2 W processes MBPI|

Article

Group Technology Scheduling with Due-Date Assignment
and Controllable Processing Times

Weiguo Liu * and Xuyin Wang

check for
updates

Citation: Liu, W.; Wang, X. Group
Technology Scheduling with
Due-Date Assignment and
Controllable Processing Times.
Processes 2023, 11, 1271. https://
doi.org/10.3390/pr11041271

Academic Editor: Luis Puigjaner

Received: 5 March 2023
Revised: 23 March 2023
Accepted: 18 April 2023
Published: 19 April 2023

Copyright: © 2023 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

Business School, Northwest Normal University, Lanzhou 730070, China
* Correspondence: winterplum.home@nwnu.edu.cn or Iwgwinterplum@163.com

Abstract: This paper investigates common (slack) due-date assignment single-machine scheduling
with controllable processing times within a group technology environment. Under linear and convex
resource allocation functions, the cost function minimizes scheduling (including the weighted sum
of earliness, tardiness, and due-date assignment, where the weights are position-dependent) and
resource-allocation costs. Given some optimal properties of the problem, if the size of jobs in each
group is identical, the optimal group sequence can be obtained via an assignment problem. We then
illustrate that the problem is polynomially solvable in O(g?) time, where g is the number of jobs.

Keywords: scheduling; group technology; position-dependent weights; single-machine; controllable

processing times

1. Introduction
Classical scheduling problems consider fixed job processing times. However, schedul-

ing problems with controllable processing times (CPT, i.e., resource allocation) have re-
ceived extensive attention (see Lu et al. [1], Liu et al. [2]). In 2018, Li and Wang [3] studied

single-machine scheduling with deteriorating jobs and CPT. For the general linear deterio-
ration function, they proved that the weighted sum minimization of the makespan and total
resource consumption costs can be solved in polynomial time. Lu and Liu [4] delved into

—_—

single-machine scheduling with CPT and position-dependent workloads. For scheduling
and total resource consumption costs, they performed bicriterion analysis for the problem.
In 2019, Geng et al. [5], and Sun et al. [6] investigated two-machine flow-shop problems

with learning effects and CPT. Under common due-date assignment and no-wait con-
straints, Geng et al. [5] proved that irregular objective minimization is solved in polynomial
time. Under slack due-date assignment and no-wait constraints, Sun et al. [6] proved that
irregular objective minimization is solved in polynomial time. In 2020, Liu and Jiang [7]

studied scheduling with learning effects and CPT on a two-machine no-wait flow-shop
setting. Under common and slack due date assignments, they provided bicriterion analysis
for scheduling and resource-consumption costs. In 2021, Lu et al. [8] considered a single-

machine due-date assignment problem with CPT and learning effects. Zhao [9], and Lv

and Wang [10] revisited no-wait flow-shop problems with learning effects and CPT. Under
a slack (different) due-window assignment, Zhao [9] (Lv and Wang [10]) performed bicrite-
rion analysis of scheduling (including earliness-tardiness penalties, due-window starting
times, and the due-window size of all jobs) and resource-consumption costs. Zhao [9], and
Lv and Wang [10] proved that several scheduling and resource-consumption costs can
be solved in polynomial time. In 2022, Tian [11] addressed single-machine due-window

assignment scheduling with CPT. Under linear and convex resource allocation functions,
the objective is to minimize generalized earliness and tardiness penalties. For common
and slack due-window assignments, they demonstrated that the problem could be solved
in polynomial time. In 2023, Wang et al. [12] explored single-machine scheduling with
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61\37". Under linear and convex resource allocation functions, the objective was to minimize
the weighted sum of general earliness—tardiness and resource-consumption costs where
weights are position-dependent. They demonstrated that the problem was polynomially
solvable.

In addition, the study of group technology (GT) is very important (see Liu [13]). In
2018, Wang et al. [14] considered single-machine scheduling with shortened job processing
times. Under GT and ready times, they proved that some special cases of the makespan
minimization could be solved in polynomial time. In 2019, Huang [15] scrutinized the
scheduling with deteriorating jobs and GT, and proved that bicriterion single-machine
minimization is polynomially solvable, where primary (secondary) criterion is the total
weighted completion time (maximal cost). Liu et al. [16] focused on single-machine
scheduling GT and deterioration effects. For makespan minimization with ready times,
they proposed heuristic and branch-and-bound algorithms, and tested them via randomly
instances. In 2021, Wang et al. [17] examined single-machine scheduling with GT and
due-date assignment. For common, slack, and different due-date assignments, they proved
that irregular objective minimization could be solved in O(nlogn) time, where # is the
number of jobs. In 2022, Wang et al. [18] investigated single-machine scheduling with GT
and a shortened proportional linear processing time. For the general problem of makespan
minimization, they proposed a heuristic algorithm and a branch-and-bound algorithm to
solve the problem. In 2023, Chen et al. [19] scrutinized the single-machine problem with
GT and a controllable learning effect. In due-window assignments, the objective is to
minimize the total cost comprising due-window related penalties and investment costs.
They proved that the problem could be solved in polynomial time.

To our knowledge, scheduling with GT and CPT are concurrently widely reflected
in real production (see Shabtay et al. [20], Zhu et al. [21], Wang et al. [22]). Wang and
Liang [23], and Liang et al. [24] explored single-machine scheduling with GT, convex

CPT, and deterioration effects. In 2023, Yan et al. [25] studied single-machine scheduling

with GT and Eﬁ Under learning effects and limited resource availability, the goal is
to minimize the total completion time. These authors proved that some special cases
of the problem could be solved in polynomial time. For a general case of the problem,
they also proposed heuristic and branch-and-bound algorithms. Chen et al. [26] worked

on single-machine scheduling with GT and CPT. In different due-date assignments and
for a special case, they proved that the problem could be solved in polynomial time.

In view of the importance of GT and 67’7", in this article, we continue the work of the

concurrent single-machine scheduling with GT and CPT for a common due-date assign-
ment (Econ; for details, see Gordon et al. [27]) and slack due-date assignment (Eg; g; see
Gordon et al. [28], Liu et al. [29]). Our objective is to minimize the sum of scheduling
(including the weighted sum of earliness, tardiness, and due-date assignments where

weights are position-dependent (Fﬁv/v; see Wang et al. [30], and Wang et al. [31])) and
resource-allocation costs. This paper’s contributions are as follows:

*  We scrutinize the single-machine due-date assignment problem with the group tech-
nology and controllable processing times.

*  Under Ecpon, and Egr g, the goal is to minimize the sum of scheduling (including the
weighted sum of earliness, tardiness, and due-date assignment, where weights are

e

PDW) and resource-allocation costs.
*  The optimal properties of a special case are presented, and we prove that the problem
could be solved in polynomial time.

The rest of this article is organized as follows: In Section 2, we present the model. In
Sections 3 and 4, we analyze the linear and convex resource functions, respectively. In
Section 5, a numerical example is presented. In Section 6, we conclude the paper.
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2. Problem Formulation

A set of p jobs to be processed on a single-machine are divided into N groups
G1,Gy, . .., Gy, where a number of jobs belong to group Giispijand g1 + 2 +...+ px = o
All jobs and the machine are available at Time 0. Machine setup time s; is 1ncurred before
the jobs are processed in G;. There is not setup time between jobs in the same group,
and jobs within each group must be processed consecutively. Let J;; be the hth job in G;,
i=1,...,N;h=1,...,p; Foralinear resource function, the actual processing time of J, is

_ ain
Pin = aip — bipttin, 0 < uy, < ity < ﬁ @
1
where a4, and by, are the normal processing time and positive compression rate of job
Jin, respectively (the normal processing time means that the processing time without any
resource allocation), u;;, is the amount of a nonrenewable resource allocated to J;;, and i,
denotes the maximal amount of the resource allocated to ;. For a convex resource function,

_ ()
=) @

where 6y, is a workload of [;; (¢ > 01is a given constant).

Let Cj;, = and dj;, be the completion time and due date, respectively, of [;;, in G;. For
the Econ assignment, we assumed that d;;, = d;; for the Egj ¢ assignment, we assumed that
di;, = pin + gi, where g; denotes common flow allowance for Gi. Let Ej, = max{0,d;;, — Cy }
and Ty, = max{0, C;, — d;;,} denote the earliness and tardiness, respectively, of job J;. Let
[r] be a scheduled job (group) in the rth position, Ji @ scheduled job in the rth position in
G;. Our goal was to find group sequence ¢ and internal job sequence ¢; within G;, the set
of due-dates d = {dy,ds,...,d,} (flow allowances § = {q1,42, - - -,qm}) and the resource
allocation @t = {uy,li=1,...,8h =1,2,...,p;} such that cost function

. N @i N i
H(o ¢ili=1,...,8,d/qa) =) Y (apEip + BinTypy + vdi/q:) + Y Y Sinthin
i=1 h=1 i=1h=1
m i
= Z («inEijp) + BinTipn) + Sinttin + vdi/ q:) ®3)

Il
—
=
Il
—_

is minimized, where «;;, and B, are position-dependent weights for earliness and tardiness
costs, i.e., wj; and B;; are not related to job Jj;,, but to position / in group éi, v > 0isagiven
constant, and g;;, is the cost of one unit of the allocated resource to job J;;. With three field
notations, this problem is denoted as follows:

blhulh/‘—‘CON/‘—'SLK/ GT, PDW‘ Z Z zhE (] +ﬁ1h i[h] +g1hu1h + ')’d /qz) (4)
i=1h=

and

—_~—

0\ -
1 Pin = <lh> /‘:‘CON/‘:'SLK/GT/PDW

R Qi
" Yo X (ainEipy + Bin Ty + inttin +vdi/q:) (5)
in i=1n=1

where 1 stands for the single-machine, field {p;;, Econ/Esr.x, GT, PDW} denotes the
characteristics of jobs and groups, and 2?21 Zfi:l (ainEin + BinTipn) + gintin + vdi/ qi) is
the cost function. The notations and symbols used in this article are listed in Table 1.
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Table 1. Symbols.

Symbol Definition
p (resp. N) number of jobs (resp. groups)
é,- groupi,i=1,...,R
i Number of jobs in é,-
Tin Job hin G;
a;, and by, Normal processing time and compression rate, respectively, of [,
Oin Workload of [,
u;, and 1y, Amount and maximal amount, respectively, of the assigned resource to
Pin Actual processing time of Jj,
5; setup time of G;
Cij, and dy, Completion time and due date, respectively, of Jj,
Ej; and Ty, Earliness and tardiness, respectively, of Jj,
d; and g; Common due date and flow allowance, respectively, of G;
Position-dependent weights of earliness and tardiness, respectively, in the
a, and Bip) 1th position in &
position in G;
Sin Unit resource cost for Jj,

3. Linear Resource Function

There exists an optimal sequence that does not include idle machine times. Let S, be
the starting time of G;, for a given job sequence ¢; within G;; completion times of J; (] is

Cipg = Si +5i+ ) i (6)

Lemma 1. For a given job sequence ¢; and resource allocation within group G;, under Ecoy and
Esk assignments, if the values of d; and q;, respectively, are within the starting and ending times
of G, there exists an optimal value at which d; and q; are equal to the completion time of some job
(i=1,...,R).

Proof. For the Ecoy assignment, it was assumed that Cj) < d; < Cjjy, 1], where k; is the
k;th position of group G;, we have

i
Hi =Y (ainEip + Bin Ty + Ginttin + 1)
h=1

ki ©i Pi
=Y anEpy+ Y BTy + X Sinttin + veoidi
=1 h=kr 1 =1
ki ©i i
=Y wn(di = Cig) + Y Bin(Cipg —di) + Y, Sinthin + vidi @)
=1 h=ki+1 =1
If d; = Cig),
, ki i i
Hi =3 an(Ci) = Cip) + Y Bin(Cipry — Cige) + Y Sinttin + v9iCige)~~ (8)
h=1 h=k;+1 h=1
Ifd; = Cij,41)
v ©i ©i
H; Z win(Cigey+1) — Cipn) + Y- Bin(Cipn) — Cijky1) + Y Sinttin + 19iCig1) - )
h=k;+1 h=1

Then
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ki
H;— H =Y ay(d; — Cip)) + Z Bin(Cijx,) — di) + vei(di — Cipg))
=1 h=krt 1

ki ©i
= (di — Cifg,)) <’Y@i + Y wp— ) ﬁih) (10)

h=1 h=k;+1
and
ki ©i
Hi—H' =) ay(di = Cigor) + Y, Bin(Cipgrr) — di) + v9i(di — Cige1))
h=1 h:ki+l
ki i
= (di = Cijg 1)) (7@1‘ Y= ), .Bih> (11)
=1 h=k+1

. ki i .
Thus,lfCi[ki] <di < Ci[ki+1] and yp; +Zh:1 Ky — Zf:kﬁ»l Bin = 0,wehave H; — Hz, >0
if yp; + Zﬁ;l K — Zfi:ki+1 Bin < 0, we have H; — H/ > 0, hence, we can see that d;

coincides with some job completion time of G;.
For the Eg; x method, this result can be similarly obtained. [

Lemma 2. For a given job sequence ¢; within éi, under Econ/Egrx assignment, there exists
an optimal d; = Cyy /(q: = Cyjg,—1)) where k; satisfies the following inequality: Zfi:ki+1 Bin —

ki - ki—1
Y din < vpi < Zif’:ki Bin — Ly—1 Yin-

Proof. For the Zcopn assignment, from Lemma 1, it was assumed that d; = Cz’[k,v] ; we then

have
§i 1
H; = Z ain(C Ci) + Y= Bin(Cipyg — Cipy) + Y, inttin + 7v90iCipy - (12)
h—Fp 1 =1

With the technique of small perturbations, if d; = Cy,) + € (¢ > 0),

i 1
H; = Z i (Cieg + €= Cipg) + Y. Bin(Ciprg — Cipk) — €) + Y, Sintin + 79i(Cipg) + ) (13)
h=k;+1 h=1
lf dz' - Ci[k,-] -
v i £i
H; Z win(Cige;) — € = Cipg) + Y= Bin(Cipn) — Cipey) +€) + Y, Sinthin + 19i(Cipg) — €) (14)
H=*; =1
ki i
H; — Hj = —s(m+ Yowin— Y m) <0 (15)
h=1 h=k;+1
ki—l Qi
H; - H]' = 5(7@' + ) - ) ,Bih> <0 (16)
=1 H=%;

. . k . kil l

Hence, k; satisfies v(; + Y,y atin — L 4 Bin = Oand ypi + 3371 i — 1 Bin < 0,
i : ki i ki—1
e, Yy o1 Bin — Ty @in < 70 < Xy Bin — Ly

For the Zgy x assignment, the result can similarly be obtained. [

. . . " )

Remark 1. If k; does not satisfy inequality Zz’:kiﬂ Bin — L xin < vpi < Zi):ki b
Ei;‘f wjp,, we can set k; = 0.



Processes 2023, 11, 1271 6 of 14

For the Ecpop assignment, from Equation (6), Lemma 2, and d; = Ci,) = Si+8+
ki
Y2 Pijij, we have
N Qi

H(Econ) =), <ZI‘, ai(di — Cipg) + Y Bu(Cipy — di) +vid; + Z Siln) Uilh) >

i=1 h—kl+1

N i i
2(2% Cim) + Y. Bin(Cipy — Cigr) + 19iCy +281[h z[h])

i=1 h=k;+1

i(Z ih(iPim—ZPi[l]>+ 3 ﬁih(if’i[l]‘é?’i[l]))

i=1 \h=1 h=k;+1
R
+72@1<S +Sl+2pll]>+zzgl[h
i=1h=1
N Qi
—Zchm vapz(s £5)+ 2 Y s (17)
i=1h= i=1h=1
where
Zl 1“11""'7”1/ h:1,2,...,kl-,
= 18
Gin {zlhﬁlz, Bkt 1k +2,. 0 (1%

For the Egy x assignment, from Equation (6), Lemma 2, and ¢q; = Cijk;—1) = §, +5; +
ki—1
Y pij, we have

N i i
H(Zsik) =), (Z i (dig — Cipny) + Z Bin(Cipy — dipny) + v0ii + ) gi[h]”i[h])
=1

i=1 \n=1 h=k;+1
Nk R £i

=YY ain(pipy + Cige—1) — Cip) + 2 Y Bin(Cipn) — Pipn — Cigr—1])
i=1h=1 i=1 h=k;+1

N

N @i
+ Y 10iCig—1) + Y Y i ifn]
i=1 i=1h=1

R [/ ki ki—1 h—1 ©i ki—1
= Z(; txih<¥ piin — ; pi[l]> + Z ﬁ:h(Z pip — 1:21 Pm))

=1 h=k;+1

ki—1 R
+72@<S +sz+2pz >+22g, il

i=1h=1
N

£i
ZQthh]""YZ@z(S +S)+Zzgl z[h (19)

h=1 i=1h=1

I
Mz

Il
—

where

Elrl;h+1 ﬁil’ h= ki/ ki + 1/ N % 1/ (20)
0, h= 5.

Since k; values are independent of ¢ and ¢; (i = 1,...,R), from Lemmas 1 and 2, if
pin = a;, — bipu;y, the cost objective can be expressed:

N @i N N i
H(Econ/Estk) = Y ), ajijjn (@[ Y (@[r])) +72<@M x 2%)
= i=1 =1

i=1h r=i+1

N o N
+ Z ) (g[l 11— Prijing (C[i]h +r ), (@m)) ) Uil [n] (21)
r=i+1

i=1h=1

Z?:l g +an;, h=12,...,k—1,
Ein =
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where for the Ecoy assignment,

E;l:lllx[l]l"'r)/pm/ h = 1/2/"‘/ki/
4 = = 22
Gan { S Bl h=ki+1k+2,..., 0. 22)

For the Zg; g assignment,

Zf’:; g+ e, h=12... k-1,
Sin = ity Brips h=kiki+1,...,0,—1, (23)
O/ h = .

Lemma 3. In the given group sequence and job sequence within each group, optimal resource
allocation w* (o, @1, ..., ¢x) is

i) ) i g — b (& + 7 Do (011) ) <0
wip = “am € 0 agml i guam — bam (S + Yo (ep)) =0, (24)
0, if - ggp — bpape (Sin + 7 Trmia (91) ) > 0.

Proof. Let the derivative of Equation (21) with respect to u;)(;; be equal to 0, and the result
can be obtained. [

For a given group order ¢, from Equation (21), ?;1 Zf’;l i) (‘:[i]h +y Zfzi“ (pm) )
+3R, Y (g[l-] in — rijn) (th + ’yZﬁLH (“4)))”[@ in] is dependent only on the inter-
nal job sequence, while term 7y Z?:l Pli] % Yig sy ) is independent of the internal job

sequence within each group. Now, we prove that the optimal sequence within each group
can be obtained with the following lemma.

Lemma 4. Given group order ¢, optimal job sequence ¢; (o) within Gi(0) is obtained in O( 03
time.

[1]

Proof. For a given E;ﬁ, let x;l be a binary variable, i.e., if ][i] i in E;ﬁ is assigned to hth

. in
position, x][;} = 1; otherwise, x][;] =0,j,h=1,..., ol Let
&1iljt i + (@) — by i) (5 n Y (”m))f
; if g — by (an + 7 Lo 1)) =0
ol = 81 H;(Cuh 72_+1(@H)) 25)

afyj (5 n Y D (”m) ,
if g1 — by (ﬁmh + 755 (@m)) > 0.

As in Wang et al. [22], optimal job sequence ¢ (¢) can be obtained with the assignment
problem (AP):

P Pu

Min)_ Y, 19][;1] x][;] (26)
j=1h=1

s.t.

2

ijhzl, h=1,...,90, (27)

j=1

el -

ijhzl, =100 (28)
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e {01}, =10 (29)
The above AP is solvable in O(n n ]) time; hence, determining the total complexity of
@i(0) (i=1,...,R)is bounded by " (p[i]) =0(g%). O
For
L\pin = ain — bipttin, Econ/Esrk, GT, PDW‘ Z Z ainEipy + BinTipn) + Sinttin + vdi/9:),
i=1h=

from Lemmas 1-4, the complexity of determining the optimal group sequence is still an
open problem, so we discuss a special case, i.e.,, p; =N,i=1,...,X.

Lemma 5. For

N
1pin = ain — binttin, Econ/Esrx, GT, PDW| Y Y (ainEiy + BinTigy + Sinthin + vdi/ i),
i=1h=1

if pi=N(i=1,...,R), the optimal group sequence ¢* is obtained by AP in O(®) time.

Proof. From Equation (21), cost function (3) is determined by both the group and job
sequences. Optimal job sequence ¢; can be obtained with Lemma 4, and the cost function
with ¢7 is just dependent on the ith group position in ¢. In n; = N@G=1,...,R), term
TN (p[i] x Y, g,’m) =N}, {(N —i+ 1)5A[;]] Let y;, be a binary variable. If group
él- is assigned to rth position, y; = 1; otherwise, y;, = 0,i,r =1,--- ,N. Let

o (gi[j]ﬁim + (i) — biygy) (Cz] +r(R— )N)) +INR—r+1)5;,
if & — by Cf‘+7( —7)N) <0;
Xir = ~ i[j] [J]( jT A) (30)

T (ﬂim (Cij +y(R— V)N)) +YN®R —r+1)s;,
if gy — by (& + YR =1)N) > 0.

As in Shabtay et al. [20], optimal group sequence ¢* was obtained with the following
AP:

Min Z Z XirVir (31)
i=1r=

s.t.

N

Yoyr=1 r=1,...% (32)
i=1

Zyir:lr i:l/-"/N/ (33)
viy €{0,1}, ir=1,...,N. (34)

The above AP is solvable in O(R3) < O(p?) time. [

Via Lemmas 1-5 and the above analysis, for p; = N (i =1,...,), the following
algorithm (i.e., Algorithm 1) is presented to solve
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—~— NP
L\pin = aip — bipttin, Econ/Esik, GT, PDW‘ Yo ) (winEigy + Bin T + Sinthin + vdi/ 4:)-
i=1h=1

Theorem 1. If p; = N (i =1,...,N), Algorithm 1 solves

1pin = ain — binttin, Econ/Esrk, GT,PDW| Y Y (ainEiqyy + Bin Ty + Sinthin + vdi/4:)

in O(p?) time.

Algorithm 1: Linear resource function

Step 1. Calculate k; by Lemma 2.
Step 2. For each possible position of each group in g, calculate 19][;} with Equation (25) for

j,h=1,...,N, where for the Zcon assignment, & (i} is given by Equation (22), and for the Eg ¢
assignment, &, is given by Equation (23).

Step 3. Solve AP (26)—(29) to find internal job sequence @}, within é,- if this group is assigned to
the rth position in .

Step 4. Calculate x;, with Equation (30) with ¢7, fori,r =1,...,R.

Step 5. Solve AP (31)~(34) to find optimal sequences ¢* and ¢ .

Step 6. Compute optimal resource allocation u, (¢*, ¢, ..., ¢%) with Equation (24).

Step 7. For the Econ and Egp k assignments, calculate d; = Cjyj and q; = Cyy, 1), respectively,
with Lemma 2.

Proof. With Lemmas 1-5, the correctness of Algorithm 1 can be confirmed. Steps 1, 6, and
7 need O(gp) time; Steps 2 and 3 need O(p?) time; Steps 4 and 5 need O(N?) < O(p?) time.
Thus, the total computational time is O(p?®). O

4. Convex Resource Function

Similar to Section 3, for problem

0. ¢ R S )
L\ pin = <ulz> ,Econ/EBsik, GT,PDW| Y Y " (winEigy + Bin Ty + Sinthin + i/ i),
i i=1h=1
we have
N o N
- - ]
H(Econ/Estk) = ) (Cz]h +r ) (W})) (”) +72< o) X 2%})
i=1n=1 r=it1 (i) [n]
N pi
+ Z,;g 18 410 ) (35)

where for the Econ assignment, ¢ [i|n 1s given by Equation (22), and for the Egy g assignment,
gmh is given by Equation (23),i,h =1, ..., p;.

Lemma 6. Under the given group and job sequences

R Qi
Yo X (ainEipy + Bin Ty + Sinttin + vdi/9:),

0.\ _ _ o~
1 Pin = <lh> /‘:‘CON/‘:'SLK/ GT/I)DV\/V
i=1h=1

Uip

the optimal resource allocation @W* (o, ¢1,. .., Px) is

1

' N 28]
5(@‘[1111+”g§;{;}1+1(@m)) ( H[h})ﬁ' (36)

Wim =
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where for the Econ assignment, Cjyy, is given by Equation (22), and for the Egy g assignment, &y,
is given by Equation (23),i,h =1,..., p;.

Proof. From Equation (35), H is a convex function of u;;; hence, let

¢
o :8[i][h}—€<f§[i]h+7 i (p[r])>(6[i“h]):0’

It ] 1) eral (s w)“

and the result of Equation (36) can be obtained. [J

By ubstituting Equation (36) into Equation (35), it follows that

1
, N 9 w1 o
H(o, g1, ..., ¢n, ") = (M+M)ZZ<€M+7 3 (o )) (2mbm) ™
i=1j=1 r=i+1
N i .
+72<p[i] X S[r]) (37)
i=1 r=1

For the Ecoy assignment, let

Zl 1¢x,1+'ypl, h=1,...,k;,
- 38
b { Yy Bits h=ki+1Lki+2,...,0; (38)
For the Zgr g assignment, let
Yqag+ang, k=1, k-1,
e
‘: Z[’:h+1 ;Bil/ h = ki/ ki + 1/ EERYS % 1/ (39)

Lemma 7. Given group order ¢, optimal job sequence @7 (i =1,...,R) within G; can be obtained
by matching the smallest and second smallest ¢y, to the job with the largest and second largest g;,0:,,
respectively, and so on.

Proof. From Equation (37), (5 o +/ ﬁ) is a given constant, 7Y, 11 (@[7]) and y YN,
(@[i] XYl 5[:]) are independent of the internal job sequence within each group. Accord-

ing to Hardy et al. [32], the optimal job sequence for G; is obtained by matching the smallest
and second smallest ¢;;, to the job with the largest and second largest g;;,0;;, respectively,
and soon. [

For
R @i

Yo Y (winEipy + Bin Ty + Sinthin + vdi/ qi),
==

l
9' —_
1 Pin = (lh> /ECON/ESLK/ GT/ PDW

Uip

the complexity of finding the optlmal group sequence is still an open problem, but for the
special case p; = N, i =1,...,R, the optimal ¢* is obtained in O(?) time.

Lemma 8. For

¢

O\ ~ - ——

Lipn = <ulh> ,&con/Estk, GT, PDW
1

N pi
Yo Y (winEipy + Bin Ty + Sinthin + vdi/ qi),
i1 =
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if oj = N (i =1,...,R), the optimal group sequence ¢* can be determined with AP in O(p3)
time.

Proof. Similar to Lemma 5, from Equation (37), let
= 1 N ﬁ 1+1 -

Xir = (f‘“ + W“) Z (Czh +yN(R )) (gi[h]Gi[h]) +yN(R—r+1)5, (40)
The optimal group sequence ¢* can be obtained with AP (31)—(34), where y;, is given by
Equation (40). O

Similarly, for n; = N (i =1,...,N), the following algorithm (i.e., Algorithm 2) is

presented to solve

1|pi = <Zlh> ,CON,GT, PDW

ih

N
Yo X (@inEip + Bin Ty + Sinttin + vdi)-
iZ1hm1

Theorem 2. If p; = N (i =1,...,N), Algorithm 2 solves

Upin = (uﬂ;) ,Econ/Estk, GT,PDWI| Y Y " (aEiy + Bin Ty + &inttin + vdi/ q:)
i i=1h=1

in O(p?) time.

Algorithm 2: Convex resource function

Step 1. Calculate k; by Lemma 2.

Step 2. For each group Gi(i=1,...,R), Lemma 7 is used to obtain internal job sequence ¢,
where for the Econ assignment, &, is given by Equation (38), and for the Egy g assignment, §;;, is
given by Equation (39),i =1,...,8,h=1,...,0;.

Step 3. xir is computed with Equation (40) with ¢} fori,r =1,...,N.

Step 4. Solve AP (31)—(34) to determine the optimal group sequence o*.

Step 5. Compute optimal resource allocation u, (¢*, ¢, ..., ¢%) with Equation (36).

Step 6. For the Ecoy and Egp g assignments, calculate d; = Cyyj and q; = Cyy, 1), respectively,
using Lemma 2.

5. An Example

We only considered the Ecopn assignment problem where p =15, X =3, 91 = g =
p3=51{0=2,7v=4,5 =2,5 = 3,53 = 1; the parameters of job J;; (i =1,2,3;h =1,...,5)
are given in Table 2, a;;, and B;;, of PDW (i =1,2,3;j =1, ...,5) are presented in Table 3.

Table 2. Job parameters.

G; G1 G2 Gs

Jin Juu Jio Jiz Jiu Jis Ju J2o J3 Ju J5 Jsmi Ja2 Jz3 Jaa 3

ap 14 15 13 16 11 13 16 17 18 17 16 19 23 21 18
b, 2 3 3 1 2 2 3 4 5 3
i, 4 3 4 10 5 6 5 4 3 5 3 4 4 3 5
9 9
6 4

0y, 15 13 10 17 15 11 19 20 16 15 21 15 18
gn 4 5 2 7 3 6 5 3 5 7 8 9 11
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Table 3. Position-dependent weights.

G; G1 G2 G3

ki, 6 4 8§ 6 10 & 10 9 10 13 9 14 10 16 11
a2 10 11 14 8 12 13 12 15 11 14 16 17 11 18 12

For problem

e N g
1pin = aip — bipttin, Econ, GT, PDW’ Yo Y (ainEip + Bin Ty + Sinthin + vei),
i—1h=1

from Algorithm 1 and Lemma 2,8 +12— (6 +4+8) =2<4x5<14+8+12— (6 +4) =
24; hence k1 = 3. Similarly, k, = 3,k3 = 2. Values 19][1] are given in Table 4 when (71 was
scheduled at the rth position. Table 4 shows that the optimal job sequence was ¢3; = {J11 —
Jis = Jis = Jiz = Jua}, similarly, 97 = {Ju1 = J13 = J15s = Jiz = Ju}, 933 = {Ju =
J1i3 = J1s = Ji2 — J1a}; For group G, we have ¢3; = {Jas — Joa1 = J22 = Jo3 — Ja},
93 = {Jas = Jo1 = Jo2 = Jo3 = Joa}, 933 = {Jo5 = Jo1 = J22 = Jo3 = Jo4}; For group
Gs, we have @3 = {J32 = Ja3 = Jaa = Jas = Ja1}, 93 = {Js2 = J3z3 = Jaa = Jas — Ja1},
¢33 = {32 = J33 = Jaa = Ja5 = Ja1}-

According to Step 4 of Algorithm 1, the values of x;, are given in Table 5. From Table 5,
we have ¢* = {GNZ — G3 — a} The optimal jobs sequences are ¢35, = {Jos — Jo1 —
Joo = J3 = Joat, @3 = {32 = J33 = Jaa — Js5 = Ja1}, and i3 = {Ji1 = Jiz —
Jis = Ji2 — J1a}. The optimal resource allocations corresponding to the sequence are
UES = ilp5 = 5, u§1 =1y = 6, u§2 =1y =5, M% =iy = 4, u’2‘4 = 1lpy = 3, u§2 = fizp =
4,M§3 = i3z = 4, M§4 = lil3g = 3,11;5 = i35 = 5, M;l = lil31 = 3,1/[1(1 = 11 = 4,14){3 =
i3 = 4,ujs = ;s = 5,uj, = il1p = 3,uj, = #14 = 10. The optimal due-dates are
df = sz = 7, d; = C34 = 18, and d; = C13 = 38.

Table 4. Values 19][,11] for é; (bold numbers are the optimal solution).

h=1 h=2 h=3 h=4 h=5
i1 376 412 436 376 328
Ti2 375 411 435 375 327
Ti3 84 90 94 84 76
J1a 380 416 440 380 332
Tis 95 101 105 95 87

Table 5. Values y;, of the linear problem (bold numbers are the optimal solution).

r=1 r=2 r=3
G 1398 958 518
G, 758 538 318
G; 1265 925 585

Similarly, for problem

14
0. —
1pim = (h) ,Zcon, GT, PDW
Uiy

N @i
Yo ) (winEip) + BinTig) + Sinthin + vei),
iZ1h=1

k1 = 3,ko = 3,ks = 2. According to Lemma 7, for i = 1, the optimal job sequence is
o7 = {J11 = Ji3 = Jia = Jiz = Ji5}, for i = 2, the optimal sequence is ¢5 = {Jn —
Jo1 = Jos = Joa — Ja3}, for i = 3, the optimal sequence is @5 = {Js3 = Jau — J31 —
Ja2 — Ja5}. According to Equation (40), the values of x;, are shown in Table 6, where
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we have ¢* = {évl, G, E?vg} The optimal values of resource allocation corresponding
to the sequence are uj; = 18.8988,uj; = 12.1237,uj, = 19.1293,uj, = 15.9477,uj5 =
16.2534, u3, = 11.7285,u3, = 19.3098, u3s = 13.2931, u3, = 22.8943,u3, = 16.9961, uz; =
13.0158, u3, = 11.3185, u3; = 16.1322, u3, = 12.4474, u3; = 26.3904. The optimal due dates
are d] = Cy4 = 3.4544,d5 = Cps = 10.0560, and d5 = Cz4 = 17.4282.

Table 6. Values y;, of the convex problem (bold numbers are the optimal solution).

r=1 r=2 r=3
G 690.1632 576.7474 492.4878
Gy 751.6441 622.7040 465.1836
G; 1043.3726 910.8574 724.1781

6. Conclusions
In this article, we investigated single-machine group technology scheduling with

CPT. Under Econ/Espk assignments, the goal is to find the job and group sequences,
resource allocation, and due-date assignment, such that the sum of scheduling and resource-
allocation costs is minimized. For p; = N (i=1,...,N), we demonstrated that this problem
is polynomially solvable. Future work could explore job (or flow) shop problems (see Guo
et al. [33], and Karacan et al. [34]) with group technology and controllable processing times

to study the general version of

e~ N

PinsEcon/Esrk, GT, PDW‘ Y ) (inEipy + Bin Ty + Sinthan + i/ q:),
i=1h=1

1

l
where p;;, € {ﬂih — byup, (%) } (e.g., the proposed cuckoo search algorithm of Xie et al. [35]).
Future work could also consider problems regarding maintenance activity (see Wu et al. [36]).
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