ) = + av2 . B2 (F(D)+ile—2a2)ao (1)

sin (av2x + E1(F(t)))
are solutions of the Equation (13).
Now we select k = —2a% — c. The Equation (8) becomes (17). Two solutions of it that
depend on one parameter are given by relationships (18).
So, two more families of solutions of Equation (13) are obtained:

wa(x, ) = tatan(ax + Eq (E(t))) - eE2(FO) File+20)wn(t),

Wy(x, t) =+ a2 . eiEz(F(t))-i-i(c-i-Zaz)wo(t)‘
sinh (av/2x + E{(F(t)))
We choose k = —c. The Equation (8) becomes y"" = 2y/3. It is easy to see that a solution

that depends on one parameter is: §(x,c1) = + P
1
Analogously, the functions

G(X, t) -+ 1 _eiEz(F(t))Jricwo(t) (19)

are solutions of the Equation (13).

The functions u,, 1, w,, W,, are solutions of the Equation (13) which depend on the
parameter a. According to Proposition 4, it follows that if we replace a by E3(F(-)), we
obtain again solutions of the Equation (13).

For the functions i, @,, is more convenient to take av/2 as parameter; hence we will
replace av/2 with E3(F(-)).

Consequently, we obtain the following solutions of the Equation (13)

_ 1— Eq(F(£)e® B W) ) ite—a(Es (F(0)2 ) ¢
u(x, 1) —:tEg(F(t))1+E1(F(t))esz3 B 2RO ent),

. E3(F(t)) GAE2(F(0)+i(e—(E3 (F(5)2)awo (1)
u(x,t) = £— 2 3 o(t)
0 =+ M B (F0) + EFD))
w(x, t) = +E3(F(¢)) tan(xE3(F(t)) + Eq (F(£))) - eF2FO)Filer2(Es(F (1)) (t),

_ E3(F()) iEx (E(#))+i(c-+(Es (F())2)wo (1)
==+ . plE2 3 o(t),
D) = R GEE(D) + B (D))

to which the solution 6(x, t) defined by the Formula (19) is added.
It is observed that we can give up writing the sign “+" in the above formulas, because
replacing function E; (F(t)) with function 7t + E;(F(t)) we get the sign change (¢/* = —1).
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Using Proposition 7, with (k) := e~ () (and f(p) = ¢ — 2p), the following
solutions of the Equation (13)

7(x, 1) = E1(F(t))exp[ixEx(F(t)) +iE3(F(t)) +i(c — 2(Ey (F(t)))* — (E2(F(£)))?) wo(H)]
are also obtained.

Lemma 4. Let a, B be real constants, such that a + B > 0 and a # 0. We consider the ODE

a+ B)a?
81— % + (32 + B —287)81 =0. (20)
&1
(i) If B < 0, then the functions
g11(x) = i\/a—l—B—B tanh? (xv/—B+c1) (21)
and
g12(x) = j:\/a + B — B coth? (xx/ —B+ c1) (22)
are solutions of the ODE (20). The functions g 1, respectively g, » are primitives of functions %,
11
respectively %:
12
1 v —B tanh (xo/—B +c¢
1(x) = o + ———-arctan anh ( ) (23)
a ava+B va+B
1 vV —B coth (xo/—B +¢
Q2(x) = L~ arctan coth ( ) . (24)
a ava+B va+B
(ii) If B > 0, then the function
g13(x) = j:\/a+B+B tan? (xV'B + ¢1) (25)
is a solution of the Equation (20). We obtain the primitive
: Bt B+
2ra(x) = / dx - x 1 Sretan VB tan (xvB +c1) ‘ 26)
g13(x)2 a aya+B Va+B
(iii) If B = 0, then the function
(x) ==%4/a+ 1 (27)
8141%) = (x+¢1)?
is a solution of the Equation (20). We have
dx x  arctan (va(x +cq)
g4(x) == /72 ==-- ( ) (28)
814(x) a av/a
The functions g1 1, §2,1 are well defined for any x € R. The functions g1 5, 2,2 are well defined
— — z
for any x # ClB, x € R. The functions g1 3, 2,3 are well defined for any x # W,

with p € Z (x € R). The functions g1 4, g» 4 are well defined for any x # —cy, x € R.
The functions g11, 81,2, $1,3, §1,4 4o not vanish anywhere.

Proof. The functions g1 and g1, are well defined since 2 + B > 0 and B < 0, hence the
expressions that appear under radical in the Formulas (21) and (22) are strictly positive;
one remarks immediately that also g 1, $2,» are well defined (a # 0,4+ B > 0, B < 0).
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The function g; 3 is well defined since in this case 2 + B > 0 and B > 0, hence the
expression that appears below the radical in the Formula (25) is strictly positive; it is
immediately noticeable that the function g, 3 is well defined. In case (iii), we have B = 0
and a + B > 0, i.e., a > 0; we deduce that the functions g; 4 and g» 4 are well defined.

From the above it is immediately noticeable that the functions g1 1, §12, §1,3, §14 do
not vanish anywhere.

We shall show that g11, $12, 1,3, §1,4 are solutions of the equation

3 2
(¢1)? = gt — (3a + B)g? + 34 + 2aB — a—;;B, (29)
1
which is equivalent to (since g1 # 0)
(8181)% = 87 — (3a+ B)gy + (34 +2aB)g] — (a’ +a’B) or

($181)* = (81 —a)*(s1 —a— B), (30)

so it is enough to show that g11, §12, 81,3, §1,4 are solutions of the Equation (30).
Case (i). Denote by T(x) one of the functions:

T(x):=tanh (xv/=B+c¢;) or T(x):=coth (xv/—B+c1).

In both situations we have T’ = /—B(1 — T?). The relation g2 = a + B — B - T? is also true;
taking the derivative we obtain

28181 = —2BV-B-T(1-T%); (q181)* = —B°T*(1-T*)
From g7 = a+ B — B - T?, we deduce
¢3—a=B(1-T?) and ¢g}-a-B=-B-T?
hence (g% — a)z(g% —a—B) = B>(1-T?)?(-B)-T?> = (glg’l)z. The relationship (30)
was obtained.

Case (ii). Denote T(x) := tan (xv/B +c1). We have T = v/B(1 + T?).
The relation g7 = a + B + B - T? is also true; taking the derivative we obtain

26181 = 2BVB-T(1+T2%); (gi8})? = B3T2(1 + T2)%
From ¢2 = a+ B+ B - T?, we find
¢2—a=B(1+T* and g>—a—B=B-T?

hence it follows: (g2 —a)?(g? —a — B) = B*(1+ T?)?B - T? = (g18})%
The relationship (30) was obtained.

o 1 2
Case (lll). gl(x) =a + m, zgl(x)gi(x) — —m,
((gfl(x)g{(x))2 N (g3(x) — a)s, so even in this case the relationship (30)

(x+cq)°
is true.

We showed that g1 1, §12, 81,3, 1,4 are solutions of the Equation (30); as we have seen,
the relationship (30) is equivalently to the relation (29).
Using the derivative, from the relation (29) we obtain
3 2
a’+a°B
28181 = 4818 200+ B)gigi +27 5 8k (31)
1
In case (i), from the equality g1¢] = —Bv/—B - T(1 —T?),
with T(x) = tanh (xv/—B +¢;) or T(x) = coth (xv/—B + ¢1), it follows that g} vanishes
at a finite number of points.
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In case (ii), from equality g1¢] = BvV/B - T(1 + T?),
with T(x) = tan (x\/E + ¢1), it follows that zeros of g are isolated points.

In case (iii), from the equality g1 (x)g](x) = — 5, it follows that g’ (x) # 0.

_
(x+¢1)
Divide the relation (31) by 2¢/ (x), there where g} (x) # 0; one obtains
a® + a’B
& =281 - (3ﬂ+3)81+g73~ (32)
1
It follows from the above that the relationship (32) is fulfilled everywhere, except for
some isolated points (possibly). From continuity, it follows that the relation (32) is true
throughout (on the definition domain of g7).
The equality (32) is obviously equivalent to equality (20).

The relations g 1 (x) = and

o (1) = o () =
g11(x)2"°*? g12(x)2"°%3 813(x)?

are verified without difficulty by direct calculation. O

X)) = ——
’ 81,4(x)2

Furthermore, we shall determine some solutions of the Equation (13) using Proposition 8.
We'll take o(t; k) := e~ k«o(t),
For each a € R, we consider the second order algebraic equation (with the unknown B)

(3a+B—c)? = (a+ B)a?, (33)
equivalent to
B? — (a®> —6a+2c)B+ (3a —c)? —a®> = 0. (34)
There exists an interval I such that 0 ¢ I, % ¢ I and, for all a € I, to have
(3a—c)?-a<0.
Since lim ((3{1 — c)2 — a3) = —o0, it follows that there exists ay > max{O, < }, such
a—y00 2

that, for all a € I, to have (3a — 6)2 — a3 < 0. The interval can be taken I = (ag, 00).
Further we consider a € 1.
The product of the roots of the Equation (34) is (32 — ¢)? — a® < 0. It follows that the
roots By (a), By(a) of the Equation (34), are real, distinct and have different signs. These are

a> —6a+2c —/D(a)

Bi(a) = > <0, forallaecl; (35)
2 _ /
By(a) = 2 “+f+ D) S o, forallact, (36)

where D(a) = (a®> — 6a+2c)> —4(3a —c)® +4a®> >0, a € L.
Let us observe that if B is one of the roots of the Equation (34), then a + B # 0.
If a + B = 0, then from the equality (33) it follows 3a+ B —c =0, ie.,a = %, what you

cannot fora € I.

Hence a + B # 0. From the relation (33), we obtain a + B > 0.

We proved that for any a € I, the relations a + By (a) > 0 and a + B(a) > 0 are true.

Leta € I. We select k = 3a + By (a) — c. From equality (33) it follows
k* = (a+ By(a))a?. We notice that the Equation (11) becomes in this case the Equation (20),
with B = By (a) < 0. Assumptions of Lemma 4, (i), are satisfied.

Let g11(x, c1;a) respectively g21(x, c1;a), the functions defined by the Formula (21),
respectively (23), with B = By(a).

Let g12(x, c1;a) respectively g22(x,¢1;a), the functions defined by Formula (22), re-
spectively (24), with B = By (a).
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According to Lemma 4, the functions g1 1(+,¢1;a) and g1 2(, ¢1;a) are solutions of the

1 1
Equation (11) and g5, = ——, §5,(x) = ——. Let us consider the functions
' 1 812

p11(x,t,c150) == g11(x, c1;a)ei(3”+31(“)_C)ngl("'cl"“)v(t; 3a+ By(a) —c),

P12(x,t,c1;a) == g12(x, c1;a)ei(3”+31(“)*C)gzi(x'cl;”)v(t,‘ 3a+ By(a) —¢).

From Proposition 8 it follows that the functions ¢; 1, and ¢;, are solutions of the
Equation (13), which depend on ¢; and a.
From Proposition 4, it follows that the functions

ui1(x,t) == g1,1(x, E1(F(t)); E2(F(t)))
-expli(3E2(F(t)) + B1(E2(F(t))) —c¢) - (g2,1(x, E1(F(t)); E2(F(t))) — wo(t)) +iE3(F(t))],

u12(x,t) := g12(x, E1 (F(t)); E2(F(t)))
~expli(3Ex(F(t)) + Bi(E2(F (1)) — ) - (822(x, Ea(F(£)); E2(F(t))) — wo(t)) + iE3(F ()]
)

are solutions of the Equation (13); the expression E,(F(t)) must verify the condition
Ex(F(t)) € L.

Now, for a € I, we choose k = 3a + By(a) — c. From the equality (33) it follows
k? = (a+ By(a))a®. We remark that the equation (11) becomes in this case the Equation (20),
with B = By(a) > 0. Assumptions of Lemma 4, ii), are satisfied.

Let g13(x, c1;a) respectively g2 3(x, c1;a), the functions defined by the Formula (25),
respectively (26), with B = By(a).

According to Lemma 4, the function g7 3(, ¢1;4) is a solution of the Equation (11) and

1
gé 3= 5 Let us consider the function
T 813

¢21(x,t,c1;0) == g13(x, c1;a)e"(3”+32(”)*c)g2r3(x":l;“)U(t,' 3a+ By(a) —c).

From Proposition 8 it follows that the function ¢, 1(-, -,¢1;a) is a solution of the
Equation (13), which depends on c; and a. Proposition 4 implies that the function

up1(x,t) == g13(x, E1(F(t)); E2(F(t)))

-expli(3E2(F(t)) + B2(E2(F(t))) — ¢) - (g2,3(x, E1 (F(t)); E2(F(t))) — wo(t)) +iE3(F(t))]

is a solution of the Equation (13); the composition E,(F(t)) must verify the condition
Ex(F(t)) € L.

For the last example we do not ask anymore (necessarily) a € I.

Let a be a real root of the equation a®> = (3a — c)?. There is at least one such solution
for that the equation considered has degree three. From a® = (3a — ¢)? it follows a > 0 and
if a = 0, then ¢ = 0. Hence for ¢ # 0, it follows a > 0. For ¢ = 0, we shall take the root
a=9>0.

We select k = 3a — c. From the equality a> = (3a — ¢)? we find k* = a®. One remark
that the Equation (11) becomes in this case the Equation (20), with B = 0. Assumptions of
Lemma 4, (iii), are satisfied.

Let g1 4(x, ¢1) respectively g»4(x,c1) be the functions defined by the Formula (27),
respectively (28).

According to Lemma 4, the function g1 4(+, ¢1) is a solution of the Equation (11) and

854 = ——- From Proposition 8 it follows that the function @31 (-, -, c1) given by
T 814

%

P31(x,t,c1) == gra(x, c1)e’GO82ae)y (1,30 — ).
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is a solution of the Equation (13), which depends on c¢;. Proposition 4 implies that
the function

uz1(x,t) == g1.4(x, E1(F(£)))e!330) (824 (¥ Er(F(1)) —ewo () +iEa(F(£))

is a solution of the Equation (13); where 4 is a real root of the equation a®> = (3a — c)?
if¢c #20;and if c = 0, thena = 9.

Remark 5. From the above solutions of the Equation (13) one obtains solutions correspond-
ing to the PDE
ih*(t) ou + o +(c=buPu=0, (b>0)
ot 9x2 -

v2
NG
4. Solutions of Multitime NLSE Whose Argument Is Independent of x

Let [1, I be two intervals, [; C R, I C [0,0). Let D be an open subset of R™. Let us
consider the C! functions f: I} x I, = R, h*: D — R, a € {1,2,...,m}, which define the
multitime nonlinear Schrodinger PDE (2).

In this Section, we shall determine exact solutions of multitime NLSE (2) of exponential

using Remark 1, (¢), with p =

form u(x, t) = @(x, )¢, with ¢(x,t) € R, w(t) € R, i.e., the argument w of u does not
depend on x. The solutions of this form are suggested by the solutions in the previous
sections and by the question: Are there other solutions of this type? These solutions are in
fact extensions of spatial solitons in the paper [16].

Proposition 9. Let ¢: Iy x Dy — R, w: Dy — R; suppose that w is a C! function. Then
the function

u: Iyx Dy — C, u(x,t) = ¢(x,t)e“"),  forall (x,t) € Iy x Dy

2

is a solution of multitime NLSE (2) if and only if ¢ is of class C1, there exists 3720, and for any

(x,t) € Iy x Dy, the following three conditions are satisfied:
(go(x,t))z €D, (37)
i (5) 22 (x,1) = 0 (38)

ata 7 4
« dw 824) 2

B0 S (0) - @l 1) — 56, ) = £ (x, (p(x, 1)) g, ) = 0. 39)

Proof. We remark that |u|? € L if and only if ¢? € I.
The function w is of class C. ‘ '
From the equalities u(x,t) = ¢(x,1)e"), p(x,t) = u(x, t)e ", it follows that the
2
function u is of class C! and there exists 37;{ if and only if ¢ is of class C! and there
92
exists %
The function u verifies the relation (2) if and only if, for any (x,t) € Iy x Dy, we have

e 90 ialt) _ pa 00 wit) L P9 i) 2. giclt)
o CHlw(t) g [P 17 | Hlw L piw(t) —
ih a3 h Py (t)-¢-e + 52 ¢ +f(x, ¢ )p-e 0,
which is equivalent to
o 0P dw ) 5
o _ & . =
i 5 =1 a9+ 55 +f(x¢7)e =0
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and the above equality is valid if and only if the equalities (38) and (39) are satisfied. O

4.1. Preresiquites: First Integrals

Let tp € D, for which there is at least one index ag € {1, ...,m}, such that h*0(ty) # 0.

Let B1, B2, ---, Pm—1, be distinct elements of the set {1,2,...,m} \ {«p}, written in
ascending order.

Consider the C! first integrals Fi, Fp, ..., F;,—1: V — R of ODEs system (3), with
V C D, ty € V, V open and connected, such that h*(t) # 0, for any ¢t € V, and

oF,
Ly )
othi 1<a,j<m—1

det ( #0, forallteV (40)

(There exist the functions Fy, B, ..., F,—1 with above properties).
We denote by F(-) the vector field F = (F, F, ..., Fy_1): V — R L
Renumbering the indices, we can assume that oy = m. Hence we have h™(t) # 0,

forany t € V, and
oF,
det (S5(1)) 0, forallte V. 41
¢ otB ( ) 1<a,B<m—1 # ora ( )
Let F,(t) = t". Denote by H(-) the vector field H = (Fy,...,Fy_1,Fy) : V. — R™,
i.e.,, H = (F, Fy). We can easily see that the Jacobian of H is equal to the determinant in
relation (41), hence it is nonzero on V. From the inverse function theorem, it follows that
there are two open sets, Vo C V, V; C R", with ¢y € V, such that the function (a restriction

of H H . Vo — Vyisa C! is diffeomorphism. Let G = (Gy,...,Gu): Vi — Vj be the

0
inverse of this diffeomorphism.

Notation: For s = (s!,...,s""1,s"), we denote 5 := (s',...,s

s = (5,s™). The following equalities:

m=1); hence we have

G(H(t)) =t, forall t € Vo; H(G(s)) =s, forall s € V;.

are satisfied. The second above equality is (F(G(s), Gu(s)) = (5,s™), hence it results
F(G(s)) = F(G(s,s")) =3, foralls=(s,s") € Vy;

Gm(s) = Gp(s,s") =s", forall s = (5,s") € V1.

We need the vector field h(t) := (h'(t),h2(t),...,h"™(t)), t € D.

For t € V, we denote S; := Sp {VF(t), VF(t),...,VE,_1(t)} € R™. From the
relation (41) it follows that dim Sy = m — 1. Hence dim Sf— =1.

Forany g € {1,2,...,m — 1}, we have (h(t), VFg(t)) = 0, since the functions Fg are
first integrals of the ODEs system (3); hence h(t) € Sj. Since h(t) # 0, it follows that
{h(t)} is a basis of the vector space Sj- (for all t € V).

Lemma 5. Suppose that the above conditions are satisfied. Then

(a) For any s € V4, the relation hm(G(s));—i(s) = h(G(s)) is satisfied.
(b) Let Dy C D, be an open neighborhood of to. Whatever the C* function w: Dy — R,

we have
1 (G(s)) gTZZ(G(s)) _ hm(c(s))asim(w(c(s))), forall s € H(Do N Vp).

Proof. (a) Since H o G(s) = s, it follows that forany s € V;j and forany g € {1,2,...,m —1},
we have F5(G(s)) = sP. Taking the derivative with respect to s, we obtain

G
<VF5(G(S)),aSm(S)> =0, forallse Vy, forall p€{1,2,...,m—1}.
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Hence Vs € Vj, a—G(s) € Sé(s): Sp{h(G(s))}. There exists A(s) € R such that

os™
aas—cni(s) = A(s)h(G(s)). Identifying the components on the position m, we find
Gy

as—m(s) = A(s)h"(G(s)). Since Gy, (s) = s™, it follows A(s)h™(G(s)) = 1.
We remark that if we multiply by h™(G(s)), the equality ;s—(i(s) = A(s)h(G(s)),
becomes the equality from the point a).

(b) Ifs € H(DO N Vo), then G(S) €Go H(DO N VQ) = Do NVy C Dy.

For any s € H(Dg N Vp), we have

7(6(5)) 305 (0(G(5) = (G Var(G(s)), 50 6)) =

= (TG I"(G(E) 55r ) ) = (T(GEN ME(s)) =

Jw

= h"(G(s)) 5,7 (G(s)),

and the statement is proved. [

Remark 6. Let Dy C D, be an open neighborhood of tg and let sg := H(tg). Let J1, ]2, ..., Jm
be open intervals, such that sy € Jp, for all « € {1,2,...,m}, and
Wy:=J1 X aX...X J;w CH(DyNVy) C Vy (there exist such intervals since the set H(Dg N V)
is open and sy = H(tg) € H(DyN Vp)).

Because s = ti', we have tj' € Jy.

The set Wy := G(Wy) is open since Wy is open and G is a diffeomorphism.

Since sy € Wy, we deduce tg = G(sg) € G(Wp) = Wo.

From Wy C H(DO N Vo), it follows that Wy = G(W]) CGo H(DQ N VO) = Do N V.

Hence, the set Wy = G(Whq) is an open neighborhood of to and Wy C Do N V.

We have H(Wy) = H o G(Wy) = Wy, i.e., H(Wy) = Wy. It follows that for any t € Wy,
we can write H(t) = (F(t), ™) € Wy, whence we deduce

Ft) e W X o X oo X Jyy1, forall t € Wy.
(F(t),s") €y x Ja X ... X |, forall t € Wy, forall s™ € Jy,.

Proposition 10. Let Dy C D be an open neighborhood of tg. Denote by q: Dy — R an arbitrary
function. We select the sets Wy, Wy as in the Remark 6.
(a) If the C* function w: Dy — R verifies, for all t € Dy, the equation

B 92 (1) = (1), @)

then

qu—w@@ﬂ»+/$$%2%&,ﬁm%—@#ﬂem, 43)
tn ’

Mﬂzﬂaﬂmﬂ»+/$FGwJ»

! de forall t € Wy. (44)
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(b) Suppose that the function q is of class C1. Let W be an open neighborhood of to, W C V
(as example W = Wy). Let us consider a C function E: U — R, U C R™~1, U open. Suppose
that for any t € W we have F(t) € U. Then, the function w: W N Wy — R, defined by

w(t) = E(F(t)) + / de’ forall t € WN W,

is of class C', and verifies the relation (42), for all t € W N W.

Proof. (a) Since w is of class C!, from the relation (42) we deduce that the function gq
is continuous.

Wefixs € J; X o X ... X J;;—1. Henceforany s™ € J,,, wehave (5,s™) € Wy € H(DyNVp).
We can define the function

At Jm =R, A(t) =w(G(5,1)), forall Te Jy.
From Lemma 5, (b), and the equality (42), it follows

1(GG 1) = K (G(5,1)) o2 (G(5,7)) = W' (G 1) 2 (x), forall 7€

.odA q(G(5,1)) )
Le, @ (1) = m, hence we obtain

A(s™ / e dT forall s € Jy.

We find that the above relatlonshlp coincides with the relationship (43).

Let t € Wp. According to Remark 6, we have H(t) = (F(t),t") € W;.

In the Formula (43), we take s = H(t) = (F(t),t™),i.e., s = F(t), s" = t", and we
obtain the Formula (44) (since G(H(t)) = t).

(b) Since q is of class C!, it follows that w is of class C'.

The variables of the function E are denoted by (s!,s?,...,s"1).
LetEy: Wy —» R, Eq(s) = m for all s € Wy. Then
hmﬁmwwﬁimw$W%
hE(E OZ; )~§5i(t)dr+hm(t)-m—
—gﬁw»wﬁ%wjggwmmwmﬁwT
(R - m — 040 +Ohm(t) . hﬁﬁféz) _q(t). O

Proposition 11. Let tg € D. Let us consider the C' functions F, F, ..., Fy_1: V — R
as first integrals for the ODEs system (3), with V. C D, ty € V, V open and connected.
Let F(t) := (Fi(t), F2(t),..., En_1(t)), t € V.

(a) Suppose there exists ag € {1,2,...,m}, such that for all t € V, we have h*(t) # 0, and
the condition (40) is satisfied.

Let ¥: Dy — R be a C! first integral of the ODEs system (3), with ty € Dy C D, Dq open.
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Then, there exists an open neighborhood Wy of to, with Wy C Do NV there exists Uy € R™~ 1
Uy open, and there exists a C function Eg: Uy — R such that

F(t) e Uy and Y(t) =Eo(F(t)), forall t € W.

(b) Let U C R™1, U open, and let E: U — R be a function of class C'. Let W C V,
W open, such that, for any t € W we have F(t) € U.

Then, the function ¥: W — R, ¥ (t) = E(F(t)), forallt € W,
is a first integral for the ODEs system (3).

Proof. (a) Renumbering the indices, we can assume that ay = m.

We choose Wj and Wy as in the Remark 6. Let Uy := J; X J» X ... X J;,_1; obviously,
Uy is open.

According to Remark 6, the set Wy is open, tp € Wy, Wy € DoNVy € DpNV, and
E(t) € Uy, for all t € Wj.

Applying Proposition 10, (a), for w =¥, g = 0, it follows that, for all t € W, we have
¥() = ¥(G(F(1),1))):

It is sufficient to choose Eo: Uy — R, Eo(5) = Y(G(5 1)), for all § € Uy
(5t € Uy X Jw = Wi C Vi; G(Wp) = Wy € Dy); obviously, the function E is of
class C!.

(b) A calculation similar to the proof of Proposition 10, (b) is made. [

4.2. The Theorem about the Solutions with the Argument Independent of x

Let us insist again on solutions of exponential form of the multitime NLSE (2).

Proposition 12. Let (x,tp) € I; x D. Suppose there exists ag € {1,2,...,m}, such that
h*o(ty) # 0.

We need the functions ¢: L x D; — R, w: Dy — R, w of class C' (L subinterval of Iy, with
xo € L; D1 C D, Dy open, with tg € D). Suppose that the function

u:Iyx Dy — C, u(x,t) = o(x, )", forall (x,t) € L x Dy, (45)

is a solution for the multitime NLSE (2). We add the condition ¢(xg,ty) > 0.

Let us consider the C! functions Fi, F, ..., E,_1: V — R as first integrals of the ODEs
system (3), with V.C D, ty € V, V open and connected, such that for all t € V, we have
h*o(t) # 0, and the condition (40) is satisfied.

We need the vector field F(t) := (Fi(t), Fa(t),..., En_1(t)), t € V.

Then

— there exists Iy subinterval of L, with xo € Iy (if L is an open interval, then Iy is open also);

— there exists Wy an open neighborhood of tg, Wy C V N Dy;

— there exists Uy C R™™1, U, open;

— there exist the C1 functions Eq,Ep, E3, Eq: Uy = R, wg: Wy = R,
such that

(i) ¢(x,t) >0, forall (x,t) € Iy x Wp;

i) F(t) € Uy, forall t € Wp;
iii) E1(8) > 0, for all § € Up; and (Eq (“’))2 € I, forall s € Up;
iv) ¢(xo,t) = E1(F(t)), forall t € Wy;

(i

(

( 8

(v) 5 (xo, ) = Ex(F(t)), forall t € Wo;

(vz) ( ) = —wo(t)E3(F(t)) + E4(F(t)), forall t € Wp;
(

vii) h*(t) %a;o( t) =1, forall t € Wp.

Proof. Renumbering the indices, we can suppose that ay = m.
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Since ¢(xo, tp) > 0, there exists Dy C D;, Dy an open neighborhood of ¢, and there
exists Iy subinterval of L, with xy € Iy, such that ¢(x,t) > 0, for all (x,t) € Iy x Dy (if L is
an open interval, then Iy can be selected as open interval).

We select Wi and Wy as in Remark 6, i.e., J1, J2,..., i are open intervals, such that
s§ € J« (Whatever the index a), sp = H(tp), and

Wii=1 X Xx...x [y C H(DO N V()), Wp := G(W1>

We choose Up := J1 X Jo X ... X J,;_1; obvious that Uy is open.

According to Remark 6, the set Wy is open, tgp € Wy, Wy € DgNVy € DNV, and
F(t) € Uy, for all t € Wj.

Since Wy C Dy, we deduce that, for all (x,t) € Iy x Wy, we have ¢(x,t) > 0.

Let E: Uy — Wy, E(8) = G(5,t8), foralls € Uy ((5,t)") € Uy X Ju = Wy); obviously
that E is a C! function.

According to Proposition 9, the function ¢(x, -) verifies the relation (38) on the set D.
Proposition 10, (a), (with w(-) = ¢(x, -) and g = 0), implies

@(x,t) = ¢(x,E(F(t))), for all t € W, for all x € Iy; taking the derivative with respect

to x, we obtain g—f(x, £ = 3—2? (x, E(F(t))), forall t € Wy, for all x € Io.

Let E1, E>: Uy — R be defined by
El(g) = QD(X(),E@,)), Ez(g) = %(XO,E(’S\I)), for all s € Uy.

For all t € W), we have Ei(F(t)) = ¢(xo,E(F(t)) = ¢(xo,t) and
Ex(F(t)) = g—f(xo,E(F(t))) = g—f(xo, t); we proved the statements iv) and v).

For any § € Uy, we have E(5) € Wy C Dy; it follows that ¢(xp,E(5)) > 0,
ie., E1(s) > 0.

From Proposition 9, we deduce that, for any t € W, we have (¢(xo, £)?* € b.

Forany s € Uy, we have E(3) € Wy; it follows that go(xo,E(§))2 € I ie, (E (5))2 € L.

So we also proved the statements from iii).
dg _9¢ : ¢ R
From a(x, t) = ~ (x, E(E(t))), it follows o2 (x,t) = 92 (x, E(F(t))), for all
t € Wy, for all x € I.

If in the relation (39) it counts x = xo, then for any t € W, one obtains

dw 1 )

(0 50 () = Erpyy g (0 () + £ (o, (EA(F(0))). (46)

We define the function E3: Uy — R,
1 ~
Ey) = — (w 29 (20, E@) + (0 (El(gj)z)), for all § € U,
From the previous formula it follows that E3 is a continuous function. However, it
does not turn out that Ej is of class C!. This remains to be proved.

The equality (46) becomes h* () g%(t) = —E3(F(t)), forall t € W.

We apply Proposition 10, (a), for w = w and g(t) = —E3(F(t)); using the equality
F(G(5,T)) =5, we obtain

sm
~ Es(s
(U(G(S)) = CU(G(S, t6n)) — / ]fﬂ(ésg)de’ Vs e uo, Vs™ S ]m (47)
i ’
i 1
We fix p € Jiu, p # 1. Let E5(8) := /h”‘(G(ET))dT’ for alls € U,.
g ’

Since for any t € V we have h"(t) # 0, we deduce that /" has constant sign on V;
it follows that, for all 5 € Uy, we have E5(s) # 0.
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w(G(5 7)) —w(G(E p))

Es(s)
from this we deduce that Es is a C! function.
In Formula (47), we take s = H(t) = (F(t),t"),ie., s = F(t),s" = ", and we obtain

From the Formula (47), we obtain E3(5) = ,foralls € Uy;

dt, forall t € W. (48)

wlt) = w(GF(E), 1)) - E3<P<f>>t0/ WCF®, )

We define the functions E4: Uy — R, wy: Wy — R by the formulas

tm

Es(3) = w(G(5,ty)), forallse Uy wo(t) = / dt, forall t € Wy.
i

1
h(G(E(t), 7))
The equality (48) becomes the formula from point vi).
We apply Proposition 10, (b), for W = Wy, E = 0, g = 1; it follows that wy verifies the
relation of point (vii). [

Remark 7. We assume that the hypotheses of Proposition 12 are satisfied, but with ¢(xg,ty) < 0.
Setting @1(x,t) == —@(x,t), wi(t) := 7+ w(t), we have u(x,t) = ¢1(x,1)e1", and
¢1(x0,t0) = —¢@(x0,t9) > 0. The conclusions of Proposition 12 are obtained for the functions
@1 and wy, respectively, instead of ¢ and w, respectively.

Further we shall determine (locally) the exact solutions of multitime NLSE (2) of
the form u(x,t) = ¢(x, 1)), with ¢(x,t) € R, w(t) € R; these solutions being
considered in a neighborhood of a point (xg,ty) for which u(xg,ty) # 0 and
(h'(to), h*(to), ..., W™ (to)) # (0,0,...,0). Proposition 12 presents necessary conditions

d
which must perform (locally) the functions u(xy, - ), o (xp, ) and w (taking into account

also Remark 7). So we will further assume that these conditions are met.

Suppose that I is an open interval and that I; has the form I, := (p, o), with u > 0.
Let I3 := (,/§t,00); it is obvious that I3 C (0, o).

We consider the ODE (with parameter k € R)

v+ (k+f(x,y2))y =0. (49)

ForkeR,A €, c1 € I, cp € R, leto( -, A;cq,c2; k) be the maximal solution y( - ) of
the Equation (49) which verifies y(A) = ¢1 and y'(A) = c,. The domain of definition of this
solution being the open interval I(A;¢q, ¢ k) € I, with A € I(A; ¢, ¢2;k); the codomain
is 13.

Let us introduce the set

M= {(x,A;c1,c00k) [A € I, e1 € I3, 00 e Rk e R, x € I(A;¢1,005k) ).

0
The set M is open. The function ¢: M — I3 is of class C?; the function a—(; : M — Izisof
class C'.
Forany A € I1, ¢ € I3, c» € R, k € R, we have

aﬁ()\, A;c1,¢0,k) = co.

o(A A e1,00,k) =c1  and gy

Theorem 1. Suppose that Iy is an open interval and that there exists y > 0 such that I = (, o);
let Iz = (\/ﬁ, ).

Let (xo,to) € I x D. Suppose that there exists g € {1,2,...,m}, such that h*(ty) # 0.
Let us consider the C! functions Fi, F, ..., Fy_1: V — Ras first integrals of the ODEs system (3),
with V. C D, tg € V, V open and connected, such that, for all t € V, we have h*0 (t) # 0, and the
condition (40) is satisfied.

Denote F(t) := (Fy(t), F2(t),..., Fy_1(t)), t € V.

Let Iy C Iy, Iy interval, with xo € Iy; let Wy C V, Wy open, with tg € Wy.
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a(UO

We need a C' function wy: Wy — R, such that h*(t) ¥

Let us consider the C' functions

Ey: Uy — I3, Eo, E3,Eq: Uy — R (with Uy € R™1, Uy open); suppose that for any
t € Wy, we have F(t) € Up.

Let w: Wy — R, w(t) = —wy(t)E3(F(t)) + E4(F(t)), forall t € Wp.
(a) Suppose that the function u: Iy x Wy — C is a solution of the multitime NLSE (2), of the form
u(x,t) = @(x,£)e Y, forall (x,t) € Iy x Wy, with ¢(x,t) > 0, forall (x,t) € Iy x W. If

(t) =1, forall t € Wp.

u(xq,t) = E1(E(t))e“®, 5 (x0,1) = Ex(F(£))e"),  forall t € Wy, (50)
then
Iy C I(xo,' Eq (F(t)), Ez(F(t)),‘ E3(F(t))), fOT’ all t € Wo, (51)
and, for any (x,t) € Iy x Wy, we have
u(x, t) = o(x,x0; Ey(F(t)), Ea(F(t)); E3(F(t)) ) e wo)Ea(F(t)HEL(E (), (52)

(b) Converse. Suppose that the relations (51) are true. Then: the function u: Iy x Wy — C defined,
forany (x,t) € Iy x Wy, by the Formula (52) is a solution of the multitime NLSE (2), and satisfies
the conditions (50).

Proof. For any t € W), we have
Jw Jdwy

() 92 1) = ~Ea (F(1) H(8) e (1)~
—wp (1) oo (E5(F(1)) +(8) oo (EA(E(L)).
Hence h*(t) g—w(t) = —E3(F(1)).

th

(a) We use Proposition 9.
For any (x,t) € Iy x Wy, the relation (37) is satisfied, and we deduce that ¢(x,t) € I5.
The relation (39) is now equivalent to

82
Es(E(1) - (x,1) + 55 (v, ) + F(x, (9(x,1))2) p(x, 1) = 0. 53)

We remark that for all t € Wy, the function ¢( -, t): Iy — I3 is a solution of the Equation (49),
with parameter k = E3(F(t)). Since ¢(xo,t) = Ei(F(t)) and g—i(xo, t) = Ex(F(1)),
it follows that Iy C I(xo; E1(F(t)), E2(F(t)); E3(E(t))),
and ¢(x,t) = o (x, x0; E1 (F(t)), E2(F(t)); E3(F(t))), i.e., u has the form in conclusion.

(b) Let ¢(x,t) := o (x,x0; E1 (F(t)), E2(F(t)); E3(F(t))), x € Iy, t € Wp.
Since o (x, xo; E1 (F(t)), E2(F(t)); E3(F(t))) € I3, it immediately follows that (¢(x,t))? € I,
i.e., the relation (37).

The relation (38) is obviously fulfilled because for every x fixed, ¢(x, - ) is a function
that depends on F( ).

The relation (39) is equivalent to the relation (53), which is satisfied, because the func-
tion (-, xo; E1(F(t)), E2(F(t)); E3(F(t))) is a solution of the Equation (49), with parameter
k= E3(F(t)).

The relations ¢(xg,t) = E1(F(t)) and g—f(xo, t) = Ex(F(t)) are obvious, hence the

initial conditions (50) are also true. [

In the conditions of Theorem 1, we denote v(£; k) := e~ #*«o(t)

solution of the Equation (5); we have also |v(t; k)| =
Hence the solution of Theorem 1 is written

. The function v( - ; k) is a

u(x,t) = o (x, x0; Er (F(t)), E2(F(t)); E3(F(t))) - v(t; E3(F(t))) - e'EF(0),
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This is a solution similar to those in Remark 4.

Proposition 12 and Theorem 1 say that, locally, the solutions of the multitime NLSE (2)
whose argument does not depend on x, are only those described in Remark 4 (if we assume
in addition that u(xg, fp) # 0).

Remark 8. For m = 1, we easily find that the results obtained in this article remain true under the
following conditions:

—  the functions ¥, respectively Y j, which appear in Propositions 2-7, are taken constants;

—  the functions E;, which appear in Remark 4, in Section 3, in Proposition 12, and in Theorem 1
are taken constant; the functions Fi, F,, ..., F,_1 are no longer considered in the case m =1
(instead of E;(F(t)) is put the constant E;).

5. Multitime NLSE in Riemannian Setting

From the physical point of view, it would be more important to further study a
multitime NLSE in Riemannian setting, which is still an open problem. For that, let (M, g)
be a smooth compact Riemannian manifold of dimension n (particularly, n = 2, 3) without
boundary. In Riemannian setting, the multitime NLSE is

ih*(x,t) % + Agu+ f(x,|uP)u=0, (xt)€MxR"™ (54)

Let dx, denotes the volume element of the compact Riemannian manifold (M, g) and

|u[> = um, |Vgulz = (Veu, Vgi)s.

Open problem Find the minimum of the multitemporal energy functional

1
E() =5 [ (1P + Vgul)dxe,

constrained by the multitime NLSE (54).

Hint To solve this problem we need techniques from variational calculus.

This multitime NLSE is mainly concerned with the interface between Riemannian
geometry and quantum mechanics, but it leads, in a natural way, to questions of functional
analysis related to the theory of operators on Hilbert spaces. In some respects these
problems are similar to those studied in the standard Euclidean case, but depending on the
Riemannian metric g these might go beyond and provide new aspects to the problem.

6. Conclusions

The exact solutions of multitime NLSE (with oblique derivative) are closely related
to the orbits of the direction vector field /. Our techniques for finding these solutions
started from this important idea applied to PDEs that contain directional derivative. We
follow a different route than those in the papers [1-19] and carry out the calculations to
obtain significative exact solutions of multitime NLSE. This computational paper and the
obtained results show that our methods are simple, efficient, straightforward and powerful.
Moreover, the presented methods can be employed in many other types of nonlinear PDEs
arising in mathematics, mathematical physics, engineering and economics.

The linearization of the multitime NLSE around a solution returns to the linearization
of the function f. Linearization offers patterns of solutions that approximate the solutions
of the original equation (this corresponds to studying the tangent space at a point of all
solutions moduli space).

We hope that this paper will open a door for many readers to a multitime intriguing
topic that is an active field of current research, especially in the Riemannian formulation of
multitime nonlinear Schrodinger’s PDE.
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