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1. Introduction

By numbers of the Fibonacci type we mean numbers defined recursively by the r-th
order linear recurrence relation of the form

ap =biay,_1 +bay 2+ +bay, forn>r, 1)

wherer >2and b; > 0,i =1,2,---,r are integers.

For special values of r and b;, i = 1,2, --r, the Equality (1) defines well-known
numbers of the Fibonacci type and their generalizations. We list some of them:
Fibonacci numbers: F, = F, 1+ F,_» forn > 2, with Fy = F; = 1.
Lucas numbers: L, = L,,_1 +L,,_p forn >2,withLy=2,L; = 1.
Pell numbers: P, = 2P, 1+ P, s forn >2,withPy=0,P = 1.
Pell-Lucas numbers: Q, = 2Q,, 1+ Qu 2 forn > 2, withQy =1, Q1 = 3.
Jacobsthal numbers: |, = J,,_1 + 2], forn > 2, with [ =0,J; = 1.
Jacobsthal-Lucas numbers: j, = j,—1 + 2j,—p for n > 2, with jo =2, j; = 1.
Narayana numbers: N, = N,,_1 + N,_3 forn > 3, with Ng =0, Ny = N, = 1.

NG LN

Numbers of the Fibonacci type defined recursively by the second-order linear recur-
rence relation were introduced by A. F. Horadam in [1] by the following way

Wy = pWy—1 + qwy—p forn > 2

with wy = a,w; = b, where 4, b, p,q are arbitrary integers. For their general properties
see, for example [1-3]. A special case of the generalized Fibonacci numbers introduced by
Horadam are k-Fibonacci numbers and k-Pell numbers presented below
1.  k-Fibonacci numbers (Falcon, A. Plaza [4]):

Fiy = kFgpn_1+ Fy_p, forintegersk > 1,n > 2, with F,p = 0, F; = 1.
2. k-Pell numbers (Catarino [5]):

Py =2P 1 + kP, forintegersk > 1,n > 2, with P,y =0, P, = 1.

There are many other generalizations of the Fibonacci numbers. We recall only some
of them:
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1.  Fibonacci s-numbers (Stakhov [6]):
Fs(n) = F(n—1)+ F(n—s—1) for integer s > 1 and n > s+ 1, with
F(0) = =F(s+1) =1.

2. Generalized Fibonacci numbers (Kwasnik, Wtoch [7]):
F(k,n) = F(k,n —1)+ F(k,n — k) for integers k > 1 and n > k+ 1, with
Fk,n)=n+1for0<n <k

3. Distance Fibonacci numbers (Bednarz, Wtoch, Wotowiec-Musiat [8]):
Fd(k,n) = Fd(k,n —k+ 1) + Fd(n — k) for integers k > 2, n > k, with Fd(k,n) =1
for0<n<k—1.

4. generalized Pell (p, i)-numbers (Kilig [9]):

Pr(il)() 2p()( 1)_|_p()( — p — 1)forintegersp > 1,0<i<p,n>p+1,

with P (1) = -+ = P{ (i) = 0and P (i +1) = - -- = §>(p+1) ~ 1
5. (k,c)-Jacobsthal numbers (Marques Trojovsky [10]):
Jlke) ]’“> n ] 4+ %) for k > 2and n > k, with J*) = jF9) — ... =

) =0, 1) =

For other generalizations of numbers of the Fibonacci type see, for example, in [11].

In this paper, we extend the numbers of the Fibonacci type. In (1), coefficients b; > 0,
i =1,2,---  kareintegers. We consider a special kind of this equation with the assumption
that b; can be rational.

2. Generalization and Identities

In this section we introduce (k, p)-Fibonacci numbers, denoted by Fy ,(1). We prove
some identities for Fy , (1), which generalize well-known relations for the Fibonacci num-
bers, Pell numbers, Narayana numbers, k-Fibonacci numbers, Fibonacci s-numbers and
generalized Fibonacci numbers, simultaneously.

Let k > 2,n > 0 be integers and let p > 1 be a rational number.

The (k, p)-Fibonacci numbers, denoted by F , (1), are defined recursively in the fol-
lowing way

Fp(n) = pFp(n—1)+ (p = 1)F,(n —k+1) + F,(n —k) forn >k ()
with initial conditions
F,(0) =0and F ,(n) = p"~ Tfor1<n<k—1. 3)

For special values k, p we obtain well-known numbers of the Fibonacci type. We list
these special cases.

1. Ifk=2,p=1,n2>0,then F1(n+1) = F,, where F, is the nth Fibonacci number.

2. Ifk>2,p=1,n 2>k, then F1(n) = F(k,n — k), where F(k,n — k) is the (n — k)th
generalized F1b0nacc1 number.

3. Ifk>2p=1,n2>0,then Fq(n) = F_q(n), where F_;(n) is the nth Fibonacci
(k — 1)-number.
Ifk=2p= %, 2 0, then F, 3 (n) = P,, where P, is the nth Pell number.

5. Ifk=2p= 2, teN,t>2andn >0, then F ,(n) = F;_1,, Where Fp_1 , is the nth
(2p — 1)-Fibonacci number.
6. Ifk=3,p=1,n>0,thenF;;(n) = Ny, where N, is the nth Narayana number.

In [12] some interpretations of the (k, p)-Fibonacci numbers were given.

Now we prove some identities for Fy ,(n) with rational p, which generalize well-
known relations for numbers of the Fibonacci type. For details of identities see, for exam-
ple, [4,6,13-20].

We give the generating functions for the (k, p)-Fibonacci sequence. Let k > 2 be inte-
gers and let p > 1be a rational number. Let us consider (k, p)-Fibonacci sequence {Fy , (1) }.
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By the definition of an ordinary generating function of some sequence, considering this
sequence, the ordinary generating function associated is defined by

fip(x) = Fep(0) + Fep(1)x + ...+ Fep(k — 1)x* 1 + F py(n)x" + ... 4)
Using the initial conditions for Fk,p(n) and the recurrence (2) we can write (4) as follows
frp(x) =x+ px? 4.4 PR 2R Y PEop(m)x" + Y Fep(n—k)x". )
n=k n=k

Consider the right side of the Equation (5) and doing some simple calculations, we obtain
the following theorem.

Theorem 1. Let k > 2 be integers and let p > 1 be a rational number. The generating function of
the sequence Fy ,(n) has the following form

X
—pr— (p— DT

fk,p(x) = 1 (6)

From Theorem 1, for special values of k and p, we obtain well-known generating
functions for Fibonacci numbers, Pell numbers, and and k-Fibonacci numbers.

Corollary 1. Letk > 2,n > 0,t > 2 be integers and p > 1 be a rational number. If

1. k=2 p=1then f(x) = {—— is the generating function of the Fibonacci numbers.
(Hoggatt [21])

2. k=2p= %, then f(x) = ;= —z is the generating function of the Pell numbers. (Horadam
[15])

3. k=2p=15then f(x) =
numbers. (Bolat, Kése [13])

4. k>=2p=1,then f(x) =
numbers. (Kili¢ [22])

5. k=3,p=1,then f(x) =
(Shannon, Horadam [23])

W is the generating function of the (2p — 1)-Fibonacci

is the generating function of the Fibonacci (k — 1) -

1—x—xk

T3 1s the generating function of the Narayana numbers

Theorem 2. Let k > 2, n > k — 2 be integers and p > 1 be a rational number. Then
n ' 1 k=3 .
Z(:)Pk,p(z) =51 Fopy(n+1)+F,(n—k+2)—1+p 20 Fep(n—i)|. @)
1= 1=

Proof. Letk > 2, n > k — 2 be integers and p > 1 be a rational number.

n
PutS = Y Fy,(i). Then
i=0

pS = PFop(0) + pFiep(1) + - - 4 pEep (k) + - -+ pFe,(n),
(P =18 = (p=1Fp(0) + (p = DFep(1) +- -+ (p = 1) Fp (k)
+ "'+(P_1)ka(n )+ (p _1)Fk,p(n)-
Let us consider the following cases:
1. n=k—2 Then

pS+(p—1)S = pFip(0) + pFcp(1) + -+ - + pFy p(k — 3) + pFy p(k — 2)
+(p—=1)Fp(0) + (p = DF,p(1) + (p— D Fp(2) + -+ +
+(p = DFp(k—3) + (p— 1)Fp(k —2).
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Using the initial conditions for (k, p)-Fibonacci numbers, we obtain
@p-1)S=p-0tp- 1t +ppap P +(p-1)-0+(p-1)-1
=D pt At (p-1) P (p 1)
By simple calculation
@p-1)S=p+p+ PP P p 14 p g
_i_pkfz_pkf?) — Pk72—1+P(1+P+"'+Pk74+Pk73)-
Finally
1 k=3

k=2 -
§=) Fepl) = 5o [Fp(k=1) =1+ p Y Fplk—2—1)|.
i=0 P i=0

n =k —1. Then

pS+(p—1)S= PFk,p(O) + PFk,p(l) +eoet ka,p(k —2)+ ka,p(k -1)
+ (P = DFp0) + (p— DFep(1) + (p = DEcp(2) + -+
+(p—DFp(k=2)+ (p — 1 EF,p(k—1).

Using the initial conditions for Fy ,(1) and proving analogously as in case 1, we have

@p=1)S=p-0+p-T14--+p-p 2 4pp 2+ (p-1)-0+(p—1)-1
+p—1pt (-1 PP (p 1) PR

Then(Zp—l)S:pkil+p—1+p<p+p2+~--+pk*2) and forn =k —1

k-1 k-3
. 1 .
S= ZFk,p(l)zz 1 Fk,p(k)‘i‘PZFk,p(k_l_l)]'
i=0 p i=0

n 2 k. Using the recurrence (2), we have

pS+(p—1)S+S= ka,p(O) + ka’p(l) +--+ PFk,p(k —-2)+ ka,p(k -1)
+ pFep(k) + pFep(k+1) + -+ pFp(n — 1) + pFp(n)
+ (P - 1>Fk,p(0) + (P - l)Fk,p(l) + (P - 1)Fk,p(2) +oet
+ (p = DFp(n—1) + (p = 1) Fcp(n) + Fep(0) + Fe p(1)
+Fp(2) + -+ Fp(n—1) + F,(n)

and consequently

S+(2p—-1
+Fk,p(1

S =pFp(k—1)+ (p—1)Fp(1) + F ,(0) + pFp (k) + (p — 1) F »(2)
+ A pFy(n—1) 4+ (p—1)Fp(n—k+1) + F,(n — k)
+pFp(n) + (p— D p(n —k+2) + Fp(n—k+1) + pF ,(0)

+ pFyp(1) + pFcp(2) + - - + pFyp(k —2) + (p — 1) F ,(0)
+(p—DFp(n—k+3)+(p—DF,n—k+4) +---+
+(p—=DE,p(n—1)+ (p = 1Ep(n) + Fp(n —k+2)

+ Fp(n—k+3)+ -+ Fp(n—1) + Fp(n).

)
)

—~ o~
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Using the recurrence Fy ,(n) = pFyp(n —1) + (p = 1) Fp(n —k+1) + F ,(n — k) and
the initial conditions of F , (1), we have
S+(2p—1)S = Fp(k) + Fop(k+1) + -+ Fep(n) + Fep(n+1) +p-0+p-1
+---+p-pk_3+(p—1) ~0+ka,p(n—k+3)+ka,p(n—k+4)
+oe Tt ka,p(n - 2) + ka,p(n - 1) + ka,p(n) +Fk,p(n - k+2)r

SO

n
S+(@2p-1)S=Y F,()+F,(n+1)+p+p*+ -+ p 2 +pF,(n—k+3)
i=k

+ ka,p(n *k+4) +ot pPk,p(” 72) + ka,p(n - 1) + ka,p(n)
—Q—Fk,p(n — k+2)

Consequently

n
S+(@2p—1)S=Fp(n+1)+ Y Fep(i) + Fp(0) + Fep(1) =14 Fep(2) +-- - +
i=k

k-3

+Fp(k—=1)+Fy(n—k+2)+p ) Fpn—i
i=0
k—3

S+(@2p—1)S=F,(n+1)+S—1+F,(n—k+2)+p ) F,(n—i),
i=0

k-3
so(2p—1)S=Fp(n+1)+F,(n—k+2)-1+p ‘Zo Fyp(n — i). Finally
=

n . 1 k=3 .
S=Y Fpli) = 51 Fopy(n+1)+Fp(n—k+2)—=1+p Y F,p(n—1i),
i=0 i=0

what completes the proof.
O

For special values k and p, we obtain well-known identities.

Corollary 2. Letk > 2, n > k —2,t > 2 be integers and p > 1 be a rational number. If

n
1. k=2,p=1then } F = F,;»— 1. (E. Lucas [19])
=1

1

2. k=22,p=1n=>1,then i Fr_1(i) = Fx_1(n + k) — 1. (A.P. Stakhov [6])
i=1

5. k=2,p=23 then ¥ P = }[Pyy1 + Py — 1. (T. Koshy [17])

n
5. k=3,p=1then ¥ N;j = N,y3— 1. (J.L.Ramirez, V.F.Sirvent [24])
i=1

Theorem 3. Let k > 2, m > 1, n be integers and p = 1 be a rational number.
n

Let Sp, = Y. Fk,p(Zi). Ifk = 2m, then forn > m — 1
i=0

1=

-1

1 " . .
S0 =55 [Bamp(@n+1) =1+ Z% ((p = VFomp(2n =2 +2) + Bap(2n =20+ 1)) | ®)
i=
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Ifk =2m+1, then forn > m

1
Son = 32p—1) [3Fzm+1,p(7-” +1) + (2p — 1) Faiy1,p(2n) ©)

(
+ (p =22 Bami1,p (21— 2m+ 1) 4 (p = 2)Fapri p(20 = 2m) = p — 1
m—1
+ ¥ (PP =P+ D Bni1p(2n—=2i+1) = (2 —4p+ DBy, (21— 20)) .

i=1

Proof. (by induction on n).
Letk > 2, m > 1, n be integers and p > 1 be a rational number. First, we will show

that for k = 2m, n > m — 1 we have

n ) 1 m—1 ]
Y Fopp(2i) = =1 {FZm,p(zn +1) -1+ ) ((p — 1) Fom,p(2n — 20 +2)
i=0 i=1

+ Fapp (21— 2i + 1))]

If n = m — 1, then using initial conditions of F , (1), we have

2;71—1 [F2m,p(2m —1) -1+ '?;1 ((p — 1) Fapy p (21 — 24) + oy p(2m — 2i — 1))]
= g [Fomp (2= 1) = 1 (p = D) (200 =2) + Far (21— 3)
+ (p = 1) Fomp(2m — 4) + Fay p(2m — 5) + -+ - + (p — 1) Fapy p (2) + Fzm,p(l)]
= zpl [P (p = 1) By (2 = 2) + PP (p— 1) B p (2 — 4)
o (0= D) + P2+ (p = DEanp(2) +1]
- 2;,1_1 :P PP =14 (p = Vo (2m = 2) + p - pP" 0 4 (p — 1) Fa,p(2m — 4)
ot p PP+ (p-Dhup@) +p-p+(p— 1)1—"2,,1,,,(2)}
_ 2p1—1 [PEanp (21 = 2) + (p = 1) Bapnp (2 = 2) + pFayy p(2m — 4)

+(p— 1)P2m,p(2m —4)+-+ PFZm,p(Z) +(p— 1)P2m,p(2)}

1 m—1 m—1
P i=1 i=0

so the Equality (8) is true for n = m — 1. Assume now that for an integer n > m — 1 holds

n . 1 m—1 .
Y Fanp(20) = 5 [Bnp@r+1) =14 Y ((p = DBmp(2n -2 +2)
i=0 i=1

+ Fo (21— 2i + 1))}.

We shall show that
n+1 1 m—1
Y Ponp(20) = 5 [Banp @1 +3) =14 Y ((p = 1) Famp(2 — 2+ 4)
i=0 2p—1 i—1

+ B (21 —2i+3) )]
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Using the induction hypothesis, we obtain
n+1 n

. . 1
FZm,p (21) = 2 FZm,p (21) + F2m,p (21’1 + 2) = 2;9771 {FZm,p (271 + 1) -1
i=0 i=0

m—1
+ % ((p = 1)Fomp(2 = 20 +2) + B p(20 = 20 +1) )| + Foup (2 +2)
i=1

B 1
S 2p—1
+ Fomp(2n—1) + -+ -+ (p = 1) Fay,p (21 — 2m + 6) + Fpyp (21 — 2m + 5)

+ (p = 1) Fa p (21 — 2m + 4) + Fayy p (21 — 2m + 3)],

{(Zp - 1)F2m,p(2” +2) + FZm,p (2n+1) -1+ (P - 1)F2m,p (2n)

which implies
n+1 ) 1
Y Fapp(2i) = 1 [szm,p(zn +2)+ (p = 1)Famp(2n+2) + Fay p(2n +1) — 1
i=0
+ (P - 1)P2m,p(2n) + FZm,p(zn - 1) +- (P - 1)F2m,p(2n —2m + 6)
+ Fo p (2n—2m+5)+ (p — 1)F2m,p(2n —2m+4) + FZm,p(Zn —2m + 3)} )

Due to
Fom,p (2n+3) = pF2m,p(2n +2)+(p— 1)F2m,p(2n —2m+4) + F2m,p(2n —2m + 3),

we have

n+1 1

. 1 "
Y Ponp(2i) = 5 [Fanp 21 +3) =1+
i=0 i

T b ((p = DB p(2n —2i+4)

+ Fo (21— 2i + 3))],

so, the Equality (8) is true.
Similarly, we can show that fork =2m +1,n > m:

n
. 1
E)Fzmﬂ,p (2i) = 32 -1 |:3F2m+l,p(2n +1) + (2p — 1) Fapy,p(21)
+(p— 2)2F2m+1,p(271 —2m+1)+(p—2)FBpmy1,p(2n —2m) —p—1

m—1

+ 3 (PP = p+ DBwsnp(2n =20 41) = (p = 4p + DBy p(2n - 20)) .
i=1
O
Corollary 3. Letk >2,n > k%z, t > 2 be integers and p > 1 be a rational number. If

1. k=2p=1then i F; = Fyyy1 — 1. (E. Lucas [19])
i=0

2. k=2,p=3then f Py = $[Pay+1 — 1]. (T. Koshy [17])
i=0

n -
3. k=2,p=gthen ¥ Fpp 19 = Zp%l [Fap—12n+1 — 1]. (S. Falcon, A. Plaza [14])

i=0

If we put p = 1 in Theorem 3, by simple calculations we obtain a new identity for
Fibonacci s-numbers.
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Corollary 4. Let s > 1, n > 1 be integers. Then

S .
1 [ZPS(Zn Fs+1)—2+ 'Zl(—l)”'lPs(Zn + i)], s is even,
b

n
) F(2i) = ‘
i=1 (=) F(2n +1i) — 1, s is odd.

It

1

n
Using Theorem 4 and the equality }° Fs(i) = Fs(n +s+ 1) — 1 we obtain a sum of the
i=1

first n — 1 even terms of F;(n).

Corollary 5. Let s > 1, n > 1 be integers. Then

S
%{Ps(2n+s+1)—1+ (- )ZFS(2n+i)}, s is even,

n—1

Y RQ2i+1) = s+1 l

i=0 Y (—1)iF(2n +1), s is odd.
i=1

[y

2n n n—1
Using ) F (i) = ¥ Fcp(2i) + ¥ Fyp(2i + 1) and Theorems 2 and 3 we obtain the
i=0 i=0 i=0

next identity for Fy ,(n).

Theorem 4. Let k > 2, m > 1, n be integers and p > 1 be a rational number. Let
n—1
Son-1= Y Fp(2i +1). Ifk = 2m, then forn > m — 1

i=0

1 m—1 . )
Son—1 = 2}97_1 [Bm,p@”) + Zl ((P - 1)F2m,p(2n —2i+1)+ FZm,p(zn - 21))] .
i=

Ifk =2m+1, then forn > m

1
Son—1 = 32p—1)
+(p— 2)2Pk,p(2n —2m+2)+(p—2)Famy1,p(2n —2m +1) +p -2

m—1

+ ¥ (P =P+ DEninp(@n —2i+2) = (P = 4p+ DB p(2n =2+ 1)) .
i=1

[3F2m+l,p(2n +2)+ (2—4p)Fany1,p(2n+1)

Corollary 6. Letk > 2,n > k%, > 2 be integers and p > 1 be a rational number. If

n—1

1. k=2,p=1then ¥, b1 = Fy,. (E. Lucas [19])
i=0
n—1

2. k=2p=3then ¥ Py1 = 1Py (T Koshy[17])
i=0

n—1 -
3. k=2p= % then ¥ Fpp 12i11 = 2;9%11:270*1,2”' (S. Falcon, A. Plaza [4])
i=0

For more identities of the (k, p)-Fibonacci numbers see [12].

3. Matrix Generator of (k, p)-Fibonacci Numbers

In the last few decades, miscellaneous affinities between matrices and linear recur-
rences were studied, see, for instance [21,25]. The main aim is to obtain numbers defined
by recurrences of matrices which are called generating matrices.

For the classical Fibonacci numbers, the matrix generator has the following form

Q= 1 and it is well-known that for n > 2 we have Q" = Fa o Fua , (see,
1.0 Foo1 Fao
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for example, [21]). This generator gives the well known Cassini formula for the Fibonacci
numbers, namely

detQ" = (—1)" = F,F,_» — F2_,.

For Pell numbers, the matrix generator has the form M = [ ? (1) ] and it is easly
P, n+1 Py
Py Py
In [8] the matrix generator for distance Fibonacci numbers was introduced. Using this
idea we introduce the matrix generator for (k, p)-Fibonacci numbers, which generalizes
the matrix generator for Fibonacci numbers and Pell numbers, simultaneously.
Let Qx = [%’j}kx k- For a fixed 1 < i < k an element g;; is equal to the coefficient of

Fk,p(n — i) in the Equality (2). Moreover for j > 2 we have

established that M" = [ } , (see, for example, [25]).

1, =it
ij = 0, otherwise

For k = 2,3,4 we obtain matrices

p 1 00
p 10
_ |21 1 _ s _ 0 010
1 0 0O
Thus, for k > 2 we have
p 10 0
0 o1 - 0
Qr = : o
p—1 0 0 --- 1
1 00 --- 0

If k =2and p = 1, then Q; is the matrix generator for Fibonacci numbers. If k = 2
and p = %, then Q, is the matrix generator for Pell numbers. The matrix Qy will be named
as the companion matrix of the (k, p)-Fibonacci numbers or the (k, p)-Fibonacci matrix.
Let Ay be the matrix of initial conditions. Then

Fop(2k—2) Fep(2k—3) -+ F,(k—1)
Fip(2k—3) Fep(2k—4) - F,(k—2)

Ap = . :
Fk,p(k_l) Fk,p(k_z) Fk,p(o) kxk

Theorem 5. Let k > 2, n > 1 be integers and p > 1 be a rational number. Then

Fk,p(n+2k—2) Fk,p(n+2k_3) Fk,p(n+k_1)
" Fk,p(n+2k—3) Fk,p(n+2k_4) Fk,p(n+k_2)
A= : : - :
Fk,p(n +k— 1) Pk,p(ﬂ +k— 2) e Fk,p(n)

Proof. (by induction on n). Let k, 11, p be as in the statement of the theorem. If n = 1 then
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I Fk,p(2k -2) Fk,p(Zk -3) .- Fk,p(k -1) p 1 0 0
Fop(2k—3) Fep(2k—4) - Fep(k—2) 0 0 1 0
ArQr = : : - : R PR
Fk,p(k) Fk,p(k -1 - Fk,p(l) p—1 0 0 --- 1
| Fpk—1)  Fpk—=2) - F.,(0) 1 00 --- 0
PFp(2k —2) + (p = 1)F p(k) + Fp(k—1)  F,(2k—2) -+ F,(k)
ka,P (Zk — 3) + (P - 1)Fk,p(k — 1) + Fk,p (k — 2) Fk,p (2k — 3) Fk,p (k — 1)
ka,p(k) +(p— 1)Fk,p(2) + Fk,p(l) Fk,p(k) T Fk,p(z)
PFep(k—1) 4+ (p — 1)Fy (1) + Fy »(0) Fep(k=1) -+ Fp(l)
SO
Fk,p(Zk —-1) Fk,p (2k—2) --- Fk,p(k +1) Fk,p(k)
Fk,p(Zk -2) Fk,p (2k—3) --- Fk,p(k) Fk,p(k -1)
ArQr = : : : :
Fep(k+1)  Fplk) - Fep(3) Fyp(2)
Pk,p(k) Fk,p(k - 1) T Pk,p (2) Fk,p(l)

Assume now that the formula is true for all integers 1,2, - - - , n. We shall show that

Fk’p(Tl + 2k — 1) Fk’p(fl -+ 2k — 2) s Fk,p (1’1 + k)
Fk’p(i’l+2k72 Fk,p(n+2k—3) Fk,p(n+k71)
AkQZ—H - : : . :
Fk,p(l’l—Fk) Fk,p(l’l—i‘k—l) cee Fk,p(n+1)

Since AkQZH = (AkQZ) Qx, so by induction hypothesis and from the recurrence

Formula (2) we obtain that Ay QZ“ is equal to

Fk,p(n+2k—2) Fk,p(n+2k—3) Fk,p(n—l—k—l) p 1 0
Fk,p(n+2k—3) Fk,p(n+2k—4) Fk,p(n—l—k—Z) 0 0 0
Fk,p(n—l—k) Fk,p(n—l-k—l) Fk,p(n—&-l) p—1 0 1
Fp(n+k—=1) F,yn+k-2) -- Fyp(n) 1 0
pFp(n+2k —2) + (p — 1) F p(n + k) + F p(n +k — 1) Frp(n+k)
pFep(n+2k=3)+ (p—VF,(n+k—=1)+F,(n+k-2) - F,n+k-1)
pFep(n+k) + (p —1)F,(n+2) + F ,(n+1) Fp(n+2)
i pFp(n+k—=1)+(p—1)F,(n+1) + F p(n) Fp(n+1)
i Fk,p(i’l+2k—1) Fk,p(i’l-'!‘Zk—Z) Fk,p(n-i-k—i—l) Fk,p(i’l-‘rk)
Fk,p(f’l+2k—2 Fk,p(n+2k—3) Fk,p(i’l-‘rk) Fk,p(n+k—1)
Fk,p (Tl +k+ 1) Fk,p (1’1 -+ k) cee Fk,p (1’1 -+ 3) Fk,p (1’1 + 2)
Fk,p(ﬂ+k) Fk/p(l’l+k*1) Fk/p(i’l+2) Fk/p(i’l+l)

which ends the proof. [

Theorem 6. Let k > 2, n > 1 be integers. Then for an arbitrary rational p > 1 holds
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detQy = (—1)*1, (10)
detd, = (—1) 7, (11)
det(AkQZ) _ (_1) (k+l)(k+22n72)72. (12)

Proof. Letk > 2 be an integer. We prove only (11). Using the recurrence (2) and the initial
conditions for (k, p)-Fibonacci numbers, we obtain

Fep(2k—2) Fep(2k—=3) ... Fgplk—1)
F.,(2k—3) F.,(2k—4) ... F,(k—2)
det Ay = . g i i
Fpk=1) F,pk—2) ... F,(0)
pF.p(2k—3) + (p— 1)Fp(k—1) + Fep(k—2) F,(2k—3) ... F,(k—1)
| PRop(2k—4) + (p = DEep(k—2) + Fep(k—3) Fep(2k—4) ... Fy(k—2)
P P Fip(0)
Fk,p(k_z) ka,p(Zk_4)+(p_1)Fk (k_2)+Fk,p(k_3) Fk,p(k_l)
Fip(k—3) pFe,(2k—5) + (p — 1)F (k= 3) + Fy , (k — 4) Fep(k—2)
F,(0) pr? Fp(1)
0 pk73 Fk,p(o)
p*3 F,(k—=3) ... F,(k—1) pk=3 pF=t o1 0 pF?
Pt F,(k—4) ... F,(k—2) pk=4 pk=5 0 p~
1 F,(0) ... F,(2) ' 1 0 ...00 p
0 0 o Fep(D) 0 0 ... 00 1
0 0 . Fep(0) 0 0 ... 01 0

Applying Laplace expansion on the last row we obtain

pk—3 pk— 1 pk—

pht phe 0 p

det Ay =1 (—1)F+F1. : :
p 1 0 p

10 0 p

0 0 0 1
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Expanding one more time along the last row, we have

p P’;’ 1
p P 0
det Ay = (_1)2k—1 . (_1)k—l+k—1 . .

p 1 ... 0
1 0 ... 0

P pe 1

P 0

(_1)4k73 . : .
p 1 ... 0
1 0 ... 0

Applying Laplace expansion on the last column we obtain

_ _ _ 1
det Ay = (_1)4k 3. (_1)k 241 | (_1)k 341, . (_1)3+1 . ‘ }17 0 ‘
= (¥ () ()R ()t (<)
= (_1)4k—2(_1)% _ (_UW _ (_1)%_4
(k+1) (k—2)—2
= (-

which ends the proof. [

4. Conclusions

In this paper we studied (k, p)-Fibonacci numbers which generalize, among others,
Fibonacci numbers, Pell numbers and Narayana numbers. We presented properties of this
numbers, including their generating function and matrix representation. It is interesting
that the results obtained for the (k, p)—Fibonacci numbers generalize, among others, the
results presented in Falcén et al. (2007), Koshy (2001) and (2014), Kwasnik et al. (2000),
Ramirez et al. (2015) and Stakhov (1977).

Based on the suggestion of the reviewer, it seems to be interesting to open a new
direction of research by the assumption that the parameter p in the Equality (2) is a real
number. Then some interesting results related to the characteristic equation of the sequence
recurrence relations can be studied and the explicit form of these numbers perhaps will
be obtained.
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