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1. INTRODUCTION 

 Hayden [1] introduced semi-symmetric metric connection on a Riemannian 
manifold and this definition was developed by Yano [2] and Imai [3-4]. 

In this paper, we define a semi-symmetric connection on a Weyl manifold and 
define the curvature tensor with respect to semi-symmetric connection. We give some 
theorems by means of a relation between curvature tensors with respect to semi-
symmetric connection and symmetric connection. After defining projective curvature 
tensor  and conformal curvature tensor with respect to semi-symmetric connection,we 
obtain some theorems by using  properties of these tensors. In the  last section of the 
paper, with the help of [5] , we examine Weyl group manifolds. 

 
2. THE CURVATURE  TENSOR  WITH  RESPECT TO SEMI-SYMMETRIC 

CONNECTION 

An n-dimensional manifold which has a symmetric connection and a conformal 
metric tensor gij  is said to be Weyl manifold , if the compatible condition is in the form 
of kijijk Tgg 2−∇ = 0. In this case, Weyl manifold is denoted by nW ( ijg , kT ). kT , which 

is a covariant vector, is called complementary vector of the manifold. If  kT = 0 or kT  is 

gradient, then Riemannian manifold is obtained. 

kT  changes by kT̂ = kT + k∂ ( λln ), under the transformation  of the metric tensor 

gij in the form of ijĝ = ijg
2λ  with  λ  is a point function. According to this 

transformation, if the quantity A changes by Â= Akλ  , then the quantity A is called a 

satellite of  gij with the weight of { }k  and the quantity  As∇& , which is defined by As∇& = 

AkTA ss −∇  , is called generalized covariant derivative of A.In this definition, As∇  

denotes ordinary covariant derivative  of A. 
A generalized connection on a Weyl manifold is given by [6] 

i
jkΓ = İ

jkΓ +a jkh g
hi , where  a jkh = g jl Ω kh

l +g lk Ω jh
l +g lh Ω jk

l                             (2.1) 

 If Ω jk
i  is chosen by Ω jk

i = δ j
i a k −δk

i a j  in (2.1), then a semi-symmetric connection on a 

Weyl manifold is defined by 
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           Γ jk
i
=Γ jk

i +δk
i S j −g jk S

i ,       where S i =−2a i                                                 (2.2) 

The torsion tensor T jk
i  with respect to semi-symmetric connection is defined by  

T jk
i =δk

i S j −δ j
i S k                                                                                             (2.3) 

Analogous to the definition of the curvature tensor  with respect to symmetric 
connection, we define the curvature tensor  with respect to semi-symmetric connection  
by 

h
ijkR =∂ j Γ ik

h −∂k Γ ij
h +Γ sj

h Γ ik
s −Γ sk

h Γ ij
s                                                          (2.4) 

Remembering the definition of the curvature tensor with respect to symmetric 
connection and using (2.2) and (2.4), we have: 

           h
ijkR =Rijk

h +δk
hS ij −δ j

h S ik +g ij g
h l S lk −g ik g

hl S lj                                               (2.5) 

The tensor S ij  in (2.5) is defined by 

S ij = ∇ j S i −S i S j +
1

2
g ij g

kl S k S l                                                         (2.6) 

where    ∇ j S i   denotes covariant derivative with respect to symmetric connection. 

Multiplying (2.5) by g mh , 

R mijk =R mijk +g mk S ij −g mj S ik +g ij S mk −g ik S mj                                     (2.7) 

Multiplying (2.7) by g mk , 

            R ij =R ij +(n-2)S ij +Sg ij , where  S= g
mk S mk                                       (2.8) 

By using the definitions of R  and R ,  

                         R  = R + 2 (n-1) S                                                                                (2.9) 
 
Lemma 2.1:  The tensor S ij  is symmetric if and only if  S i  is gradient. 

Proof:         It is shown easily by using  (2.6). 
 
Theorem 2.1: The curvature tensor with respect to semi-symmetric connection has the 
following properties: 

(i) R mijk  +  R mikj  = 0. 

(ii) R mijk +R imjk    = 2g mi  (T j k, − T k j,  ) 

(iii) h
hjkR = Rhjk

h  = 2 [ ]R
kj

 

(iv) R ijk
h +R jki

h +R kij
h = 2 ( δi

h
[k∇ S ]j  +δ j

h∇ [ i S ]k  + δk
h∇ [ j S ]i  

 

 

Proof: 

(i) It is obtained by adding (2.7) and the equation by changing the last two indices  in 
(2.7). 

(ii) By using (2.7) and remembering the same relation with respect to symmetric 
connection , the required result is obtained. 
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(iii) It is easily seen by making contraction with respect to indices h and I in (2.5). 
(iv) It is shown by changing indices  i,j and k cyclically  in (2.5). 
 

Corollary 2.1: If S i  is gradient on a Weyl manifold  with semi-symmetric connection, 

then the followings hold: 

(i)      R ijk
h +R jki

h +R kij
h = 0. 

(ii) ∇
•

l T ij
k  +  ∇

•

i T jl
k  + ∇

•

j T li
k  = 0. 

 

Theorem 2.2: If the curvature tensors with respect to semi-symmetric and symmetric  
connection coincide, then S i  is gradient. 

Proof: Let   R mijk = R mijk .  From (2.7), 

g mk  S ij − g mj  S ik + g ij S mk − g ik S mj = 0                        

Multiplying both sides of (2.10) by g mk , 
(n-2)S ij +Sg ij =0                                                          (2.11) 

If (2.11) is multiplied by g ij , 
S = 0                                                   (2.12) 

By using (2.12) in (2.11), it is found that S ij = 0 . This shows that  S i  is gradient. 

 
Definition 2.1: A semi-symmetric connection is said to be local-flat, if the  curvature 
tensor with respect to semi-symmetric connection. 
 
Theorem 2.3: If the semi-symmetric connection defined on a Weyl  manifold is local-
flat, then T k  is gradient. 

Proof:   From (2.7) and Definition 2.1 , 
                      R mijk = g mj  S ik − g mk  S ij + g ik S mj −g ij S mk                                            (2.13) 

Multiplying (2.13) by g mi , 
                                        n(T j k,  −  T k j, )  =  0                         (2.14) 

(2.14) shows that T k  is gradient. 

 
3. THE PROJECTIVE CURVATURE TENSOR WITH RESPECT TO SEMI-

SYMMETRIC CONNECTION 

A generalized connection on a non-Riemannian manifold is denoted by 

L jk
i =

~
Γ jk

i +
~
Ω jk

i ,where 
~
Γ jk

i  is symmetric part and  
~
Ω jk

i  is anti-symmetric part , and the 

curvature tensor  with respect to this connection is given by  L jkl
i = B jkl

i  + Ω jkl
i  , where 

B jkl
i  denotes the terms  with respect to symmetric part of the generalized connection. 

B jkl
i   is given with the following definition: 

                                    B jkl
i = ∂k

~
Γ jl

i  −∂l
~
Γ jk

i + 
~
Γ sk

i ~
Γ jl

s −
~
Γ sl

i ~
Γ jk

s  



 
 

Füsun Ünal and Aynur Uysal 

 

354 

In this case  the projective curvature tensor with respect to a generalized 
connection on a non-Riemannian manifold is defined in [ ]7  by 

W jkl
i = B jkl

i  + 
δ j
i

n+1
 ( )B Bkl lk−  +

1

12n −
( )δ δk

i
lj l

i
kjB B−   +

n

n 2 1−
 ( )δ δk

i
jl l

i
jkB B−   (3.1)           

where  B jk = B jki
i  . 

 Since  
~
Γ jk

i = Γ jk
i + ( )δ δk

i
j j

i
kS S+    and   

~
Ω jk

i = 
1

2
( )δ δk

i
j j

i
kS S−    for the semi-

symmetric connection on a Weyl manifold, we define B jkl
i  with respect to semi-

symmetric connection as follows: 

                           B jkl
i  = i

jklR + δ j
i

[∇ k S ]l  +δk
i

jlS − δl
i

jkS                              (3.2) 

where jkS  = 
1

2

1

2

1

2
S S S g g S Sjk k j jk

sr
s r− +







  

By making contraction on the indices i and l in (3.2), we get: 

           B jk = [ ] jkjkjk SnSR )1( −−∇+                               (3.3) 

The equation by changing indices j and k  in (3.3)  is subtracted from (3.3), 

                                 B Bjk kj− = ( −jkR kjR  ) − (n-3) [ ]jk S∇    (3.4) 

By using (3.2), (3.3) and (3.4) are used in (3.1), we obtain projective curvature tensor  
with respect to semi-symmetric connection on a Weyl manifold as follows:  

i
jklW = i

jklR +
δ j
i

n+1
( ) [ ]{ }R R n Skl lk k l− + − ∇2 1( )  +

1

1
2 −n

 ( i
kδ jlH  − i

lδ jkH  )     (3.5)                

where jlH = [ ]jlljjl SnRRn ∇−++ )1(2   . 

 
Theorem 3.1: Projective curvature tensor with respect to semi-symmetric connection 
has the following properties: 

(i) i
jklW + i

jlkW  = 0 

(ii)   i
iklW = 0 

(iii) jkW = [ ]jk S
n

n
∇

+

−

1

)1(2
 

(iv) i
jklW + i

kljW + i
ljkW = 0 

Proof: 

(i) It is obtained by adding (3.5) and the relation by changing the indices j and k in (3.5). 
(ii) By contraction on the indices i and j in (3.5), the required result is obtained. 
(iii) It is easily seen by contraction on the indices i and l in (3.5). 
(iv) I.Bianchi identity for projective curvature  tensor is shown by changing the indices 

i,j and k     cyclically and using (3.5). 
 

Corallary 3.1: jkW  = 0  if and only if  S k  is gradient. 

Theorem 3.2: Projective curvature tensors with respect to semi-symmetric connection 
and symmetric connection  are related with the following relation: 
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i
jklW = Wjkl

i +2 [ ]∇ k lS  + 
1

12n −
( )δ δl

i
jk k

i
jlK K−  + g g S g g Sjk

ir
rl jl

ir
rk−                       (3.6) 

where K jl = nS S n Sgjl lj jl+ + +( )1  

Proof: By choosing S k = 0  in (3.5), the projective curvature tensor with respect to 
symmetric connection  is obtained by 

 Wjkl
i = R jkl

i  + 
1+n

i
jδ
 ( )R Rkl lk−  + 

1

12n −
( )δ δk

i
jl l

i
jkH H−                                           (3.7) 

where  H jl = nR Rjl lj+ . 

By virtue of (2.5),(3.5) and (3.7), (3.6) is obtained. 
 
Definition 3.1: A semi-symmetric connection is said to be  projectively-flat, if the  
projective curvature  tensor with respect to semi-symmetric connection vanishes. 
Theorem 3.3: If a semi-symmetric connection is local-flat and S k  is gradient, then the 

connection is also projectively flat. 
Proof: By using Definition 2.1 and  [ ]∇ k lS  = 0, the required result is found. 

 
4. THE CONFORMAL CURVATURE TENSOR WITH RESPECT TO SEMI-

SYMMETRIC CONNECTION 

Under conformal transformation, the metric tensor g ij  and the semi-symmetric 

connection  i
jkΓ  on a Weyl  manifold are transformed as follows: 

                              ∗
ijg  =  g ij                                                                     (4.1) 

    
∗

Γ i
jk = i

jkΓ  + δ j
i Pk  + δk

i  (P j − Q j ) − g jk (P
i − Q i )                  (4.2) 

where  Pk − 
∗
kP = T k   and  S k − 

∗
kS  =  Q k . 

 With the help of (4.1) and  (4.2), we define the change of curvature tensor  under 
conformal transformation with respect to semi-symmetric connection by 

∗h
ijkR = h

ijkR +2δi
h

[ ] [ ]( )kjkj SPP +∇ +δk
hWij  − δ j

hWik + g g W g g W g P Q Gij
hl

lk ik
hl

lj
sl

s l ijk
h− + 2  

where Wij= ( )P Q P Qij ij i j
− + 2    ,   P ij = P P Sij i j−    ,  Q

ij
= Q Q Sij i j−                  (4.3) 

Multiplying (4.3) by ∗
mhg  = gmh  , we have the equality numbered by   (4.4): 

∗
mijkR = mijkR + 2gmi [ ] [ ]( )kjkj SPP +∇ + g W g W g W g W g P Q Gmk ij mj ik ij mk ik mj

sl
s l mijk− + − + 2          

Multiplying (4.4) by 
∗mkg = g mk , 

Rij
∗
= Rij + 2 [ ] [ ]( )ijij SPP +∇  + ( ) ( )n W g W n g g P Qij ij m

m
ij

sl
s l− + − −2 2 1                     (4.5) 

Consequently from (4.5), 

R
∗
= R n W ngm

m sl+ − −2 1( )( P Qs l  )                                    (4.6) 

where  Wm
m= g Wmk

mk . 

From (4.5), we have  ijW  defined by the following eguation by  (4.7) 
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[ ] [ ]

)2(

)1(2)(2(2)())(1(

−

−+−+∇−+−+−− ∗∗

nn

QPggnnWngSQQnRRRRn ls
sl

ij
m
mijjijijijiijij

  

From the definition of Wm
m , 

Wm
m= 

R R

n
ng P Qsl

s l

∗
−
−

+
2 1( )

  or equivalently  ng P Qsl
s l = Wm

m− 
( )

( )

R R

n

∗
−
−2 1

                    (4.8) 

On the other hand, if (4.4) is multiplied by g mi
∗
= g mi , 

∗
mijkR g mi

∗
= R g nmijk

mi + 2 ( [ ] [ ]kjkj SPP +∇   )                                 (4.9) 

By using (4.9) in (4.7), we obtain: 
 

Wij= 
)2(

)()2()()(

−

−−−+−−−
∗∗∗

nn

RRgWgngRRRRn ij
m
mij

mk
mkjimkjiijij

                         (4.10) 

Putting (4.9) and (4.10) in (4.4); we have: 

                               Cmijk
∗

= Cmijk                                                    (4.11) 

where Cmijk  is defined by 

C mijk = Rmijk − 
2 1

2

1

2 1 2n
g R

n
A

n n
B

R

n n
Gmi ljk

l
mijk mijk mijk+

−
−

−
−

− −( ) ( )( )
             (4.12) 

where  Amijk = g Rmj ik − g Rmk ij − g Rij mk + g Rik mj  

and     Bmijk =  g Rmj hki
h
− g Rmk hji

h
− g Rij hkm

h
+ g Rik hjm

h
 

Multiplying (4.12) by g mh ; we find  the conformal curvature tensor with respect to semi-
symmetric connection in the following form: 

h

ijkC = R ijk
h
− 

1

n
Ri

h
ljk
l

δ +
h

ijkA
n 2

1

−
h
ijk

h

ijk G
nn

R
B

nn )2)(1()2(

1

−−
−

−
−      (4.13) 

where   Aijk
h
= δ j

h
ikR −δk

h
ijR − g g Rij

mh
mk + g g Rik

mh
mj  

and   B ijk
h =  δ j

h
lki
l

R − δk
h

lji
l

R − g g Rij
mh

lkm
l
+ g g Rik

m h
ljm
l . 

 
Theorem 4.1:  The conformal curvature tensor with respect to semi-symmetric 
connection has the following properties: 

(i)    C mijk + mikjC = 0 

(ii)   C mijk + imjkC = 0 

(iii)  
i

ijkC = 0 

(iv)  
i

jkiC = jkC = 0 

(v)   C ijk
h +

h

jkiC +
h

kijC = 0. 
Proof: 
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(i)  With the help of (4.12), it is written the definition of  C mijk . By adding this and 

(4.12), the required result is obtained. 
(ii)  If the process in (i)  is applied to the first two indices in (ii), the result is found. 
(iii) It is found by contraction on the indices h and i in   (4.13). 
(iv) The same process is applied to the indices h and k in (4.13). 
(v) By changing cyclically the indices i,j and k , three equations are written. And by 

adding these equations, the required result is obtained. 
 
Theorem 4.2: Conformal curvature tensors with respect to symmetric connection and 
semi-symmetric connection  on a Weyl manifold  coincide. 
Proof: Conformal curvature tensor with respect to symmetric connection is defined with 
the help of (4.13) by 

h
ijkC = h

ijkR − +l
ljk

h
i R

n
δ

1 h
ijkA

n 2

1

−
h
ijk

h
ijk G

nn

R
B

nn )2)(1()2(

1

−−
−

−
−                (4.14) 

where               h
ijkA = ik

h
j Rδ − ij

h
k Rδ − mk

mh
ij Rgg + mj

mh
ik Rgg  

and  
h
ijkB =  l

lki
h
j Rδ − l

lji
h
k Rδ − l

lkm
mh

ij Rgg + l
ljm

mh
ik Rgg . 

Using (2.5) in (4.13) and with the help of  (4.14), the required result is obtained. 
 
Definition 4.1: A semi-symmetric connection  is called conformal-flat, if the conformal 
curvature tensor with respect to semi-symmetric connection vanishes. 
Definition 4.2: A manifold is called conformal-flat, if the conformal curvature tensor 
with respect to symmetric connection vanishes. 
Corallary 4.1: Semi-symmetric connection defined on a Weyl manifold is conformal-
flat if and only if the Weyl manifold is conformal-flat. 
Theorem 4.3: If semi-symmetric connection defined on a Weyl manifold is local-flat, 
then it is also conformal-flat. 

Proof: Rmijk = 0 implies ijR =0 and R = 0. If the results are used in (4.13), we find  
h

ijkC = 

0 meaning the connection is conformal-flat. 
 

5. WEYL GROUP MANIFOLDS 

Definition 5.1: If the curvature tensor with respect to semi-symmetric connection and 
the tensor ijS  vanish on a Weyl manifold, then that one is called Weyl group manifold. 

 By above definition we have the following lemmas: 
Lemma 5.1: Weyl group manifold is local-flat. 
Lemma 5.2: iS  is gradient on a Weyl group manifold. 

Theorem 5.1: Projective curvature tensors with respect to symmetric connection and 
semi-symmetric connection coincide on a Weyl group manifold. 
Proof: By using Definition 5.1 and Lemma 5.1 in (3.7), the required result is obtained. 
 
Corallary 5.1:Semi-symmetric connection defined on a Weyl group manifold is 
projectively-flat if and only if Weyl group manifold is projectively-flat. 
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Theorem 5.2: A Weyl group manifold is conformal-flat. 

Proof: If the conditions R ijk
h
= 0, ijS = 0, h

ijkR = 0  are used in (4.14), the result is found. 

Theorem 5.3: A Weyl group manifold is projectively-flat. 
Proof: If the same conditions in the proof of Theorem 5.2 are used in (3.8),the required 
result is obtained. 
Theorem 5.4: Conformal curvaure tensor and projective curvature tensor with respect 
to semi-symmetric connection coincide on a Weyl group manifold.  
Proof: Conformal curvature tensor, h

ijkC  , is defined in terms of the projective curvature 

tensor  with respect to symmetric connection by the following relation: 

h
ijkW +2 h

ijkD + [ ]h
ijkmk

hm
ijmj

hm
ikij

h
kik

h
j RGRggRggnRR

nn
−−−+−

−−
))(1(

)2)(1(

1
δδ  

In this relation h
ijkD  is defined as follows: 

[ ] [ ] [ ] [ ] [ ] [ ] [ ] )(
1

1
)(

)2(

1

)1( 2 ij
h
kik

h
jmk

hm
ijmj

hm
ikij

h
kik

h
jjk

h
i RR

n
RggRggRR

nn
R

nn
δδδδ

δ
−

−
+−+−

−
−

+
. 

On the other hand by using the facts that h
ijkC = h

ijkC (always) and  h
ijkW = h

ijkW  for Weyl 

group manifolds, the equation of h
ijkC = h

ijkW  is obtained. 

Corollary 5.2: Semi-symmetric connection defined on a Weyl group manifold is 
conformal flat if and only if it is projectively-flat.  
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