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Abstract: Let F be the normalized Hecke-eigen cusp form for the full modular group and {(s, F) be
the corresponding zeta-function. In the paper, the joint universality theorem on the approximation
of a collection of analytic functions by shifts ({(s + iiyt, F),...,{(s + ih,T,F)) is proved. Here,
hy,..., hy are algebraic numbers linearly independent over the field of rational numbers.
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1. Introduction

The series of the types
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where {A,,} is a nondecreasing sequence of real numbers and lim,;, e Ay, = 400 are called
Dirichlet series. The majority of zeta-functions are meromorphic functions in some half-
plane defined by Dirichlet series having a certain arithmetic sense. The most important of
zeta-functions is the Riemann zeta-function

o>1.

agk

1
g(s) :m s

In [1], Voronin discovered a very interesting and important property of {(s) to approx-
imate a wide class of analytic functions by shifts {(s 4 iT), T € R, and called it universality.
Later, it turned out that some other zeta-functions also are universal in the Voronin sense.
This paper is devoted to the universality of zeta-functions of certain cusp forms.

Let

SL(2,7) = {(i S) L a,bc,deZ, ad—bc—l}

be the full modular group. If the function F(z) is holomorphic in the upper half-plane
Imz > 0, and for all elements of SL(2, Z) with some k € 2N satisfies the functional equation

b
F(Zi d) = (cz+d)*E(2), (1)

where F(z) is called a modular form of weight « for the full modular group. Then, F(z)
has Fourier series expansion
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If c(m) = 0 for all m < 0O, then F(z) is a cusp form of weight x. The corresponding
zeta-function (or L-function) (s, F) is defined for o > KTH by the Dirichlet series

(sp) =y W,
m=1

and has the analytic continuation to an entire function. Additionally, we suppose that F(z)
is a simultaneous eigenfunction of all Hecke operators T;,

TuF(z) = m* ! ) iK ). F<a2;b>, m € N.
a,d>0 b(mod d)
ad=m

In this case, c(1) # 0; therefore, the form F(z) can be normalized, and thus, we may
suppose that ¢(1) = 1.
Now, we suppose that F(z) is a normalized Hecke-eigen cusp form of weight x for

the full modular group. Then, the zeta-function ¢ (s, F) can be written, for o > "%1, as a

product over primes
o104 (122"

where a(p) and B(p) are conjugate complex numbers satisfying the equality a(p) + B(p) =
c(p)-

In the paper [2], the universality of the function {(s, F) was proved. Let Dy = {s €
C:5<o< KTH}, Kr be the class of compact subsets of the strip D, with connected
complements, and Hy r(K), K € Kr the class of continuous nonvanishing functions on K
that are analytic in the interior of K. Moreover, let measA denote the Lebesgue measure of
a measurable set A C R. Then, in [2], the following theorem was obtained.

Theorem 1. Suppose that K € K and f(s) € Hyp(K). Then, for every ¢ > 0,

liminfll,meas{'r €0, T] :sup |C(s+iT,F) — f(s)| < e} > 0.

T—oo scK

Theorem 1 shows that there are infinitely many shifts (s + i1, F) approximating a
given function f(s) € Hyr. In the shifts {(s + iT, F) of Theorem 1, T takes arbitrary real
values; therefore, the theorem is of continuous type. Further, discrete universality theorems
for the function {(s, F) are known. In [3,4], the discrete universality theorems with shifts
{(s +ikh,F), k € N, h > 0 being a fixed number, were proved. Denote by H(Dy) the
space of analytic on Dy functions endowed with the topology of uniform convergence on
compacta. The paper [5] is devoted to the universality for compositions ®({(s, F)) with
certain operators ® : H(Dy) — H(Dy). The results of the latter paper were applied in [6]
for the functional independence of the compositions ®({(s, F)).

Let, forafixed [ € N,

To(l) = {(i Z) €SL2,7): c= O(modl)}

denote the Hecke subgroup of the group SL(2,Z). If F(z) satisfies (1) for all elements of
I'o(1), then F(z) is called a cusp form of weight x and level I. The form F(z) is called a new
form if it is not a cusp form of level /1 | I. In [7], a universality theorem was obtained for
zeta-functions of new forms.

The universality theorem of [2] was generalized in [8] for shifts (s + i¢(T), F) with differ-
entiable function ¢(7) satisfying the estimates (¢'(7)) ! = o(7) and ¢(27) Trg}%T(go’(t))_l
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< Tas T — oo. The discrete version of results of [8] is given in [9]. In [10], the shifts
{(s +ivyg, F), where {7 : k € N} is the sequence of nontrivial zeros of {(s), are used.

The joint universality of zeta- and L-functions is a more complicated problem of
analytic number theory. In this case, a collection of analytic functions are simultaneously
approximated by a collection of shifts of zeta-functions. The first result in this direction
also belongs to Voronin. He considered [11] the functional independence of Dirichlet
L-functions L(s, x) with pairwise nonequivalent Dirichlet characters x and, for this, he
obtained their joint universality. The paper [12] is devoted to the joint universality for
zeta-functions of new forms twisted by Dirichlet characters, i.e., for the functions

[e0]

5 C(m)é(m), s L
i m 2
with pairwise nonequivalent Dirichlet characters x4, ..., x;.

Joint universality theorems with generalized shifts {(s + i goj(k), F),j=1,...,r,with
some differentiable functions ¢;(7) can be found in [13]. Continuous and discrete joint
universality theorems for more general zeta-functions are given in [14-16].

Our aim is to obtain a joint universality theorem for zeta-functions of normalized
Hecke-eigen cusp forms by using different shifts. The first of the denseness results for
shifts of a universal function were discussed in [17].

The main result of the paper is the following statement.

Theorem 2. Suppose that hy, ..., h, are real algebraic numbers linearly independent over the field
of rational numbers Q. For j =1,...,r,let K; € Kr and f;(s) € Ho,r(K;). Then, for every e > 0,

liminlermeas{r € [0,T] : sup sup|{(s +ihjT, F) — fi(s)] < s} > 0.

T 1<j<r sek;
Moreover "lim inf” can be replaced by "lim” for all but at most countably many e > 0.

For the proof of Theorem 2, we will apply the probabilistic approach based on a limit
theorem in the space of analytic functions.

2. Mean Square Estimates

Recall the metric in the space H(Dy). Let {K; : I € N} C Dy be a sequence of compact
subsets such that

(o)
Dy = JK,
I=1

K; C Kjyq forl € N, and if K C Dy is a compact, then K C K for some /. For example, we
can take K; closed rectangles. Then

sup|g1(s) — g2(s)

ad seK;

,q) =Y 27!
P81 82) = L2 T )~ 20)

seK;

, 81,§ € H(Dy),

is a metric in H(Dy) inducing the topology of uniform convergence on compacta.
Let
H"(Dy) = (H(Dx) x - -+ x H(Dx) .

r

Forg, = (gj1,---,8jr) € H'(Dx), j = 1,2, define

p(8,,8,) = max p(g1), &)

1<j<r
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Then, p is a metric in H"(Dy) inducing the product topology.
Let6 > % be a fixed number, and

vy (m) = exp{—(rs)e}, m,n € N.

Then, the series

in view of the estimate
1y,
c(m) < mzTE,

is absolutely convergent in every fixed half plane ¢ > ¢. However, for our aim, this
convergence is sufficient only for o > 5
For brevity, let h = (hy, ..., hy),

{(s+iht,F) = ({(s + i, F),..., (s + ik, F))

and
¢, (s +iht,F) = (Cu(s +imT,F), ..., Cn(s + iheT, F)).

Lemma 1. Forall h,

nooT—)ooT

T
lim lim sup —/ 7S+ihT,F),§n(S+ihT,F))dT:O.
0

Proof. By the definitions of the metrics p and p, it suffices to show that, for every h € R
and compact set K C Dy,

T

lim Tim sup — / sup|Z(s + ihT, F), {u(s + iht, F))dt = 0.
=0 T oo To sek

It is well known that for fixed § < ¢ < 551,

T

/ C(0+it, F)Pdt <o T,
)

where <, means that the implied constant depends on ¢. Therefore,

T
/|g(a+ iht, F)2dt <o T,
T
and, forv € R,
1

T
- /\g(a+ it + iv, F) 2do <o 1+ [0]. @)
0

Let
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where I'(z) denotes the Euler gamma-function and 6 is a number from the definition of
v, (m). Using the Mellin formula

1 B+ico

_— 53c — N

Zﬂiﬁ/ I(s)a’ds=e"%, «a,B>0,
—100

we find that
0+ioco

oo ()} =2 [ 57(6) () e

Therefore, in virtue of the definition of the function v, (m), we obtain that, for o > 7,

- / O(s+2 F)la(2) S 3)

Let K € Dy be a fixed compact set. Then, there exists ¢ > 0 such that, for all s =
o +it € K, the inequalities 5 + 2¢ < ¢ < % — ¢ are satisfied. We take, for such o,

91:g+£—0.

Then, 6; < 0. Therefore, by the residue theorem and (3),

91+ioo

1 dz
Cals F) = (s, F) = 5 — / (s +2 F)ln(z) .
9]7i00
Hence, for all s € K,
, , 1 7 _/k L ) Li(s+e—0c+iv
{(s+iht,F) — ln(s+iht,F) = z—m/C(E—Q—s—i—zt—i—th—l—zU,F) né‘z—}—e—a—l—iv)dv
[e9)
1 K , , In(5+e—s+iv)
= £ F
2ni/§(2+s+zhr+zv, ) Cap——— do
1 Ti/x , ) (5 +e—s+iv)

< z—m/’C<§+e+zhr+w,F) ?61[1:() e stio do

Thus, in view of (2),

seK

[ 0 1/2
<<[o (;O/‘C<§+e+ihr+iv>’2dr) sup

%/sup|§(s+ihT,F) — Zu(s+ihT, F)|dt
0

Ii(5 +e—s+iv)
S4+e—s+iv
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o0
o™ [ (1[0l exp{—cifol}do <ot @
—o00
Here, we used the estimate

1/x , c
F<9<2+£—s+w)> <<exp{—§|v—t|}<<Kexp{—c1|v\}/ c1 > 0.

Estimate (4) proves the lemma. [

Let IP be the set of all prime numbers, and v, = {s € C: |s| = 1} for all p € IP. Define

the set
Q= H Tp-
pelP

Then, the torus () with product topology and pointwise multiplication is a compact topo-
logical Abelian group. Therefore, on (Q2, B(Q))) (B(X) is the Borel o-field of the space X),
the probability Haar measure mpy can be defined. Moreover, let

Q=0 x-x,

where (); = Qforall j =1,...,r. Once again, () is a compact topological Abelian group.
Therefore, on (QQ, B(Q))) the probability Haar measure ny exists. This gives the probability
space (Q, B(Q), my). Denote by m;y; the Haar measure on (Q;, B(Q);)),j =1,...,r. Then,
my is the product of the measures miy, ..., m,y. Now, denote by w = (wy,...,w,) the
elements of O, where w; € Qj,j =1,...,r. Let w;(p) be the pth component of an element
w; €Q;,j=1,...,7,p € P. Extend elements w;(p) to the set N by the formula

wj(m) = 1[—‘[ w]l»(p), meN,
p?‘#l}(m

and define H(Dy)-valued random element
=, c(m)w;(m)

{(s,wj, F) =Y

m=1

- , j=1,...,r
The later series is uniformly convergent on compact subsets of Dy for almost all w;. More-

over, for fixed o € (g, %)

T
/ (s + it, w;, F)[Pdt <o T )
-T

for almost all wj,j=1,...r [18]. Define one more series

oy = 5 )
m=1

which also, as {, (s, F), are absolutely convergent for o > 5. Let

{(s+iht,w,F) = (¢(s + ih1T, w1, F),...,{(s + ihT, w1, F))

and
g, (s+iht,w, F) = (Cu(s +ilT, w1, F), ..., Cn(s + ihyT, wy, F)).
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Then, repeating the proof of Lemma 1 and using estimate (5), we arrive to the follow-
ing statement.

Lemma 2. For all h and almost all w,

2n

Sl =

lim lim sup
=0 T oo

/Tp(é(s +iht,w,F),C (s+ ihT,Q,F))dT =0.
0

3. Limit Theorems

On the probability space (Q, B(Q), my;), define H(Dy)-valued random element

Q(S,Q,F) = (g(slwllF)/' . ~/§(S/wllp))

and denote by PQF its distribution, i.e.,

P p(A) = mH{g €Q:{(s,wF)e A}, A € B(H"(Dy)).

Theorem 3. Suppose that hy, ..., h, are real algebraic numbers linearly independent over Q, and

U

Prr(A) ;f%meas{f €0,T): {(s+ilT,F) € A}, A€ BH (D).

Then, Pt p converges weakly to P; p as T — oo.
We divide the proof of Theorem 3 into several lemmas.

Lemma 3. Suppose that Aq,. .., A, are algebraic numbers such that the system log Ay, . ..,log A,
is linearly independent over Q. Then, for arbitrary algebraic numbers By, B1, . . ., By that are not all
zeros, the inequality

|Bo+ B1logAy + -+ Brlog Ayl > h™¢

holds. Here, h denotes the height of the numbers By, B1,. .., Br, and c is an effective constant
depending onr, Ay, ..., A, and maximum of degrees of the numbers By, B1, - .., Br.

The lemma is a Baker result on linear forms of logarithm; see, for example, ref. [19].
For A € B(Q), define

Qr(A) = %meas{r €[0,71]: ((p_ih” ‘pE IF’),..., (p_ih’T tpE JP’)) € A}.

Lemma 4. Let Ay, ..., A, be the same as in Theorem 3. Then, Qr converges weakly to the Haar
measure my as T — oo.

Proof. We apply the Fourier transform method. Denote by gr(ky, ..., k,), k; = {kpj tkyi €
Z,p € P}, j=1,...,r the Fourier transform of Qr. By the definition of Qr, we have

IT" @ (p) dQr

gT(k]/”-/kr) = fH;:l
(9] peP

(6)

1
T

oy

exp{ —it ;‘zl Y hikyilogp pdr,
peP
where the star shows that only a finite number of integers k,; are not zero. Obviously,



Mathematics 2021, 9, 2161

8 of 13

Now, suppose that (ky,...,k,) # (0,...,0). Then, there exists a prime number p such that
ky; # 0 for some j. Therefore,

def &
Bp = Zhjkpf 70
=1

because the numbers h, .. ., h, are linearly independent over Q. Thus, in view of Lemma 3,

def & .
Biyy 2 Y Y hikyilogp = Y Bylogp # 0.

j=1peP peP
This and (6) imply
1 - eXp{ _iTBkllmxkr }
gT(klr s rkr) - iTBky---,Ky :
Therefore, by (7),
. dif 1 if (kll ..,kr):(Q/"'/Q)/
Tlgl;logT(kL..-,kr) —{ 0 if(ky,....,k) #(0,...,0),

and this proves the lemma. [

For A € B(H"(Dy)), define

Pror(A) = %meaS{T € [0,T]: g (s +iht,F) € A}

and

1
Praor(A) = gmeas{t € [0,T]: (s +iht,w F) € A}.

Moreover, let the mapping u, : Q — H"(Dy) be given by
ui’l,F (g) = gl’l (S/% F)/
and V, r = mHu;}, where
Vip(A) = my (u;kA), A€ B(H'(D)).

Since the series for {,,(s, wj, F) are absolutely convergent for o > 5, the mapping u,, r is

continuous. Moreover, by the definitions of Qr and Pr ,, r, we have Pr,, r = Qru,, 11: This
equality, continuity of u,, r, Lemma 4, the well-known properties of weak convergence, and
the invariance of the Haar measure m lead to the following lemma.

Lemma 5. Let hy, ..., h; be the same as Theorem 3. Then, Pr, r and Pr,qr both converge
weakly to the measure Vy, p as T — oo.

Additionally to Pr r, define
1
Pror(A) = Tmeas{‘[ €[0,T): (s +it,w,F) € A}, A€ B(H'(Dy)).

Lemma 6. Let hy,. .., h, be the same as Theorem 3. Then, on (H"(Dy), B(H"(Dx))), there exists
a probability measure Pr such that Pr p and Pr o p both converge weakly to Pp as T — co.
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Proof. Since the series for {, (s, F) is absolutely convergent, by a standard way it follows—
see, for example [14,18]—that the sequence {V, r : m € N} is tight, i.e., for every ¢ > 0,
there exists a compact set K C H" (D)) such that

Vir(K) >1—¢

for all n € N. Hence, by the Prokhorov theorem, see [20], the sequence {V}, r} is relatively
compact, i.e., each of its subsequences contains a subsequence {V,, r} such that V, r
converges weakly to a certain probability measure Pr on (H"(Dy), B(H"(Dy))) as k — oo.

Let {1 be a random variable defined on a certain probability space with measure v
and uniformly distributed on [0, T]. Define the H" (Dy)-valued random element

X1 = Xrurp(s) =g, (s +ihlr, F)

and denote by X,, p = X, r(s) the H"(Dy)-valued random element having the distribution
Vii,r. Then, by Lemma 5, we have

D
X1 F o X, F (8)
—00

D s .

where oo means the convergence in distribution. Moreover, since V, r converges
— 00

weakly to Pr, the relation

Xy p — Pr )
is true. Let
Xrp = Xr,p(s) = §(s +ihlr, F).

Then, using Lemma 1, we find that for every € > 0,

lim limsupv{p(XT,pXT,n,F) 2 5}

n—oo

T—o0
, T
< ’}grgolimsupﬁ/e(g(s—i—ihT,F),gn(s—kihT,F))dT:0.

T—o0

The later equality together with (8) and (9), and Theorem 4.2 of [20] lead to the relation
D
XT,F ——— Pr. (10)
T—o0

This proves that Pr r converges weakly to Pr as T — co.
The relation (10) shows that the limit measure Pr is independent of the subsequence
{ny}. Therefore, we have

D
Xur H—Oo> P. (11)
Define the H"(Dy)-valued random elements

Xrnof = Xruar(s) =, (s+ihir, w, F)

an
Xror=Xrar(s) =(s+ihir,w,F).

Then, repeating the above arguments using Lemmas 2 and 5, and relation (11), we obtain
that o
Xt —— Pr,
T—o0

and this is equivalent to weak convergence of Pror to Pr as T — oo. The lemma
is proved. O
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To prove Theorem 3, it remains to show that Pr = P . For this, we will apply some
elements of the ergodic theory. For brevity, let -

he = ((Piihﬂ 1pe P),..., (Piihﬂ NS P))/ € R.
Define the transformation of (3
pr(w) =hw, wel.

Since the Haar measure my; is invariant, the transformation ¢+ is measure-preserving and
{pr : T € R} is a one-parameter group. A set A € B(Q) is called invariant with respect to
the group { ¢} if the sets A and ¢ (A), T € R, differ one from another at most by a set of
my-measure zero.

Lemma 7. Let hy,. .., h, be the same as Theorem 3. Then, the group {¢-} is ergodic, i.e., the
o-field of invariant sets consists of sets having my-measure 1 or 0.

Proof. The characters x of the group () are of the form
! x  ky
xw)=TII1 w]'p](P)-
j=1 pclP

This fact already was used in the proof of Lemma 4. Let A be an arbitrary invariant set,
I its indicator function, and x be a nontrivial character. Preserving the notation of the
proof of Lemma 4, we have (ky,...,k,) # (0,...,0) and By, # 0. Therefore, there exists
Tp € R such that

x(he) = exp{—itoBy,, k. } # 1. (12)

Moreover, in view of the invariance of A, we have
Ip(hpw) = 1a(w) (13)

for almost all w € Q. Denote by I, the Fourier transform of I4. Then, by (13),

14 (0) = () [ 1a(eg@)x(@)dmyy = (o) Ea():
Q

This and (12) show that
I4(x) = 0. (14)

Now, let x( denote the trivial character of (), and suppose that I4 (x0) = a. Then, in
view of (14), we find that

140 = & [ xlew)dmy = (),
Q

Hence, I4(w) = a for almost all w € Q. Since 14 is the indicator function, I4(w) = 1 or
I4(w) = 0 for almost all w. Thus, my(A) = 1or my(A) = 0, and the lemma is proved. [

Proof of Theorem 3. We have mentioned that it suffices to show that Pr = P;r. By
Lemma 6 and the equivalent of weak convergence in terms of continuity sets, we have

lim PT,Q,F(A) = PF(A) (15)
T—o0
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for a continuity set A of the measure Pr, i.e., Pr(0A) = 0, where 0A is the boundary of A.
On the probability space (Q, B(Q), my;), define the random variable

0 otherwise.

ﬁ(w):{1 if {(s,wF) €A,

Lemma 7 implies the ergodicity of the random process ¢ (¢ (w)). Therefore, by the classical
Birkhoff-Khintchine ergodic theorem, see, for example [21],

T—o0

T
tim - [ &(ge(w))dr = BZ = Por(4), 16)
0

where ¢ is the expectation of .
However, by the definitions of ¢ and ¢,

T
1 1 .
T /cj(q)r(g))dr = Tmeas{T € [0, 7] :g(s +iht,w,F) € A} =Pror(A).
0
This and (16) show that
Lim Pror(A) = Prr(A).

Therefore, by (15), we obtain that Pr(A) = P;r(A) for all continuity sets A of Pr(A).
Hence, Pr = P; r, and the theorem is proved. O

4. Proof of Theorem 2

Recall that the support of the measure P; r is a minimal closed set Sp C H"(Dy) such
that Pg/F(Sp) =1.

Lemma 8. The support of the measure Py p is the set ({g € H(Dx) : g(s) # 0 or g(s) =0})".

Proof. Since the space H"(Dy) is separable, we have [20],

B(H"(Dx)) = (B(H(Dy)) x - -~ x B(H(Dx)) .

r

Therefore, it suffices to consider the measure P; r on the rectangular sets
A=A x---x Ay, Ay...,A € HDy).

Let {(s, w, F) be the H(Dy)-valued random element defined on the probability space
(Q), B(Q), mpy), where myy is the Haar measure. Then, it is known [10] that the support of
the distribution of (s, w, F) is the set {g € H(Dx) : g(s) # 0 or g(s) = 0}. Thus, the same
set is the support of the distributions of {(s,w;, F), j = 1,...,r. Since the measure ny; is
the product of the measures mig,j=1,...,1r, we have

r

ﬂH{i e g(S,Q,F) S A} :EMJ‘H{(U]' € Q] : é(s,wj,F) S A]}

This equality, the minimality of the support, and the support of the distributions of
{(s,wj, F) prove the lemma. [
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Proof of Theorem 2. By the Mergelyan theorem on the approximation of analytic functions
by polynomials [22], there exist polynomials p1(s), ..., p,(s) such that

sup sup|fi(s) fepf(s)‘ < % (17)

1§j§rseKj
< &
5(

In view of Lemma 8, the set G; is an open neighborhood of an element (¢! G ..., epr(s)) in
support of the measure Pg/p. Hence,

Define the set

Ge = {(gl,...,gr) € H'(Dx) : sup sup|gj(s) — ePi(®)

1§]§1’ SGK]‘

P;r(Ge) > 0. (18)

This, Theorem 3 and the equivalent of weak convergence in terms of open sets, and the
definitions of Pr r and G, prove the theorem with “liminf”. Define one more set

A

Ge = {(gl,. ..,8r) € H(Dy) : sup sup|gj(s) —f](s)| < e},

1<j<r seKj

There 9G,, N9Ge, = @ for 1 # &;. This shows that P r (E)GS) = 0 for all but, for those

countable, many ¢ > 0. Moreover, (17) and (18) imply that P ¢ (GE) > 0. This, Theorem 3
and the equivalent of weak convergence of probability measures in terms of continuity
sets, and the definitions of Pr r and G, prove the theorem with “lim”. [
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