. mathematics

Supplementary

Below, tableaus for the proposed families of methods (with s = 2, 3, 4) are provided

in the form of analytical expressions. Tables include:

e  Tables S1-S3: tableaus for Gs|Gs method,;

e  Tables S4-S6: tableaus for Gs|Gs+1 method;

e  Tables S7-59: tableaus for Ls|Ls method;

e  Tables S10-S12: tableaus for Ls|Ls+1 method,;
e  Tables S13-S15: tableaus for Ls| Gs+1 method,;
e  Tables S16-S18: tableaus for eLs| Gs method;

e  Tables S19-S21: tableaus for eLs| Gs+1 method.

Table S1. G21G2 method.

Ty L) Ty U]
T 31 ) Ty
1/4 a,

a 1/4

1/2 1/2 21, 2my

m2 == (3£V3) , @, = (3£2V3)

Table S2. G31G3 method.

My 0 T, Ty 0 T,
1/9 4/9 1/9 1/9 4/9 1/9
T, 0 1% T, 0 Ty
5/36 a, a;
ay 2/9 ay
ay a; 5/36
5/18 4/9 5/18 | (5-+v15)/10 1/2 (5+4+15)/10

1 ; _ 5 1 _ 1
e %12 _36i = (10i3\/ﬁ)

1 2 "
M2 =3¢ (3 v 15)! A2 =35 t it a1,2
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Table S3. G4|G4 method.

1)1 T2)2)2 TT211)2 1121 1)1 T2)2)2 T2)1)2 121
! ! ! ! ! ! ! !
T211)2 Ty1)1 1121 2122 20102 Ty1)1 1211 2122
! ! ! ! ! ! ! !
2022 1211 1)1 T211)2 2122 1211 T111 T211)2
TT1)2)11 21|12 TT212)2 1101 12|11 T211)2 TT212)2 1)1
1 "
o 3 - 1/5/6) a1)212 az)1)2 X2)212
! 17z " ’
A1)2)1)1 aq 11211 2121211
’ " " !
a1)1)1)2 LEAETEY ay 211022
" 1
20102 A1)2)1 2111 22 3—4 5/6)
nr mnr nr nr
2 aj 2 ay 2 ay 2 ay Y21 V2|2 Y12 Y11

Tiapaiiz = %(15 +5v30 + [15(45 + 8\/%)) , Tonana = (15 £ 2V30 £4/225 £ 30v30),

630+35\/30i60\/45+6\/30i39\/150+20\/30i3 70(585+106+30)

d1,211,211,2 =

" _
A1211,2112 =

Table S4. G21G3 method.

5040

Ty 1 N 2/9 W,
T, Ty W, 2/9 N
a2 a1

(2++3)/8 (2—-+3)/8

a1

a1

1/2

1/2

(5-vV15)/10 1/2 (5++/15)/10

T2 = % (3 t \/§), Wy = %(5 t \/E), A1211,2 = 210 (Cl= V3+ \/1_5)

Table S5. G31G4 method.

T 0 Ty Wij11 W21z Wzz)2 Wij2)1
1/9 4/9 1/9 w3 w1 w1 w3
T, 0 21 W11 W22 W21z Wit
d1)2)2)1 a’éu d2)1)2)1
a1)1)2)2 a£|z ®2)212)2
d1)1)1)2 a1|2 A2)2|11)2
d1)211)1 a1|1 a21111)1
5/18 4/9 5/18 V2|1 V2|2 V12 Vi

!
7 @1,211,211,2]1,2

_ +3946v14+6vV30+3v105+7v75+4v30

24/630+84y30

= 2 (18:4VE0), oz =222 [Z(522/30)

17

19

21

22

23

24

25
26
27

28

29
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Tz = 2 (3£ VI5), 0yzpane = 7;_0<30 +3v30+ [30(75 + 4@)), Wiz = (15 £ 2v30)

5

Wiz = = —+Y1 —+—J (585 + 106v30), 8 51, ==+ Zi\/ (1035 + 82v30),

36 142 9~

V12|12 =% %,/_(15 + 2v30)

Table S6. G41G5 method.

1)1 2122 T2)1)2 1211 wq w] —8/225 w5 w32
7T£|1|2 7Ti|1|1 7T{|2|1 7r£|2|2 ‘U;’|1|2 “’1’|1|1 8/45 “)1’|2|1 ‘U;’|2|2
7T£|2|2 7Ti|2|1 7T{|1|1 7r£|1|2 ‘U;’|2|2 “’1’|2|1 8/45 “)1’|1|1 ‘U;’|1|2
1|21 T2)1)2 T2)2)2 TTyj1)1 Wy w5 —8/225  w; o
@0y, - A11 c11 c21 @0y, - A21
@0y, - A12 c12 €22 @0y, - A22
)12 1)1 Xp2)1 31212
0y, - A13 c13 €23 0y, - A23
0y, - Al4 c14 c24 0y, - A24
€2 €1 €1 €; Va1 V202 1/2 Y1)2 Y11

Tiapaiiz = %(15 +5v30+ [15(45 + 8@)) , ooz = o (15 £ 2V30 £4/225 + 30v30),

749+49V701++/568155+63924v70 ! _ 749+49V701y568155+63924V70

25200 W12 = 25200

W onan2 = | 432 4V70 15 /177 + 678\/% ,
@01, =21+ /7(35 +2+/70), A = 140v30 + 4v30, B = 34y/525 + 70v/30 + 108y 630 + 84+/30,

All= (A + B + 2310 + 378v30 + 105V70 + 210v/105 + 8V21 + 14v30 + 6370 + 110 /7(35 +2+/70) + 35v350 + 20v/70 + 18 [210(35 + 2@)) ,

W1, =

AlZ—( —A+ B +2310 + 378V30 — 105v70 + 210v/105 — 821 + 1430 — 6\/_+110\/7(35 2\/_)—35\/10(35 2\/_)+18\/210(35—2\/_)),

o= -
(

A14 = A+ B +2310 +378v30 + 105v70 — 210v/105 + 8v21 + 14430 + 6+/70 — 110 /7(35+2 V70) — 35v350 + 2070 — 18 |210(35 + 270 )

A+ B — 2310 — 37830 — 105v70 + 210v/105 + 8v21 + 14v/30 + 6v70 — 110 /7(35+2 V70) — 35350 + 2070 — 18 [210(35 + 2v/70 >

A23 =

oo
(-
S
(

A24 = A+ B —2310 — 378v30 — 105v70 — 210v/105 + 8v21 + 1430 + 6+/70 + 110 /7(35+2 V70) + 35v350 + 20V70 + 18 210(35+2m)>,

—A+ B + 2310 + 378v30 — 105v70 — 210v/105 — 8V21 + 1430 — 6\/_0—110\/7(35 2\/_)+35\/10(35 2\/_)—18\/210(35—2\/%)),

—A+ B —2310 — 378v30 + 105v70 + 210v/105 — 8V21 + 1430 — 670 — 110\/7(35 - 2V70) + 35J10(35 - 2J70) - 18\/210(35 - zm)) ,

—A+ B —2310 — 378v30 + 105v70 — 210v/105 — 8V21 + 1430 — 6370 + 110\/7(35 - 2V70) - 35J10(35 - 2J70) + 18\/210(35 - zm)) ,

30

31
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_ 17/150+20v30 , _ 1
486,/_(15-"2 , H = _w’_(15+2 F= 3888 ’]_108 45 + 630,
Cll=c—H+G+]—- F——J (35+2\/_)+5J1‘i:j“_ $j5<11809+529\/%—621 /7(35+2\/%)>,
JE
S _B L_ V70) -~ [L(35— _ _
Cl2 =+ +H—G+]—F—— |--(35-2V70) 24\/7(35 2/70) 648\/ (35 -2v70) ,
JE
1
C13=+3+H-G+]—F+—= |2(35-2V70) + - J(35 2V70) + 8\/5(35—247_0)/
! 1|1 5J/105+6v70 , 1 |5
614—5—H+G+]—F+Z\/;(35+2m)—T+%\/Z<11809+529m+621 /7(35+2ﬂ)> ,
C21__+H . ]+F——J (35+2\/—)+5J12215F_$J <11809+529\/_ 621 /7(35+2\/_)>

5

1 6 1
C22=_+ —-H+G— ]+F—m /—(35 2 )——\/ (35— 2V70 )—%J3(35—2\/70),
N
1 1 1 5 1
€23 = 2——H+G ]+F+m /—(35 2 0)+Z\/$(35_2‘/70”%\]5(35_2‘/70) ,
1 11 5J105+6v70 , 1[5
CZ4-§+H—G—]+F+Z\/;(35+2\/70)—T+EJZ<11809+529\/70+621 /7(35+2\/70)> ,

' __ 14448v30£3v/2070+164+30 _ 1 _ 1 1
a1,2|1_2|2 - 1152 s 61,2 - 5(18 i V30)/ Y1,2|1,2 - Eig 5 i 2

10
7

Table S7. L2112 method.

1/3 1/6 1/3 1/6
1/6 1/3 1/6 1/3
0 0
1/2 1/2
1/2 1/2 0 1

Table S8. L3|L3 method.

2/15 1/15 -1/30 2/15 1/15 -1/30
1/15 8/15 1/15 1/15 8/15 1/15

-1/30 1/15 2/15 -1/30 1/15 2/15

0 0 0

5/25 1/3 —-1/24
1/6 2/3 1/6
1/6 2/3 1/6 0 1/2 1
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Table S9. L4114 method.

59

1/14 V5/84  —/5/84  1/84 1/14 V5/84 —V/5/84 1/84
V5/84 5/14 5/84  —\/5/84| /5/84 5/14 5/84 —/5/84
—\/5/84 5/84 5/14 V5/84 | —/5/84 5/84 5/14 V5/84
1/84  —/5/84 5/84 1/14 1/84 —/5/84 V5/84 1/14
0 0 0 0
a, a; ay ay’
a, ay a; ay’
1/12 5/12 5/12 1/12
1/12 5/12 5/12 1/12 0 (5—-+/5)/10 (5++/5)/10 1
a,=—(112V5) , &, =—(25V5) , ai,=—-(25+13V5) , ai}=—(-1£5) 60
Table S10. L2113 method. 61
1/3 1/6 1/6 1/3 0
1/6 1/3 0 1/3 1/6
0 0
3/8 1/8
1/2 1/2
1/2 1/2 0 1/2 1
Table S11. L3114 method. 62
2/15 1/15 —-1/30 1/12 W, w, 0
1/15 8/15 1/15 0 1/3 1/3 0
—1/30 1/15 2/15 0 w, w; 1/12
0 0 0
a, a; ay
a, ag ay
1/6 2/3 1/6
1/6 2/3 1/6 0 (5-v5)/10  (5++5)/10 1

w12 =i(1i\/§) ;s ®1,2 =$(55iﬁ) 4 airz

7

S @5+ 7V5), afy = 35 (-5£V5)

63

64

65
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Table S12. L4115 method.

66
1/14 V5/84 —/5/84 1/84 1/20 W, —2/45 w, 0
V5/84 5/14 5/84 —/5/84 0 w} 2/9 w) 0
—/5/84 5/84 5/14 V5/84 0 w) 2/9 W} 0
1/84 —V/5/84 V5/84 1/14 0 w, —2/45 W, 1/20
0 0 0 0
a 0‘1|2 a£|2 a’
17/192 ay ay —-1/192
a; a£|1 a£|1 ay’
1/12 5/12 5/12 1/12
1/12 5/12 5/12 1/12 0 Y 1/2 " Vi
w1z = (7 +V2D), Wi, = (7 +V105), ¥{, = —(7 £ V21) 67
_103+3v21 _ 5(49+6V5+9v21) ,, _ 5 i _ —5+3V21
2= "76 7 M2p12 T 1176 » M1z = E(8 +3v5) 2= T1176 68
Table S13. L21G3 method. 69
1/3 1/6 N 2/9 w5
1/6 1/3 W, 2/9 Wy
a, a;
3/8 1/8
aq aj
1/2 1/2 (5-+v15)/10 1/2 (5++15)/10
w12 = 5 (51 VI5) | @y, = o (62VI5) , af, = - (4 £VI5) 70
Table S14. L31G4 method. 71
2/15 1/15  —1/30 | wi11 Wa12 Wzpz)2 W12
1/15 8/15 1/15 w4 w1 w1 w3
-1/30  1/15 2/15 | Wy W2z W2z Wi
az211 “éu a1’|2|1
aq)22 “£|2 “é’|2|2
Aq)1)2 “1|2 a§'|1|z
a211 aiu “ﬁm
1/6 2/3 1/6 Y2i Y22 Va2 Y1
W1op12012 = %(30 +3v30 + /30(75 + 4\/30)), Wi, = %(15 + 2v/30), 72
455+21/30+ /21(5851106«/%) , 1 1
a1‘2|1,2|1,2 = 2940 "y a1’2|1‘2 = 5 i %\/35595 i 3864\/’%, 73
" 35+21/30+_|21(585+106+/30) , 2 1 2 1 1 1
Wi = s Bl =2 [(1035 £82030), i, =222 [2(15:£2V30) 2
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Table S15. L4|G5 method. 75
1/14 V5/84 —/5/84 1/84 W, w} —8/225  w) w,
V5/84 5/14 5/84 —/5/84 w} w}’ 8/45 wy' wy
—/5/84 5/84 5/14 V5/84 wy wy' 8/45 w}’ wy
1/84 —/5/84 V5/84 1/14 w, w) —8/225  w) w;
a212)1 0‘1|2|2|1 “£|1|2|1 0‘1’|’2|1
a1)1)2 0‘1|1|z|2 “£|2|2|2 “é’|’1|z
17/192 ay ay —-1/192
a1)2)2 “1|1|1|2 a§|2|1|z “§'|’2|z
A211)1 0-’1|2|1|1 a£|1|1|1 a1’|’1|1
1/12 5/12 5/12 1/12 Y211 V2|2 1/2 Y12 Vi1
10
__ 749+49V70+/5681554+63924V70 , 107 N%i\ 11995 9132\/: 76
W12 = 25200 1 W12 = 3600 ’
. 1 2 " 301+28v70+_|105(2065+226+/70)
Wiz = 43 — 4470+ 5 |177 — 678\/; , Wiy = om0 , 77
346+8V70+V7595+164170 5(189+19V5+10vT4+1/26915+9441/70)
A12)11,2112 = 2536 » @1,211,211,211,2 = 4536 ’ 78
" 5 " 32+8v70++ 7595416470 1,1 10
ay =15, 8+ 3v5), 12112112 = 1536 » Vigne = ;17 912 | 79
Table S16. eL.21 G2 method. 80
1/2 1/2 1/2 1/2
a, a;
ay a;
1/2 1/2 Y2 Y1
1 , 1 1
@12 =7 (4 ++3), M2 =7, (2++3), Y12 = (3+V3) 81
Table S17. eL.31G3 method. 82
1/6 1/3 0 W, 2/9 W,
0 1/3 1/6 w5 2/9 W,
a, ay a;
5/24 1/3 —1/24
a ay aj
1/6 2/3 1/6 (5-+15)/10 1/2 (5++15)/10
2 2
W12 = i(S * \/ﬁ), 2 = 3_30 (40 + 3\/E)' @, = ﬁ(lo + 3\/ﬁ)’ iz = % £ %

84
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Table S18. eL.41 G4 method.

1/12 my T, 0 W1)1)1 Wa1)2 W22 Wij2)1
0 1/3 1/3 0 w3 w1 w1 w3
0 Ty Uzt 1/12 W12)1 W2)2)2 W2|1)2 w111

a3212 0(1|2|2|1 a£|1|2|1 0(1'|2|2

a1)1)1 “1|1|2|2 a§|2|2|z a§'|1|1

a1)2)1 a1|1|1|2 a£|2|1|2 a§’|2|1

a1)2 0-’1|2|1|1 a£|1|1|1 a1’|1|2

1/12 5/12 5/12 1/12 Y211 Y2)2 Y12 Y11

12 = 2= (1£V5), w1212 = %(30 +3v30 + [30(75 + 4@)), Wiz = 5-(15 + 2v30),

47011230+ [105(751+4v30)

12112112 =

5880

20+12v/30+_ [105(75+4+/30)

" _
A1211,211,2 =

5880

Table S19. e[.21 G3 method.

7 Q12)11,211,2)11,2 =

245439v5+30v611/35595+3864+/30
1176 ’

1,1 ’1
, V1,2|1,2=5i5 5(1512\/%)

1/2 1/2 5/18 4/9 5/18
a a;
3/8 1/8
aq ay
1/2 1/2 | (5-+15)/10 1/2 (5++/15)/10
12 = 5= (6 —V15), af, =5-(4—V15)
Table S20. eL.31G4 method.
1/6 1/3 0 W Wi Wiz Wz2p
0 1/3 1/6 W3|2)1 Wi2)2 Wi Wa|1)1
a32)1 “éu “£’|2|1
)22 “£|2 a§’|2|2
a1)1)2 a1|2 a§’|1|2
21111 a1|1 0‘1’|1|1
1/6 2/3 1/6 Y21 Y2)2 Y112 Y1

1 , 1 5 5 2
Wi2112(12 = %<90 +5v30 + /30(75 + 4\/30)),(1)1,2“‘2“‘2 =—[3% \E + ’Ei 2\/; ,
455+21/30+ /21(5851106\/%)

— ! p—
®12)12012 = 2040 7 X212 =
. 3542130+ /21(5851106\/30)
A12)11,211,2 =

2940

I+
3

1
~— 735

/35595 + 3864430,

1 1 1
s Vigne =515 /g(15 + 2v/30)

85

86

87

88

89

90

91

93

94

95
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Table S21. e[.41 G5 method.

1/12 Ty T, 0 w112 W2|1)1 0 Wa211 W22
0 1/3 1/3 0 WY oY 64/225 w1 WY
0 T, Ty 1/12 Wiz Wa2n 0 Wap11 Wij1)2
! ! nr
a212)1 aq)21211 211211 1121
I ! nr
a1)1)2 STRTEID 321212 21102
17/192 ay ay —-1/192
! ! nr
a1)2)2 a1)1)1)2 32112 az)2)2
! ! nr
A21)1 LSTPIETR 21111 a1)1)1
1/12 5/12 5/12 1/12 Y21 V2|2 1/2 Y12 Vi1
1 15043+704y/455704984v70 1
T2 =5 (1£V5), 1112 = 2000 , w1z =55 (43 £ 470),
_ 346148V70+1/7595+164V70 __ 5(189£19V5+10vV14+y/26915+944+70)
A12112112 = 2536 7 Q1201212112 = 2536 )
32481704y 7595416470

5 1,1
n nr

a/, =—(B8+3V5), = = —4=
12 = o7 ( ), X12)12012 2536 » Yiz2p2 = ;X%




