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Supplementary 1 

Below, tableaus for the proposed families of methods (with s = 2, 3, 4) are provided 2 
in the form of analytical expressions. Tables include:  3 

• Tables S1-S3: tableaus for Gs|Gs method; 4 
• Tables S4-S6: tableaus for Gs|Gs+1 method; 5 
• Tables S7-S9: tableaus for Ls|Ls method;  6 
• Tables S10-S12: tableaus for Ls|Ls+1 method;  7 
• Tables S13-S15: tableaus for Ls|Gs+1 method;  8 
• Tables S16-S18: tableaus for eLs|Gs method;  9 
• Tables S19-S21: tableaus for eLs|Gs+1 method. 10 

 11 

Table S1. G2|G2 method. 12 𝜋ଵ 𝜋ଶ 𝜋ଵ 𝜋ଶ 𝜋ଶ 𝜋ଵ 𝜋ଶ 𝜋ଵ 1/4 𝛼ଶ   𝛼ଵ 1/4   1/2 1/2 2 𝜋ଶ 2 𝜋ଵ 𝜋ଵ,ଶ = ଵଵଶ ൫3 ± √3൯ , 𝛼ଵ,ଶ = ଵଵଶ ൫3 ± 2√3൯ 13 

Table S2. G3|G3 method. 14 𝜋ଵ 0 𝜋ଶ  𝜋ଵ 0 𝜋ଶ  1/9 4/9 1/9 1/9 4/9 1/9 𝜋ଶ  0 𝜋ଵ  𝜋ଶ  0 𝜋ଵ  5/36 𝛼ଶ 𝛼ଶᇱ     𝛼ଵᇱᇱ 2/9 𝛼ଶᇱᇱ    𝛼ଵᇱ  𝛼ଵ 5/36    5/18   4/9 5/18   (5 − √15)/10 1/2  (5 + √15)/10 𝜋ଵ,ଶ = ଵଷ଺ ൫3 ± √15൯, 𝛼ଵ,ଶ = ଶଽ ± ଵ√ଵହ, 𝛼ଵ,ଶᇱ = ହଷ଺ ± ଵଶ√ଵହ, 𝛼ଵ,ଶᇱᇱ = ଵ଻ଶ ൫10 ± 3√15൯ 15 

  16 
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Table S3. G4|G4 method. 17 𝜋ଵ|ଵ|ଵ 𝜋ଶ|ଶ|ଶ 𝜋ଶ|ଵ|ଶ 𝜋ଵ|ଶ|ଵ 𝜋ଵ|ଵ|ଵ 𝜋ଶ|ଶ|ଶ 𝜋ଶ|ଵ|ଶ 𝜋ଵ|ଶ|ଵ 𝜋ଶ|ଵ|ଶᇱ  𝜋ଵ|ଵ|ଵᇱ  𝜋ଵ|ଶ|ଵᇱ  𝜋ଶ|ଶ|ଶᇱ  𝜋ଶ|ଵ|ଶᇱ  𝜋ଵ|ଵ|ଵᇱ  𝜋ଵ|ଶ|ଵᇱ  𝜋ଶ|ଶ|ଶᇱ  𝜋ଶ|ଶ|ଶᇱ  𝜋ଵ|ଶ|ଵᇱ  𝜋ଵ|ଵ|ଵᇱ  𝜋ଶ|ଵ|ଶᇱ  𝜋ଶ|ଶ|ଶᇱ  𝜋ଵ|ଶ|ଵᇱ  𝜋ଵ|ଵ|ଵᇱ  𝜋ଶ|ଵ|ଶᇱ  𝜋ଵ|ଶ|ଵ 𝜋ଶ|ଵ|ଶ 𝜋ଶ|ଶ|ଶ 𝜋ଵ|ଵ|ଵ 𝜋ଵ|ଶ|ଵ 𝜋ଶ|ଵ|ଶ 𝜋ଶ|ଶ|ଶ 𝜋ଵ|ଵ|ଵ ଵଶସ ൫3 − ඥ5/6൯  𝛼ଵ|ଶ|ଶ 𝛼ଶ|ଵ|ଶ 𝛼ଶ|ଶ|ଶᇱᇱ    
  

𝛼ଵ|ଶ|ଵ|ଵᇱ  𝛼ଵᇱᇱᇱ  𝛼ଵ|ଶ|ଵᇱᇱ  𝛼ଶ|ଶ|ଶ|ଵᇱ      𝛼ଵ|ଵ|ଵ|ଶᇱ  𝛼ଵ|ଵ|ଵᇱᇱ  𝛼ଵᇱᇱᇱ  𝛼ଶ|ଵ|ଶ|ଶᇱ      𝛼ଶ|ଵ|ଶᇱᇱ  𝛼ଵ|ଶ|ଵ 𝛼ଶ|ଵ|ଵ ଵଶସ ൫3 − ඥ5/6൯   
  

2 𝛼ଶᇱᇱᇱ 2 𝛼ଵᇱᇱᇱ 2 𝛼ଵᇱᇱᇱ 2 𝛼ଶᇱᇱᇱ 𝛾ଶ|ଵ 𝛾ଶ|ଶ 𝛾ଵ|ଶ 𝛾ଵ|ଵ 𝜋ଵ,ଶ|ଵ,ଶ|ଵ,ଶ = ଵ଻ଶ଴ ቆ15 ± 5√30 ± ට15൫45 ± 8√30൯ቇ , 𝜋ଵ,ଶ|ଵ,ଶ|ଵ,ଶᇱ = ଵଵସସ ቀ15 ± 2√30 ± ඥ225 ± 30√30ቁ, 18 

𝛼ଵ,ଶ|ଵ,ଶ|ଵ,ଶ = ଺ଷ଴ାଷହ√ଷ଴±଺଴ඥସହା଺√ଷ଴±ଷଽඥଵହ଴ାଶ଴√ଷ଴±ଷට଻଴(ହ଼ହାଵ଴଺√ଷ଴)ହ଴ସ଴ , 𝛼ଵ,ଶ|ଵ,ଶ|ଵ,ଶ|ଵ,ଶᇱ = ±ଷଽ±଺√ଵସ±଺√ଷ଴±ଷ√ଵ଴ହା଻ඥ଻ହାସ√ଷ଴ଶସඥ଺ଷ଴ା଼ସ√ଷ଴  , 19 

𝛼ଵ,ଶ|ଵ,ଶ|ଵ,ଶᇱᇱ = ଵ଼ ± ටఱలଶସ ± ଵଶସ ඨଽ଴଻ ± ହଶටలఱ଻  , 𝛼ଵ,ଶᇱᇱᇱ = ଵଵସସ ൫18 ± √30൯, 𝛾ଵ,ଶ|ଵ,ଶ = ଵଶ ± ଵଶ ට ଵଷହ ൫15 ± 2√30൯ 20 

Table S4. G2|G3 method. 21 

 22 

 23 

 24 

 25 
 26 𝜋ଵ,ଶ = ଵଵଶ ൫3 ± √3൯, 𝜔ଵ,ଶ = ଵଷ଺ (5 ± √15), 𝛼ଵ,ଶ|ଵ,ଶ = ଵଶ଴ (5 ± √3 ± √15) 27 

Table S5. G3|G4 method. 28 𝜋ଵ 0 𝜋ଶ 𝜔ଵ|ଵ|ଵ 𝜔ଶ|ଵ|ଶ 𝜔ଶ|ଶ|ଶ 𝜔ଵ|ଶ|ଵ 1/9 4/9 1/9 𝜔ଶᇱ  𝜔ଵᇱ  𝜔ଵᇱ  𝜔ଶᇱ  𝜋ଶ 0 𝜋ଵ 𝜔ଵ|ଶ|ଵ 𝜔ଶ|ଶ|ଶ 𝜔ଶ|ଵ|ଶ 𝜔ଵ|ଵ|ଵ 𝛼ଵ|ଶ|ଶ|ଵ 𝛼ଶ|ଵᇱ  𝛼ଶ|ଵ|ଶ|ଵ     𝛼ଵ|ଵ|ଶ|ଶ 𝛼ଶ|ଶᇱ  𝛼ଶ|ଶ|ଶ|ଶ     𝛼ଵ|ଵ|ଵ|ଶ 𝛼ଵ|ଶᇱ  𝛼ଶ|ଶ|ଵ|ଶ     𝛼ଵ|ଶ|ଵ|ଵ 𝛼ଵ|ଵᇱ  𝛼ଶ|ଵ|ଵ|ଵ     5/18 4/9 5/18 𝛾ଶ|ଵ 𝛾ଶ|ଶ 𝛾ଵ|ଶ 𝛾ଵ|ଵ 

 29 

𝜋ଵ 𝜋ଶ 𝜔ଵ 2/9 𝜔ଶ 𝜋ଶ 𝜋ଵ 𝜔ଶ 2/9 𝜔ଵ 𝛼ଵ|ଶ 𝛼ଶ|ଵ    (2 + √3)/8 (2 − √3)/8    𝛼ଵ|ଵ 𝛼ଶ|ଵ    1/2 1/2 (5 − √15)/10 1/2 (5 + √15)/10 
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𝜋ଵ,ଶ = ଵଷ଺ ൫3 ± √15൯, 𝜔ଵ,ଶ|ଵ,ଶ|ଵ,ଶ = ଵ଻ଶ଴ ቆ30 ± 3√30 ± ට30൫75 ± 4√30൯ቇ, 𝜔ଵ|ଶᇱ = ଵଽ଴ ൫15 ± 2√30൯, 30 

 𝛼ଵ,ଶ|ଵ,ଶ|ଵ,ଶ|ଵ,ଶ = ହଷ଺ ± ටఱయଵସ ± ଵଵସ√ଶ ± ଵ଼ସ ට ଵଶଵ ൫585 ± 106√30൯, 𝛿ଵ,ଶ|ଵ,ଶᇱ = ଶଽ ± ଵଶଵ ට ଶଵ଴ହ ൫1035 ± 82√30൯, 31 

𝛾ଵ,ଶ|ଵ,ଶ = ଵଶ ± ଵଶ ට ଵଷହ ൫15 ± 2√30൯  32 

Table S6. G4|G5 method. 33 𝜋ଵ|ଵ|ଵ 𝜋ଶ|ଶ|ଶ 𝜋ଶ|ଵ|ଶ 𝜋ଵ|ଶ|ଵ 𝜔ଵ 𝜔ଵᇱ  −8/225 𝜔ଶᇱ  𝜔ଶ 𝜋ଶ|ଵ|ଶᇱ  𝜋ଵ|ଵ|ଵᇱ  𝜋ଵ|ଶ|ଵᇱ  𝜋ଶ|ଶ|ଶᇱ  𝜔ଶ|ଵ|ଶᇱᇱ  𝜔ଵ|ଵ|ଵᇱᇱ  8/45 𝜔ଵ|ଶ|ଵᇱᇱ  𝜔ଶ|ଶ|ଶᇱᇱ  𝜋ଶ|ଶ|ଶᇱ  𝜋ଵ|ଶ|ଵᇱ  𝜋ଵ|ଵ|ଵᇱ  𝜋ଶ|ଵ|ଶᇱ  𝜔ଶ|ଶ|ଶᇱᇱ  𝜔ଵ|ଶ|ଵᇱᇱ  8/45 𝜔ଵ|ଵ|ଵᇱᇱ  𝜔ଶ|ଵ|ଶᇱᇱ  𝜋ଵ|ଶ|ଵ 𝜋ଶ|ଵ|ଶ 𝜋ଶ|ଶ|ଶ 𝜋ଵ|ଵ|ଵ 𝜔ଶ 𝜔ଶᇱ  −8/225 𝜔ଵᇱ  𝜔ଵ 𝛼0ଶ|ଵ ∙ 𝐴11 𝐶11 𝐶21 𝛼0ଶ|ଵ ∙ 𝐴21      𝛼0ଶ|ଶ ∙ 𝐴12 𝐶12 𝐶22 𝛼0ଶ|ଶ ∙ 𝐴22      𝛼ଶ|ଵ|ଶᇱ  𝛼ଵ|ଵ|ଵᇱ  𝛼ଵ|ଶ|ଵᇱ  𝛼ଶ|ଶ|ଶᇱ       𝛼0ଵ|ଶ ∙ 𝐴13 𝐶13 𝐶23 𝛼0ଵ|ଶ ∙ 𝐴23      𝛼0ଵ|ଵ ∙ 𝐴14 𝐶14 𝐶24 𝛼0ଵ|ଵ ∙ 𝐴24      𝜖ଶ 𝜖ଵ 𝜖ଵ 𝜖ଶ 𝛾ଶ|ଵ 𝛾ଶ|ଶ 1/2 𝛾ଵ|ଶ 𝛾ଵ|ଵ 𝜋ଵ,ଶ|ଵ,ଶ|ଵ,ଶ = ଵ଻ଶ଴ ቆ15 ± 5√30 ± ට15൫45 ± 8√30൯ቇ , 𝜋ଵ,ଶ|ଵ,ଶ|ଵ,ଶᇱ = ଵଵସସ ቀ15 ± 2√30 ± ඥ225 ± 30√30ቁ, 34 

𝜔ଵ,ଶ = ଻ସଽାସଽ√଻଴±ඥହ଺଼ଵହହା଺ଷଽଶସ√଻଴ଶହଶ଴଴ , 𝜔ଵ,ଶᇱ = ଻ସଽାସଽ√଻଴±ඥହ଺଼ଵହହା଺ଷଽଶସ√଻଴ଶହଶ଴଴ , 35 

𝜔ଵ,ଶ|ଵ,ଶ|ଵ,ଶᇱᇱ = ଵ଻ଶ଴ ቌ43 ± 4√70 ± 5ඨ177 ± 678ට ଶଷହቍ, 36 

 𝛼0ଵ,ଶ|ଵ,ଶ = 21 ± ට7൫35 ± 2√70൯, 𝐴 = 140ඥ30 + 4√30, 𝐵 = 34ඥ525 + 70√30 + 108ඥ630 + 84√30, 37 

𝐴11 = ቆ𝐴 + 𝐵 + 2310 + 378√30 + 105√70 + 210ඥ105 + 8√21 + 14√30 + 6√70 + 110ට7൫35 + 2√70൯ + 35ඥ350 + 20√70 + 18ට210൫35 + 2√70൯ቇ , 38 

𝐴12 = ቆ−𝐴 + 𝐵 + 2310 + 378√30 − 105√70 + 210ඥ105 − 8√21 + 14√30 − 6√70 + 110ට7൫35 − 2√70൯ − 35ට10൫35 − 2√70൯ + 18ට210൫35 − 2√70൯ቇ , 39 

𝐴13 = ቆ−𝐴 + 𝐵 + 2310 + 378√30 − 105√70 − 210ඥ105 − 8√21 + 14√30 − 6√70 − 110ට7൫35 − 2√70൯ + 35ට10൫35 − 2√70൯ − 18ට210൫35 − 2√70൯ቇ , 40 

𝐴14 = ቆ𝐴 + 𝐵 + 2310 + 378√30 + 105√70 − 210ඥ105 + 8√21 + 14√30 + 6√70 − 110ට7൫35 + 2√70൯ − 35ඥ350 + 20√70 − 18ට210൫35 + 2√70൯ቇ , 41 

𝐴21 = ቆ𝐴 + 𝐵 − 2310 − 378√30 − 105√70 + 210ඥ105 + 8√21 + 14√30 + 6√70 − 110ට7൫35 + 2√70൯ − 35ඥ350 + 20√70 − 18ට210൫35 + 2√70൯ቇ , 42 

𝐴22 = ቆ−𝐴 + 𝐵 − 2310 − 378√30 + 105√70 + 210ඥ105 − 8√21 + 14√30 − 6√70 − 110ට7൫35 − 2√70൯ + 35ට10൫35 − 2√70൯ − 18ට210൫35 − 2√70൯ቇ , 43 

𝐴23 = ቆ−𝐴 + 𝐵 − 2310 − 378√30 + 105√70 − 210ඥ105 − 8√21 + 14√30 − 6√70 + 110ට7൫35 − 2√70൯ − 35ට10൫35 − 2√70൯ + 18ට210൫35 − 2√70൯ቇ , 44 

𝐴24 = ቆ𝐴 + 𝐵 − 2310 − 378√30 − 105√70 − 210ඥ105 + 8√21 + 14√30 + 6√70 + 110ට7൫35 + 2√70൯ + 35ඥ350 + 20√70 + 18ට210൫35 + 2√70൯ቇ , 45 
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𝐺 = ହସ଼଺ ටଵ଻ ൫15 + 2√30൯, 𝐻 = ଵଷ଺ ට ହସଶ ൫15 + 2√30൯, 𝐹 = ଵ଻ඥଵହ଴ାଶ଴√ଷ଴ଷ଼଼଼ , 𝐽 = ଵଵ଴଼ ඥ45 + 6√30, 46 

𝐶11 = ଵ଼ − 𝐻 + 𝐺 + 𝐽 − 𝐹 − ଵଶସ ටଵ଻ (35 + 2√70) + ହඥଵ଴ହା଺√଻଴ଵଽସସ − ଵ଺ସ଼ ඨ ହଶଵ ቆ11809 + 529√70 − 621ට7൫35 + 2√70൯ቇ , 47 

𝐶12 = ଵ଼ + ටఱలଶସ + 𝐻 − 𝐺 + 𝐽 − 𝐹 − ଶଷ଺ସ଼ ට ହସଶ (35 − 2√70) − ଵଶସ ටଵ଻ (35 − 2√70) − ହ଺ସ଼ ටଵଷ ൫35 − 2√70൯ , 48 

𝐶13 = ଵ଼ + ටఱలଶସ + 𝐻 − 𝐺 + 𝐽 − 𝐹 + ଶଷ଺ସ଼ ට ହସଶ (35 − 2√70) + ଵଶସ ටଵ଻ (35 − 2√70) + ହ଺ସ଼ ටଵଷ ൫35 − 2√70൯ , 49 

𝐶14 = ଵ଼ − 𝐻 + 𝐺 + 𝐽 − 𝐹 + ଵଶସ ටଵ଻ ൫35 + 2√70൯ − ହඥଵ଴ହା଺√଻଴ଵଽସସ + ଵ଺ସ଼ ඨ ହଶଵ ቆ11809 + 529√70 + 621ට7൫35 + 2√70൯ቇ  , 50 

𝐶21 = ଵ଼ + 𝐻 − 𝐺 − 𝐽 + 𝐹 − ଵଶସ ටଵ଻ (35 + 2√70) + ହඥଵ଴ହା଺√଻଴ଵଽସସ − ଵ଺ସ଼ ඨ ହଶଵ ቆ11809 + 529√70 − 621ට7൫35 + 2√70൯ቇ , 51 

𝐶22 = ଵ଼ + ටఱలଶସ − 𝐻 + 𝐺 − 𝐽 + 𝐹 − ଶଷ଺ସ଼ ට ହସଶ (35 − 2√70) − ଵଶସ ටଵ଻ (35 − 2√70) − ହ଺ସ଼ ටଵଷ ൫35 − 2√70൯ , 52 

𝐶23 = ଵ଼ + ටఱలଶସ − 𝐻 + 𝐺 − 𝐽 + 𝐹 + ଶଷ଺ସ଼ ට ହସଶ (35 − 2√70) + ଵଶସ ටଵ଻ (35 − 2√70) + ହ଺ସ଼ ටଵଷ ൫35 − 2√70൯ , 53 

𝐶24 = ଵ଼ + 𝐻 − 𝐺 − 𝐽 + 𝐹 + ଵଶସ ටଵ଻ ൫35 + 2√70൯ − ହඥଵ଴ହା଺√଻଴ଵଽସସ + ଵ଺ସ଼ ඨ ହଶଵ ቆ11809 + 529√70 + 621ට7൫35 + 2√70൯ቇ  , 54 

𝛼ଵ,ଶ|ଵ,ଶ|ଶᇱ = ଵସସ±଼√ଷ଴±ଷඥଶ଴଻଴±ଵ଺ସ√ଷ଴ଵଵହଶ  , 𝜖ଵ,ଶ = ଵ଻ଶ (18 ± √30), 𝛾ଵ,ଶ|ଵ,ଶ =  ଵଶ ± ଵ଺ ඨ5 ± 2ටଵ଴଻   55 

Table S7. L2|L2 method. 56 1/3 1/6  1/3 1/6  1/6  1/3  1/6  1/3  0 0   1/2 1/2   1/2   1/2 0   1 

Table S8. L3|L3 method. 57 2/15 1/15 −1/30 2/15 1/15 −1/30 1/15 8/15 1/15 1/15 8/15 1/15 −1/30 1/15 2/15 −1/30 1/15 2/15 0 0 0    5/25 1/3 −1/24    1/6 2/3 1/6    1/6 2/3 1/6 0 1/2 1 
  58 
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Table S9. L4|L4 method. 59 1/14 √5/84 −√5/84 1/84 1/14 √5/84 −√5/84 1/84 √5/84 5/14 5/84 −√5/84 √5/84 5/14 5/84 −√5/84 −√5/84 5/84 5/14 √5/84 −√5/84 5/84 5/14 √5/84 1/84 −√5/84 √5/84 1/14 1/84 −√5/84 √5/84 1/14 0  0 0 0     𝛼ଵ 𝛼ଶᇱ  𝛼ଶᇱᇱ 𝛼ଵᇱᇱᇱ     𝛼ଶ 𝛼ଵᇱᇱ 𝛼ଵᇱ  𝛼ଶᇱᇱᇱ     1/12 5/12 5/12 1/12      1/12 5/12 5/12 1/12 0 (5 − √5)/10 (5 + √5)/10 1 𝛼ଵ,ଶ = ଵଵଶ଴ ൫11 ± √5൯ , 𝛼ଵ,ଶᇱ = ଵଵଶ଴ ൫25 ± √5൯ ,  𝛼ଵ,ଶᇱᇱ = ଵଵଶ଴ ൫25 ± 13√5൯ ,  𝛼ଵ,ଶᇱᇱᇱ = ଵଵଶ଴ ൫−1 ± √5൯ 60 

Table S10. L2|L3 method. 61 1/3 1/6  1/6  1/3  0  1/6  1/3  0  1/3 1/6  0 0    3/8  1/8    1/2 1/2    1/2   1/2 0 1/2 1 

Table S11. L3|L4 method. 62 2/15 1/15 −1/30 1/12  𝜔ଵ 𝜔ଶ  0  1/15 8/15 1/15 0  1/3 1/3  0  −1/30 1/15 2/15 0   𝜔ଶ 𝜔ଵ  1/12   0 0 0     𝛼ଶ 𝛼ଶᇱ  𝛼ଶᇱᇱ     𝛼ଵ 𝛼ଵᇱ  𝛼ଵᇱᇱ     1/6 2/3 1/6       1/6   2/3 1/6   0 (5 − √5)/10  (5 + √5)/10 1 𝜔ଵ,ଶ = ଵଶସ (1 ± √5) , 𝛼ଵ,ଶ = ଵଷ଴଴ (55 ± √5) , 𝛼ଵ,ଶᇱ = ଵ଻ହ (25 ± 7√5), 𝛼ଵ,ଶᇱᇱ = ଵଷ଴଴ (−5 ± √5) 63 

 64 

  65 
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Table S12. L4|L5 method. 66 1/14 √5/84 −√5/84 1/84 1/20 𝜔ଵ −2/45 𝜔ଶ 0 √5/84 5/14 5/84 −√5/84 0 𝜔ଵᇱ  2/9 𝜔ଶᇱ  0 −√5/84 5/84 5/14 √5/84 0 𝜔ଶᇱ  2/9 𝜔ଵᇱ  0 1/84 −√5/84 √5/84 1/14 0 𝜔ଶ −2/45 𝜔ଵ 1/20 0 0 0 0      𝛼ଵ 𝛼ଵ|ଶᇱ  𝛼ଶ|ଶᇱ  𝛼ଵᇱᇱᇱ      17/192 𝛼ଵᇱᇱ 𝛼ଶᇱᇱ −1/192      𝛼ଶ 𝛼ଵ|ଵᇱ  𝛼ଶ|ଵᇱ  𝛼ଶᇱᇱᇱ      1/12 5/12 5/12 1/12      1/12 5/12 5/12 1/12 0 𝛾ଶ 1/2 𝛾ଵ 𝛾ଵ|ଵ 𝜔ଵ,ଶ = ଵଵ଼଴ (7 + √21), 𝜔ଵ,ଶᇱ = ଵ଻ଶ (7 + √105), 𝛾ଵ,ଶᇱ = ଵଵସ (7 ± √21) 67 

𝛼ଵ,ଶ = ଵ଴ଷାଷ√ଶଵଵଵ଻଺ , 𝛼ଵ,ଶ|ଵ,ଶᇱ = ହ(ସଽ±଺√ହ±ଽ√ଶଵ)ଵଵ଻଺ , 𝛼ଵ,ଶᇱᇱ = ହଵଽଶ (8 ± 3√5) , 𝛼ଵ,ଶᇱᇱᇱ = ିହ±ଷ√ଶଵଵଵ଻଺  68 

Table S13. L2|G3 method. 69 1/3 1/6  𝜔ଵ 2/9 𝜔ଶ  1/6  1/3  𝜔ଶ  2/9 𝜔ଵ  𝛼ଶ 𝛼ଶᇱ     3/8  1/8    𝛼ଵ 𝛼ଵᇱ     1/2   1/2 (5 − √15)/10 1/2 (5 + √15)/10 𝜔ଵ,ଶ = ଵଷ଺ (5 ± √15) , 𝛼ଵ,ଶ = ଵଶ଴ (6 ± √15) , 𝛼ଵ,ଶᇱ = ଵଶ଴ (4 ± √15) 70 

Table S14. L3|G4 method. 71 2/15 1/15 −1/30 𝜔ଵ|ଵ|ଵ 𝜔ଶ|ଵ|ଶ 𝜔ଶ|ଶ|ଶ 𝜔ଵ|ଶ|ଵ  1/15 8/15 1/15 𝜔ଶᇱ  𝜔ଵᇱ  𝜔ଵᇱ  𝜔ଶᇱ  −1/30 1/15 2/15 𝜔ଵ|ଶ|ଵ  𝜔ଶ|ଶ|ଶ 𝜔ଶ|ଵ|ଶ 𝜔ଵ|ଵ|ଵ 𝛼ଶ|ଶ|ଵ 𝛼ଶ|ଵᇱ  𝛼ଵ|ଶ|ଵᇱᇱ      𝛼ଵ|ଶ|ଶ 𝛼ଶ|ଶᇱ  𝛼ଶ|ଶ|ଶᇱᇱ      𝛼ଵ|ଵ|ଶ 𝛼ଵ|ଶᇱ  𝛼ଶ|ଵ|ଶᇱᇱ      𝛼ଶ|ଵ|ଵ 𝛼ଵ|ଵᇱ  𝛼ଵ|ଵ|ଵᇱᇱ      1/6   2/3 1/6   𝛾ଶ|ଵ 𝛾ଶ|ଶ  𝛾ଵ|ଶ 𝛾ଵ|ଵ 𝜔ଵ,ଶ|ଵ,ଶ|ଵ,ଶ = ଵ଻ଶ଴ ቆ30 ± 3√30 ± ට30൫75 ± 4√30൯ቇ, 𝜔ଵ,ଶᇱ = ଵଽ଴ ൫15 ± 2√30൯, 72 

 𝛼ଵ,ଶ|ଵ,ଶ|ଵ,ଶ = ସହହ±ଶଵ√ଷ଴±ටଶଵ(ହ଼ହ±ଵ଴଺√ଷ଴)ଶଽସ଴ , 𝛼ଵ,ଶ|ଵ,ଶᇱ = ଵଷ ± ଵ଻ଷହ ඥ35595 ± 3864√30, 73 

 𝛼ଵ,ଶ|ଵ,ଶ|ଵ,ଶᇱᇱ = ଷହ±ଶଵ√ଷ଴±ටଶଵ(ହ଼ହ±ଵ଴଺√ଷ଴)ଶଽସ଴ , 𝛿ଵ,ଶ|ଵ,ଶᇱ = ଶଽ ± ଵଶଵ ට ଶଵ଴ହ (1035 ± 82√30), 𝛾ଵ,ଶ|ଵ,ଶ = ଵଶ ± ଵଶ ට ଵଷହ (15 ± 2√30) 74 
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Table S15. L4|G5 method. 75 1/14 √5/84 −√5/84 1/84 𝜔ଵ 𝜔ଵᇱ  −8/225 𝜔ଶᇱ  𝜔ଶ √5/84 5/14 5/84 −√5/84 𝜔ଵᇱᇱ 𝜔ଵᇱᇱᇱ 8/45 𝜔ଶᇱᇱᇱ 𝜔ଶᇱᇱ −√5/84 5/84 5/14 √5/84 𝜔ଶᇱᇱ 𝜔ଶᇱᇱᇱ 8/45 𝜔ଵᇱᇱᇱ 𝜔ଵᇱᇱ 1/84 −√5/84 √5/84 1/14 𝜔ଶ 𝜔ଶᇱ  −8/225 𝜔ଵᇱ  𝜔ଵ 𝛼ଶ|ଶ|ଵ 𝛼ଵ|ଶ|ଶ|ଵᇱ  𝛼ଶ|ଵ|ଶ|ଵᇱ  𝛼ଵ|ଶ|ଵᇱᇱᇱ       𝛼ଵ|ଵ|ଶ 𝛼ଵ|ଵ|ଶ|ଶᇱ  𝛼ଶ|ଶ|ଶ|ଶᇱ  𝛼ଶ|ଵ|ଶᇱᇱᇱ       17/192 𝛼ଵᇱᇱ 𝛼ଶᇱᇱ −1/192      𝛼ଵ|ଶ|ଶ 𝛼ଵ|ଵ|ଵ|ଶᇱ  𝛼ଶ|ଶ|ଵ|ଶᇱ  𝛼ଶ|ଶ|ଶᇱᇱᇱ       𝛼ଶ|ଵ|ଵ 𝛼ଵ|ଶ|ଵ|ଵᇱ  𝛼ଶ|ଵ|ଵ|ଵᇱ  𝛼ଵ|ଵ|ଵᇱᇱᇱ       1/12 5/12 5/12 1/12 𝛾ଶ|ଵ 𝛾ଶ|ଶ 1/2 𝛾ଵ|ଶ 𝛾ଵ|ଵ 

𝜔ଵ,ଶ = ଻ସଽାସଽ√଻଴±ඥହ଺଼ଵହହା଺ଷଽଶସ√଻଴ଶହଶ଴଴ , 𝜔ଵ,ଶᇱ = ଵ଴଻ି଻√଻଴±ඨଵଵହଽହିଽଵଷଶටభబళଷ଺଴଴ ,  76 

𝜔ଵ,ଶᇱᇱ = ଵ଻ଶ଴ ቌ43 − 4√70 ± 5ඨ177 − 678ට ଶଷହቍ,  𝜔ଵ,ଶᇱᇱᇱ = ଷ଴ଵାଶ଼√଻଴ାටଵ଴ହ(ଶ଴଺ହାଶଶ଺√଻଴)ହ଴ସ଴ , 77 

𝛼ଵ,ଶ|ଵ,ଶ|ଵ,ଶ = ଷସ଺±଼√଻଴±ඥ଻ହଽହ±ଵ଺ସ√଻଴ସହଷ଺ , 𝛼ଵ,ଶ|ଵ,ଶ|ଵ,ଶ|ଵ,ଶᇱ = ହ(ଵ଼ଽ±ଵଽ√ହ±ଵ଴√ଵସ±ඥଶ଺ଽଵହ±ଽସସ√଻଴)ସହଷ଺ ,  78 

𝛼ଵ,ଶᇱᇱ = ହଵଽଶ (8 + 3√5),  𝛼ଵ,ଶ|ଵ,ଶ|ଵ,ଶᇱᇱᇱ = ଷଶ±଼√଻଴±ඥ଻ହଽହ±ଵ଺ସ√଻଴ସହଷ଺ , 𝛾ଵ,ଶ|ଵ,ଶ =  ଵଶ ± ଵ଺ ඨ5 ± 2ටଵ଴଻  79 

Table S16. eL2|G2 method. 80 1/2  1/2  1/2 1/2  𝛼ଶ 𝛼ଶᇱ    𝛼ଵ 𝛼ଵᇱ    1/2   1/2 𝛾ଶ 𝛾ଵ 𝛼ଵ,ଶ = ଵଵଶ (4 ± √3), 𝛼ଵ,ଶᇱ = ଵଵଶ (2 ± √3), 𝛾ଵ,ଶ = ଵ଺ (3 ± √3) 81 

Table S17. eL3|G3 method. 82 1/6 1/3 0 𝜔ଵ 2/9 𝜔ଶ 0 1/3 1/6 𝜔ଶ 2/9 𝜔ଵ 𝛼ଶ 𝛼ଶᇱᇱ 𝛼ଶᇱ     5/24  1/3 −1/24    𝛼ଵ  𝛼ଵᇱᇱ 𝛼ଵᇱ     1/6   2/3 1/6   (5 − √15)/10 1/2 (5 + √15)/10 

𝜔ଵ,ଶ = ଵଷ଺ ൫5 ± √15൯, 𝛼ଵ,ଶ = ଵଷ଴଴ ൫40 ± 3√15൯, 𝛼ଵ,ଶᇱ = ଵଷ଴଴ ൫10 ± 3√15൯, 𝛼ଵ,ଶᇱᇱ = ଵଷ ± ଶටయఱହ  83 

 84 
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Table S18. eL4|G4 method. 85 1/12 𝜋ଵ 𝜋ଶ 0 𝜔ଵ|ଵ|ଵ 𝜔ଶ|ଵ|ଶ 𝜔ଶ|ଶ|ଶ 𝜔ଵ|ଶ|ଵ 0 1/3 1/3 0 𝜔ଶᇱ  𝜔ଵᇱ  𝜔ଵᇱ  𝜔ଶᇱ  0 𝜋ଶ 𝜋ଵ 1/12 𝜔ଵ|ଶ|ଵ 𝜔ଶ|ଶ|ଶ 𝜔ଶ|ଵ|ଶ 𝜔ଵ|ଵ|ଵ 𝛼ଶ|ଶ|ଶ 𝛼ଵ|ଶ|ଶ|ଵᇱ  𝛼ଶ|ଵ|ଶ|ଵᇱ  𝛼ଵ|ଶ|ଶᇱᇱ      𝛼ଵ|ଵ|ଵ 𝛼ଵ|ଵ|ଶ|ଶᇱ  𝛼ଶ|ଶ|ଶ|ଶᇱ  𝛼ଶ|ଵ|ଵᇱᇱ      𝛼ଵ|ଶ|ଵ 𝛼ଵ|ଵ|ଵ|ଶᇱ  𝛼ଶ|ଶ|ଵ|ଶᇱ  𝛼ଶ|ଶ|ଵᇱᇱ      𝛼ଶ|ଵ|ଶ 𝛼ଵ|ଶ|ଵ|ଵᇱ  𝛼ଶ|ଵ|ଵ|ଵᇱ  𝛼ଵ|ଵ|ଶᇱᇱ      1/12 5/12 5/12 1/12 𝛾ଶ|ଵ 𝛾ଶ|ଶ 𝛾ଵ|ଶ 𝛾ଵ|ଵ 𝜋ଵ,ଶ = ଵଶସ ൫1 ± √5൯, 𝜔ଵ,ଶ|ଵ,ଶ|ଵ,ଶ = ଵ଻ଶ଴ ቆ30 ± 3√30 ± ට30൫75 ± 4√30൯ቇ, 𝜔ଵ,ଶᇱ = ଵଽ଴ ൫15 ± 2√30൯, 86 

𝛼ଵ,ଶ|ଵ,ଶ|ଵ,ଶ = ସ଻଴±ଵଶ√ଷ଴±ටଵ଴ହ(଻ହ±ସ√ଷ଴)ହ଼଼଴ , 𝛼ଵ,ଶ|ଵ,ଶ|ଵ,ଶ|ଵ,ଶᇱ = ଶସହ±ଷଽ√ହ±ଷ଴√଺±ඥଷହହଽହ±ଷ଼଺ସ√ଷ଴ଵଵ଻଺ ,  87 

𝛼ଵ,ଶ|ଵ,ଶ|ଵ,ଶᇱᇱ = ଶ଴±ଵଶ√ଷ଴±ටଵ଴ହ(଻ହ±ସ√ଷ଴)ହ଼଼଴ , 𝛾ଵ,ଶ|ଵ,ଶ = ଵଶ ± ଵଶ ට ଵଷହ (15 ± 2√30)   88 

Table S19. eL2|G3 method. 89 1/2  1/2  5/18 4/9  5/18 𝛼ଶ 𝛼ଶᇱ     3/8 1/8    𝛼ଵ 𝛼ଵᇱ     1/2   1/2 (5 − √15)/10 1/2 (5 + √15)/10 𝛼ଵ,ଶ = ଵଶ଴ ൫6 − √15൯, 𝛼ଵ,ଶᇱ = ଵଶ଴ ൫4 − √15൯ 90 

Table S20. eL3|G4 method. 91 1/6 1/3 0 𝜔ଶ|ଵ|ଵ 𝜔ଵ|ଵ|ଶᇱ  𝜔ଵ|ଶ|ଶᇱ  𝜔ଶ|ଶ|ଵ 0 1/3 1/6 𝜔ଶ|ଶ|ଵ 𝜔ଵ|ଶ|ଶᇱ  𝜔ଵ|ଵ|ଶᇱ  𝜔ଶ|ଵ|ଵ 𝛼ଶ|ଶ|ଵ 𝛼ଶ|ଵᇱ  𝛼ଵ|ଶ|ଵᇱᇱ      𝛼ଵ|ଶ|ଶ 𝛼ଶ|ଶᇱ  𝛼ଶ|ଶ|ଶᇱᇱ      𝛼ଵ|ଵ|ଶ 𝛼ଵ|ଶᇱ  𝛼ଶ|ଵ|ଶᇱᇱ      𝛼ଶ|ଵ|ଵ 𝛼ଵ|ଵᇱ  𝛼ଵ|ଵ|ଵᇱᇱ      1/6   2/3 1/6   𝛾ଶ|ଵ 𝛾ଶ|ଶ  𝛾ଵ|ଶ 𝛾ଵ|ଵ 

𝜔ଵ,ଶ|ଵ,ଶ|ଵ,ଶ = ଵ଻ଶ଴ ቆ90 ± 5√30 ± ට30൫75 ± 4√30൯ቇ , 𝜔ଵ,ଶ|ଵ,ଶ|ଵ,ଶᇱ = ଵଶସ ቌ3 ± ටହ଺ ± ඨହଶ ± 2ට ଶଵହቍ, 92 

𝛼ଵ,ଶ|ଵ,ଶ|ଵ,ଶ = ସହହ±ଶଵ√ଷ଴±ටଶଵ(ହ଼ହ±ଵ଴଺√ଷ଴)ଶଽସ଴ , 𝛼ଵ,ଶ|ଵ,ଶᇱ = ଵଷ ± ଵ଻ଷହ ඥ35595 ± 3864√30, 93 

 𝛼ଵ,ଶ|ଵ,ଶ|ଵ,ଶᇱᇱ = ଷହ±ଶଵ√ଷ଴±ටଶଵ(ହ଼ହ±ଵ଴଺√ଷ଴)ଶଽସ଴ , 𝛾ଵ,ଶ|ଵ,ଶ = ଵଶ ± ଵଶ ට ଵଷହ (15 ± 2√30) 94 

 95 
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Table S21. eL4|G5 method. 96 1/12 𝜋ଵ 𝜋ଶ 0 𝜔ଵ|ଵ|ଶ 𝜔ଶ|ଵ|ଵ 0 𝜔ଶ|ଶ|ଵ 𝜔ଵ|ଶ|ଶ 0 1/3 1/3 0 𝜔ଶᇱ  𝜔ଵᇱ  64/225 𝜔ଵᇱ  𝜔ଶᇱ  0 𝜋ଶ 𝜋ଵ 1/12 𝜔ଵ|ଶ|ଶ 𝜔ଶ|ଶ|ଵ 0 𝜔ଶ|ଵ|ଵ 𝜔ଵ|ଵ|ଶ 𝛼ଶ|ଶ|ଵ 𝛼ଵ|ଶ|ଶ|ଵᇱ  𝛼ଶ|ଵ|ଶ|ଵᇱ  𝛼ଵ|ଶ|ଵᇱᇱᇱ       𝛼ଵ|ଵ|ଶ 𝛼ଵ|ଵ|ଶ|ଶᇱ  𝛼ଶ|ଶ|ଶ|ଶᇱ  𝛼ଶ|ଵ|ଶᇱᇱᇱ       17/192 𝛼ଵᇱᇱ 𝛼ଶᇱᇱ −1/192      𝛼ଵ|ଶ|ଶ 𝛼ଵ|ଵ|ଵ|ଶᇱ  𝛼ଶ|ଶ|ଵ|ଶᇱ  𝛼ଶ|ଶ|ଶᇱᇱᇱ       𝛼ଶ|ଵ|ଵ 𝛼ଵ|ଶ|ଵ|ଵᇱ  𝛼ଶ|ଵ|ଵ|ଵᇱ  𝛼ଵ|ଵ|ଵᇱᇱᇱ       1/12 5/12 5/12 1/12 𝛾ଶ|ଵ 𝛾ଶ|ଶ 1/2 𝛾ଵ|ଶ 𝛾ଵ|ଵ 𝜋ଵ,ଶ = ଵଶସ ൫1 ± √5൯, 𝜔ଵ,ଶ|ଵ,ଶ|ଵ,ଶ = ଵହ଴±ଷ√଻଴±ඥସହହ଻଴±ଽ଼ସ√଻଴ଷ଺଴଴ , 𝜔ଵ,ଶᇱ = ଵସହ଴ ൫43 ± 4√70൯, 97 

𝛼ଵ,ଶ|ଵ,ଶ|ଵ,ଶ = ଷସ଺±଼√଻଴±ඥ଻ହଽହ±ଵ଺ସ√଻଴ସହଷ଺ , 𝛼ଵ,ଶ|ଵ,ଶ|ଵ,ଶ|ଵ,ଶᇱ = ହ(ଵ଼ଽ±ଵଽ√ହ±ଵ଴√ଵସ±ඥଶ଺ଽଵହ±ଽସସ√଻଴)ସହଷ଺ ,  98 

𝛼ଵ,ଶᇱᇱ = ହଵଽଶ (8 + 3√5),  𝛼ଵ,ଶ|ଵ,ଶ|ଵ,ଶᇱᇱᇱ = ଷଶ±଼√଻଴±ඥ଻ହଽହ±ଵ଺ସ√଻଴ସହଷ଺ , 𝛾ଵ,ଶ|ଵ,ଶ =  ଵଶ ± ଵ଺ ඨ5 ± 2ටଵ଴଻  99 


