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Abstract: In this work, we study iterative methods for the approximation of common attractive
points of two widely more generalized hybrid mappings in Hilbert spaces and obtain weak and
strong convergence theorems without assuming the closedness for the domain. A numerical example
supporting our main result is also presented. As a consequence, our main results can be applied to
solving a common fixed point problem.
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1. Introduction

Let H be a real Hilbert space and C be a nonempty subset of H. For a mapping T from
C into H, we will denote by F(T) the set of all fixed points, i.e.,

F(T)={xe€C:Tx=x}.

In 2010, Kocourek et al. [1] introduced the notion of a generalized hybrid mapping
T : C — H by the condition that there exist &, 8 € R such that

o Tox = Ty|[> + (1 = )| Ty — x||* < B Tx =y + (1 = B)llx — y|I?

for all x,y € C and proved a fixed point theorem of this kind of mapping; see [2,3] for more
results for fixed point theorems of generalized hybrid mappings.

In 2011, the notion of attractive points for nonlinear mappings in Hilbert spaces was
introduced by Takahashi and Takeuchi [4]. For a mapping of T from C into H, we will
denote by A(T) the set of all attractive points, i.e.,

A(T)={zeH:|Tx—z| <|x—z|,Vx € C}.

They also proved an existence theorem for attractive points for generalized hybrid
mappings without convexity in Hilbert spaces.
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In 2013, Kawasaki and Takahashi [5] defined a class of widely more generalized hybrid
mappings. A mapping T : C — H is called a widely more generalized hybrid if there exists
«,B,7,0,€,¢,1 € Rsuch that

a| Tx — Ty||* + Bllx — Ty||* + v|| Tx — y||* + 6||x — y||* + €||x — Tx]|?
+¢lly = Tyll> +yll(x — Tx) — (y — Ty)|* < 0, Vx,y €C. 1)

We call such mapping an (&, 8,7, 9, €, {, 7)-widely more generalized hybrid mapping.

In 2018, Khan [6] introduced the concept of common attractive points for two nonlinear
mappings. For two mappings S, T : C — H, we will denote by A(S, T') the set of common
attractive points of Sand T, i.e.,

A(S,T) ={z € H:max(||Sx —z|, ||Tx — z||) < ||x —z]||, Vx € C}.

It is obvious that A(S, T) = A(S) N A(T). The author also introduced a new mapping,
which is more general than generalized hybrid mappings, called further generalized hybrid
mappings. A mapping T : C — H is called a further generalized hybrid if there exists
«, B,7,0,€ € Rsuch that

a|Tx = Ty|* + Bllx — Tyl + v[|Tx — y||* + 8||x — y||* + €||x — Tx||* <0, Vx,y € C.

Obviously, this is a special case of widely more generalized hybrid mappings when
¢ =n=0in(1).

In 2015, Zheng [7] guaranteed the weak and strong convergence theorems of attractive
points for generalized hybrid mappings in Hilbert spaces by using the iterative scheme (2),
known as Ishikawa iteration [8],

X1 € C,
Xpy1 = (1= Bn)xn + BnTyn, )
Yn = (1 —ay)xy + anTxy,

where {&, } and {B,} are sequences in (0, 1).

To approximate the common fixed points of two mappings, Das and Debata [9] and
Takahashi and Tamura [10] generalized the Ishikawa iterative for mappings S and T
as follows:

x1 €C,

Xn+1 = (1 - ,Bn)xn + ﬁns}/n/ 3)
Yn = (1 —an)xy + anTxy,

where {a,} and {B,} are sequences in (0,1). Note that when S = T, (3) can be reduced
to (2). It is worth noting that the approximation of common fixed points of a two mappings
case has its own importance as there is a direct link with minimization problems; see [11]
for examples.

In 2020, Thongpaen and Inthakon [12] used the iteration (3) to prove a weak con-
vergence theorem for common attractive points of two widely more generalized hybrid
mappings in Hilbert spaces and applied the main result to some common fixed point
problems. Furthermore, see [13,14] and references therein for more results of common
attractive points theorems.

For another approximation algorithm, Khan [15] employed iterative scheme of Yao
and Chen [16] to obtain weak and strong convergence results of the sequence defined by:

x1 € C, (4)
Xp41 = &nXy + PuSxy + yuTxy,
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where {«,},{Bx»} and {v,} are sequences in (0,1), S and T are quasi-asymptotically
nonexpansive mappings in uniformly convex Banach spaces. As far as the author’s
observation, (3) and (4) are independent.

In 2019, Ali and Ali [17] proved some weak and strong convergence theorems for
common fixed points of two generalized nonexpansive mappings using the iteration
presented in (4) in uniformly Banach spaces.

The convergence of several iterations to a fixed point is usually established under the
assumption that the domain of those above mappings is closed and convex.

Motivated by [17] and abovementioned works, our goal in this paper is to employ the
iteration (4) for finding common attractive points of two widely more generalized hybrid
mappings without assuming the closedness of the domain and prove weak and strong
convergence theorems of (4). Furthermore, we complete this paper by applying our main
results to some common fixed point theorems together with some numerical experiments.

2. Preliminaries

Throughout this paper, the set of positive integers and real numbers will be denoted
by N and R. Let H be a real Hilbert space with an inner product (-, -) that induces its norm
|| - ||. We use — for the strong convergence and — for the weak convergence. One of the
most important properties in Hilbert spaces is Opial’s property:

Theorem 1 ([18]). Let {x,} be a sequence in H and xy € H. If x, — X, then
liminf [|x, — xo|| < liminf |[x, — x||
n—o0 n—oo
forallx € H\ {xo}.

Next, we recall the following property of a Hilbert space H which is useful for proving
our main result.

Theorem 2 ([18]). Let C be a nonempty closed convex subset of H. Then for each x € H, there
exists a unique element Pcx € C such that

lx = Pex|| = d(x,C),
where d(x,C) = inf{||x —y|| : y € C} and Pc is called the metric projection of H on C.
We have the following lemma from Khan [6].

Lemma 1. Let C be a nonempty subset of H and let S, T be two mappings from C into H. Then
A(S, T) is a closed and convex subset of H.

Moreover, the following result of Guu and Takahashi [19] also plays an important role
for our main results.

Lemma 2. Let C be a nonempty subset of H. Suppose T : C — H isan («, B, 7,6, €,&,1)-widely
more generalized hybrid mapping satisfying either of the conditions (1) or (2):

1) a+p+7+6>0,a+9>0,e+n>0andi+n>0;
2 a+B+9+0>20,a4+B>0,e+n>0andi+n>0.

If xy — xg and x, — Txy, — 0, then xg € A(T).
Recall that a mapping T : C — H is quasi-nonexpansive if F(T) # @ and

IT(x) = pll < llx = pll
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forall p € F(T), x € C. Furthermore, Takahashi et al. [20] proved the following result for
quasi-nonexpansive mappings.

Lemma 3. Let C be a nonempty subset of H. Suppose T is a quasi-nonexpansive mapping from C
into H. Then A(T) N C = F(T).

We know from [5] that the following condition provides widely more generalized
hybrid mappings to be quasi-nonexpansive.

Lemma 4 ([5]). Let C be a nonempty closed convex subset of H. Suppose T : C — H is an
(w, B,7,96,€,&, n)-widely more generalized hybrid mapping such that F(T) # O and satisfying
either of the conditions (1) or (2):

1) a+B+9+6>20,a+7>0,e+y>0andc+n>0;
2 a+p+y+6>0,a+5>0,e+y>0andé+n>0.
Then T is quasi-nonexpansive.

We also need the following result to prove our main theorem.

Lemma 5 ([21]). Let X be a uniformly convex Banach space. Suppose d > 0 and two sequences
{xn} and {y, } in X satisfy the following:

(i) limsup, . |[x] < d;

(i) limsup, ., |yl <d;

(iii) limsup,,_,, [|apxn + (1 — an)yal| =d,

where 0 < p <y < q <1foralln > 1. Then limy_ye0 ||Xn — Yul|| = 0.

3. Main Results

In this section, we present weak and strong convergence theorems using the iteration (4)
for two widely more generalized hybrid mappings in a Hilbert space. Before proving the
main theorem, the following results are required.

Lemma 6. Let C be a nonempty convex subset of H. Suppose S, T : C — C are two mappings
with A(S, T) # @. If {xu} is defined by (4) as:

X1 € C,
Xpy1l = &pXn + ﬁnsxn + vuTxn,

where {an },{Pn} and {~yn } are sequences in (0, 1) such that oy, + By + vn = 1. Then limy—ye0 || x5 —
z|| exists forall z € A(S, T).

Proof. Letz € A(S, T). Then,
1S5xn — z|| < [lxn — 2]l and || Txn — zf| < [|lxn — z]].
Consider,

01— 2|l = llanxn 4 BnSxn + vnTxn — 2|
< anlxn —z|| + BullSxn — 2| + ¥u [ Txn — 2|
< anllxen — zl| 4 Bullxn — zl| + yullxn — z||
= ||lxn —z|.

Therefore, {||x, — z||} is nonincreasing and bounded for all z € A(S, T) which implies
that limy, e || X, — z|| exists. O
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Lemma 7. Let C beanonempty convex subset of H. Suppose S, T : C — Caretwo («, 8,7, 9,€,&,1)-
widely more generalized hybrid mappings with A(S, T) # @. Let {x, } be defined by (4) as:

X1 € C,

Xp41 = AnXp + ﬁnsxn + YuTxy,
where {ay},{Bn} and {7y, } are sequences in (0,1) such that ay, + Bn + yn = 1 and there exist
a,b € Rsuchthat 0 < a < v, < b <1, forevery n € N. Then limy_ye0 ||X — Sxy|| = 0 and
im0 || X1 — Txy|| = 0.

Proof. Letz € A(S,T). By Lemma 6, let nlgn ||xn — z|| = p. Since z € A(S, T), we have

[Sxn = z|| < [lxn — 2] and [[Ton — z[| < [[xn - 2].

Thus,
limsup ||Sx, — z|| < limsup |[x, —z| =p 5)
n—00 n—00
and
limsup ||Tx, —z|| < limsup ||x, —z|| = p. (6)
n—o00 n—oo
Using the control conditions of {a,}, {B»} and {vy,} , we have
p= lm [lx, 4 —z]|
= nlgxr}o lloenxsn + BnSxn + vnTxn — z||
. «
= nh_{roloH(l — ) [1 _”’yn (xp —2z) + &(an - z)} + Y (Txy — 2) (7)
and
. Xn ,Bn
lim su Xp—2z)+ Sxp—z
nﬁmp 1_%1(?1 ) 1_%[( n—z)
< limsup[ Y1 e 2l| 4 P S z||]
n—eo | 1= In I=vu

<timsup | % - 2] + P2 2

n—soo | 1= Yn I=vn
. an + ,Bn

= limsup ————||x z
msup SP 1, 2|

= limsup ||x, — z||
n—o00
=7 ®)

Applying Lemma 5 to (6), (7) and (8), we obtain

— 1 &n _ B N _
0= nlgr;oH T (xp —2) + T (Sxp —2z) — (Txy — 2)
= lim llatn (xn = 2) + Bu(Sxn —2) — (L = vn)(Txn — 2) |

n—oo 1 — 7y

lanxn + BruSxn + YuTxn — (&n + Bu + Yn)z +2 — Txyl|

n—oo 1 — Yn

) 1
= lim _7%”3(11—}-1 — Txn].
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Since 7, < b < 1forevery n € N, we get

Tim [%,1 — Txl| = 0.
We can show in a similar way that nlgrolo |xp11 — Sxn|| = 0and nh_rgolo Ixp11 — xu]| = 0.

Therefore,
nlgrolo [[xn — Sxu| < nlg{}o [[xn — Xna | "‘nlgr.}o [xp41 = Sxall =0

and
lim ||x, — Tx,|| < lim ||x; — x,41]] + Um ||x,51 — Txu|| = 0.
n—oo n—oo n—o00

O

3.1. Weak Convergence Theorems

We are now proving weak convergence theorems for two widely more generalized
hybrid mappings in a Hilbert space.

Theorem 3. Let C be a nonempty convex subset of H. Suppose S,T : C — C are two
(«, B,7v,96,€,&,1)-widely more generalized hybrid mappings satisfying either the following condi-
tion (1) or (2) holds:

1) a+p+y+6>0,a+9>0,e+n>0andi+n>0;
2 a+B+y+6>0,a+p>0,€e+n>0andi+y>0
with A(S, T) # @. Let {x,} be defined by (4) as:

x1 € C,
Xpt1 = &pXy + anxn + vuTxn,

where {ay },{Bn} and {7y, } are sequences in (0,1) such that ay, + By + vn = 1 and there exist
a,b € Rsuchthat 0 < a < 7, < b < 1, for every n € N. Then {x,} converges weakly to
z € A(S,T).

Proof. By Lemma 6, we know {x; } is bounded and hence there exists a subsequence {x;, }
of {x,} such that x, — z.Lemma 2 and Lemma 7 imply thatz € A(S, T). Let {xy, } be any
weakly convergent subsequence of {x, }, then there exists zq € H such that Xn; — 21. Using
the same argument, we get z; € A(S, T). By the way, the weak limit is unique. Indeed, if
z # z1, then by Opial’s condition and Lemma 6, we have

lim ||x,; —z|| = lim ||x,, — z||
n—oo k—o0
li —
< lim |lan, — z1]|
= lim ||x, — zq||
n—,oo
— tim [}, — 2]
]
< Tim [[x,, — 2]
]—00
= lim ||x, —z||.
n—oo
This is a contradiction, that is z = z;. Therefore x, — z € A(S,T). O

Furthermore, if the subset C in Theorem 3 is closed, we also obtain a weak convergence
theorem for common fixed points of two («, B,v, J, €, {, n7)-widely more generalized hybrid
mappings in Hilbert spaces as follows.
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Corollary 1. Let C be a nonempty closed convex subset of H. Suppose S,T : C — C are two
(a, B,7,96,€,& n)-widely more generalized hybrid mappings satisfying either the following condi-
tion (1) or (2) holds:

1) a+p+7+06>0,a+9>0,e+n>0andi+n>0;

2 a+p+y+06>0,a+5>0,e+ny>0andd+n=>0

with F(S) NF(T) # @. Let {xy} be defined by (4) as:

X1 € C,
Xpy1l = &pXn + ﬁnsxn + Y Txn,

where {ay},{Bn} and {7y, } are sequences in (0,1) such that a,, + Byn + yn = 1 and there exist
a,b € Rsuchthat 0 < a < 7, < b < 1, for every n € N. Then {x,} converges weakly to
z € F(S)NF(T).

Proof. By Lemma 4, we get S and T are quasi-nonexpansive. It is derived from Lemma 3 that
A(S, T)NC =F(S)NF(T).

The fact F(S) N F(T) # @ in assumption implies the set A(S, T) # @. By Theorem 3,
we have x, — z € A(S, T). Since C is closed and convex, C is weakly closed which implies
that z € C. Therefore, we can conclude thatz € F(S) N F(T). O

3.2. Strong Convergence Theorems

Firstly, we give one important result as follows.

Theorem 4. Let C be a nonempty convex subset of H. Suppose S,T : C — C are two
(a,B,7,6,€,&,1)-widely more generalized hybrid mappings with A(S,T) # @. Let {x,} be
defined by (4) as:

x1 € C,

Xpt1 = &nXy + PuSxy + yuTxy,

where {ay},{Bn} and {7y, } are sequences in (0,1) such that ay, + Bn + yn = 1 and there exist
a,b € Rsuchthat0 < a < v, <b <1, for everyn € N. Then {x,} converges strongly to
z € A(S,T) if and only y‘ligggfd(xn,A) = 0 or limsupd(x,, A) = 0, where A = A(S,T)

n—o0
and d(x, A) :=inf{||[x —y|| :y € A}.

Proof. Put A = A(S, T). Suppose that {x, } converges strongly to z € A. Then, for e > 0,
there exists k € N such that

l|xp —z|| <& foralln > k.
Therefore, we obtain
d(xp, A) =inf{||x, —ul| :u € A} <||xy —z| <e foralln > k.

It follows that li_r>n d(xn, A) =0, and hence
n—oo

linLinfd(xn,A) =0 = limsupd(x,, A).
n—,oo

n—oo
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Conversely, if limsupd(x,, A) = 0, then lim d(x,, A) = 0. Assume that liminf
H—300 n—c0 n—o0

d(x,, A) = 0. We obtain from Lemma 5 that r}gl’olo ||x, — z|| exists for all z € A. By assumption,

we get nh_r)rolo d(xu, A) = 0 and hence for any k € N, there exists Ni € N such that

1
d(xn, A) < > forall n > Nj. )

1
For k =1, put ny = Ny +1 > Nj. It follows from (9) that d(x,,, A) < 3 and hence by
Lemma 1 and Theorem 2, there exists z; € A such that

—_

||x"1 —z1]| < 7

For k = 2, put n; = max{ny, N} + 1. Then np > ny and np > N,. From (9), we have

d(x,, A) < 21—2 and obtain z; € A such that

1
||x"2 - ZZ” < 27

Continuing this process, we can choose ny = max{n,_1, Ny} + 1, where nyp = 0
such that

1
ne > Ni, ng > mg_q and  [|x,, —z¢|| < 7% forall k € N.

Therefore, there exist a subsequence {xy, } of {x,} and a sequence {z;} in A such that
n — 2]l < — forallk € N
Ny k zk N

Since {||x, — z||} is nonincreasing for every z € A, we get that
121 = 2kl < [l20m, — 2l
and

lzkr1 — zkll = llzk41 — Xngq + Xngq — z|
< Hx”kﬂ - Zk+l|| + ||x71k+1 - Zk”

< %y = Zernll + [l — 2l

1 1
< 2k+1 + ok
1
< 2k—1

for all k € N. If m > n, we employ the triangle inequality to obtain

lzm = znll < llzn — zns1ll + 12041 — Znsll + zns2 — znasll + - + llzm—1 — zm||
1 1 1 1

Sond T Tonmn T T ow

1 1 1 1
=1ttt
1

B on—=2"
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Therefore, {z;} is a Cauchy sequence in A which implies that {z;} is convergent.
Since A is closed, we obtain z; — z € A. Moreover,

2, = 2l =[]0 — 2z +2¢ = 2|
< loeme — zell + llzx = 2|

1
< ? + HZk —ZH

Let k — oo, we get that lim ||x,, —z|| = 0.
k—o0

Since lim ||x, — z|| exists, we obtain lim ||x, — z|| = 0 and the proof is complete. [J
n—oo n—oo

By the way, one idea to prove strong convergence is employing the concept introduced
by Senter and Dotson [22] called condition A. Let C be a subset of Hilbert space H. A
mapping T satisfies condition A if there exists a nondecreasing function f : [0,00) — [0, 0)
with f(0) =0, f(r) > 0 forall r € (0,00) such that

fd(x, A(T))) < [|lx = Tx]|
for all x € C, where d(x, A(T)) := inf{||x — y|| : y € A(T)}. Moreover, the examples of
mappings satisfying condition A was also given in [22].
In 2007, Chidume [23] extended the condition A for two mappings, called condition

A’. Two mappings S, T : C — C satisfy condition A’ if there exists a nondecreasing function
f:[0,00) — [0,00) with f(0) =0, f(r) > 0 forall r € (0,00) such that either

f(d(x, A(S,T)) < [[x — Sx|| or f(d(x,A(S,T)) < ||x—Tx|
forall x € C, whered(x, A(S,T)) :=inf{|[x —y| : y € A(S,T)}.

As a consequence of Theorem 4, we obtain a strong convergence theorem for common
attractive points of two widely more generalized hybrid mappings satisfying condition A’.

Theorem 5. Let C be a nonempty convex subset of H. Suppose S,T : C — C are two

(a, B,7,9,€,&,1)-widely more generalized hybrid mappings with A(S,T) # @. Let {x,} be
defined by (4) as:

x1 €C,
Xpt1 = &pXy + BuSxn + ynTxy,

where {ay},{Pn} and {yn} are sequences in (0,1) such that oy + Bp +yn = 1land 0 < a <
Yn < b < 1. If Sand T satisfy condition A’, then {x,} converges strongly toz € A(S,T).

Proof. By Lemma 7, we have
lim ||x, — Sx,|| =0 = lim |x, — Tx,|.
n—o00 n—o0

Since S and T satisfy condition A’, we obtain that there exists a nondecreasing function
f:]0,00) = [0,00) with f(0) =0, f(r) > 0 for all r € (0, c0) such that either

0< Jim f(d(xs, A(S,T)) < lim [lx, — Szl =0,

or
0< lim f(d(xy, A(S,T))) < lim |x, — Txy|| = 0.

In both case, it follows that lign d(xn, A(S,T)) = 0. By Theorem 4, we conclude that
n [ee]

{x,} converges strongly to a common attractive pointof Sand T. [
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Furthermore, if the subset C and both two mappings S and T in Theorem 5 satisfy the
same conditions in Corollary 1, then we obtain the following corollary.

Corollary 2. Let C be a nonempty closed convex subset of H. Let S,T : C — C be two
(«,B,7v,6,€,E,1)-widely more generalized hybrid mappings. Suppose that either the following
condition (1) or (2) holds:

1) a+p+y+6>0,a+9>0, e+ >0andi+n>0;

2 a+p+y+6>20,a+p>0,e4+n>0andi+n>0

with F(S) N F(T) # @. Let {x,} be defined by (4) as:

x1 € C,
Xpt1 = &pXy + BuSxn + ynTxy,

where {ay},{Pn} and {yn} are sequences in (0,1) such that ap, + Bp +yn = 1and 0 < a <
Yn < b < 1. If Sand T satisfy condition A’, then {x,} converges strongly toz € F(S) N F(T).

Proof. By Theorem 5, we can prove similarly to the proof of Corollary 1. [

We end this section with formally constructing an example to support our main results.

Example 1. Let H = Rand C = (0,1]. Then C is a nonempty convex subset of H. Suppose

S,T:C — Caredefined by Sx = "33—+2 and Tx = e*~! for all x € C. It can be easily investigated
that S and T are (a, B,7,90,€,¢,n)-widely more generalized hybrid mappings because they are
nonexpansive and 1 € A(S) N A(T). We choose the parameters ay = By = vy = 3 and initial
point x; = L. Then, we compute the sequence {x, } generated by (4) as seen in Table 1.

Table 1. The values of {x,} for different number of iterations.

Iteration No. Xn |xn — 1| |%n — Snxa| |xn — Tuxn| %
1 0.5000 0.5000 0.2500 0.1065 0.2377
2 0.6987 0.3821 0.1755 0.0642 0.1291
3 0.7560 0.3013 0.1307 0.0411 0.0820
4 0.7989 0.2440 0.1012 0.0275 0.0567
5 0.8320 0.2011 0.0805 0.0189 0.0415
6 0.8583 0.1680 0.0654 0.0133 0.0315
7 0.8795 0.1417 0.0539 0.0096 0.0247
8 0.8968 0.1205 0.0450 0.0070 0.0197
9 09112 0.1032 0.0380 0.0051 0.0160
10 0.9232 0.0888 0.0322 0.0038 0.0132
11 0.9333 0.0768 0.0276 0.0029 0.0110
12 0.9420 0.0667 0.0237 0.0022 0.0092
13 0.9493 0.0580 0.0205 0.0017 0.0078
14 0.9557 0.0507 0.0177 0.0013 0.0067
15 0.9611 0.0443 0.0154 9.6815 x 1074 0.0057
16 0.9659 0.0389 0.0135 7.4544 x 104 0.0049
17 0.9700 0.0341 0.0118 5.7579 x 104 0.0043
18 0.9736 0.0300 0.0103 44596 x 104 0.0037
19 0.9767 0.0264 0.0090 3.4624 x 104 0.0032
20 0.9794 0.0233 0.0079 2.6937 x 104 0.0028

It is seen from Table 1 that x, — 1 € A(S) N A(T), theerror |x, — 1| — 0, |xy — Spxn| — 0,
|xy — Tnuxp| — 0and ‘W
method (4) is shown in Figure 1.

— 0. Furthermore, the result of convergence behavior of iterative
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Figure 1. The graph of convergence behavior of our iterative method.

4. Conclusions

In this paper, by using the iterative scheme (4), we proved weak and strong con-
vergence theorems for common attractive points of two widely more generalized hybrid
mappings in a Hilbert space without assuming the closedness of the domain. Using our
main results, we can apply them to some common fixed point problems. Moreover, we
presented a numerical example, Example 1, to support our main result.
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