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Abstract: Hulls of linear codes have been extensively studied due to their wide applications and links
with the efficiency of some algorithms in coding theory. In this paper, the average dimension of the
Euclidean hull of negacyclic codes of length n over finite fields IFq, denoted by E (n,—1, q), has been
investigated. The formula for E(n, —1,g) has been determined. Some upper and lower bounds of
E(n, —1,q) have been given as well. Asymptotically, it has been shown that either E(n, —1, q) is zero
or it grows the same rate as n.
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1. Introduction

In practice, communication systems are not 100% reliable due to noise or other forms of
interference. Coding theory is a branch of Engineering Mathematics that has been introduced and
applied to solve this problem since the 1960s. Codes have later been extensively studied and linked
with other problems and applications.

In 1990, the (Euclidean) hull of a linear code has been introduced to classify finite projective
planes in [1]. It is defined to be the intersection of a linear code and its Euclidean dual. Hulls of linear
codes have various applications and play an important role in the efficiency determination of some
algorithms in coding theory such as computing permutation equivalence of two linear codes and
finding the automorphism group of linear codes (see, for example, [2—6]). Precisely, the efficiency
of these computations is limited by the hull size of codes. In [7], the hulls of linear codes have been
applied in constructing good entanglement-assisted quantum error correcting codes.

Properties of hulls of codes have been extensively studied. The average dimensions of the
Euclidean hull of linear codes and of cyclic codes were given in [8,9], respectively. The dimensions of
the hulls of cyclic codes and negacyclic codes were determined in [10]. Later, the complete study of the
average dimension of the Hermitian hull of cyclic and constacyclic codes was given in [11,12]. It is of
natural interest to study the average dimension of the Euclidean hull of constacyclic codes. In [13],
it has been shown that the Euclidean dual of A-constacyclic code is again A-constacyclic if and only if
A = %1. Therefore, the average dimension of the Euclidean hull of negacyclic codes (A = —1) is the
only remaining case.

In this paper, we focus on the average dimension of the Euclidean hull of negacyclic codes of
length n over finite fields IF; as well as its lower and upper bounds. The paper is organized as follows.
Basic properties of codes and polynomials over finite fields are recalled in Section 2. In Section 3,
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the expression for E(n, —1,9), the formula for the average dimension of neagcyclic codes, is given
together with some upper bounds. In Section 4, upper and lower bounds on E(n, —1, q) are derived.
The summary and remarks are given in Section 5.

2. Preliminaries

Let p be a prime and let g be a p-power. Denote by I, the finite field of order g4 and characteristic p.
For given positive integers k < n, a linear code of length n and dimension k over I, is a k-dimensional
subspace of the F;-vector space I;. The Euclidean dual of a linear code C is defined to be

n—1
ct = {(uo,ul...,unl) € IF;’ : 2 uic; =0 forall (co,c1...,¢4-1) € C}.
i=0
The Euclidean hull of a linear code C is defined to be
Hull(C) = Cnct.

A linear code of length n over F; is said to be negacyclic if (—c,_1,co,...,cn—2) € C for all
(co,c1,---,¢n-1) € C.

Let C(n, —1,q) denote the set of all neagcyclic codes of length 1 over IF;. The average dimension of
the hull of negacyclic codes of length n over I, is defined to be

B dim Hull(C)
E(n,—1,q) := Z o [C(n =19

CeC(n

Every non-zero negacyclic code C of length n over [F; can be viewed as an ideal of the principal
ideal ring Fy[x]/ (x" + 1) generated by a monic divisor g(x) of x" + 1 (see [10]). In this case, g(x) is
called the generator polynomial for C and dim C = n — deg(g(x)).

For a polynomial f(x) = ag+a1x + - - + axxk € Fy[x] of degree k and ay # 0, the reciprocal
polynomial of f(x) is defined to be f*(x) := f(0) xde8f(¥)f (%) It is not difficult to see that
(f*)* (x) = f(x). Then, we have two types of polynomials. A polynomial f (x) is called self-reciprocal if
f(x) = f*(x). Otherwise, f(x) and f*(x) are called a reciprocal polynomial pair.

Let C be a negacyclic code of length n over F, with the generator polynomial g(x) and let
h(x) = ’; 1(51. Then, i*(x) is a monic divisor of x" + 1 and it is the generator polynomial of C* by

Lemma 2.1 of [13]. Therefore, Hull(C) is generated by the polynomial lem(g(x),*(x)) (see Theorem 1
of [10]).

Recall that the characteristic of I is p. Then, a positive integer 1 can be written in the form
of n = np¥, where p { 7 and v > 0. Using arguments similar to those in Section 4 of [10], up to
permutation, there exist nonnegative integers s and t such that

1= (x”+1)p :Hgi Hf, W ff (x @

where f;(x) and f]* (x) are a reciprocal polynomial pair and g;(x) is a monic irreducible self-reciprocal
polynomial forall1 <i <sand1<j<t.

For a given negacyclic code C of length n over I, based on the factorization in (1), the generator
polynomial of C can be viewed of the form

~[Is@" [T (5@)")
1= ]:
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where 0 < u;,zj, w; < p”. It follows that the generator polynomial of C Lis

v .
,Z]

) = TTa”  [Lhr = ()",
i= j=

and hence the generator polynomial of Hull(C) is

max{w;j, p*'~z;}

lem(g(x), 1 (x)) = ﬁgi<x>max{“f' P T (£ ) @)
1= =

Since 1 and —1 are identical when the characteristic of I, is even, in the rest of this paper,
we assume that the characteristic p of I, is odd.

3. The Average Dimension E(n, —1,9)

In this section, we focus on an explicit expression for the formula of the average dimension of the
Euclidean hull of negacyclic codes of length 1 over F,. Employing techniques similar to those for the
cyclic case in [9], slightly different results for the negacyclic case can be deduced.

Assume that x” + 1 has the factorization in the form of Equation (1) and let By _1,, = Y7, deg gi(x).
The expectation E( - ) in Lemma 1 can be obtained using arguments similar to those in the proof of
Proposition 22 of [9] .

Lemma 1. Let p be an odd prime and let v be a nonnegative integer. Let 0 < u,z, w < pY. Then, the following
statements hold:

1. E(max{u,p’ —u}) = 3”%“.
2. E(max{z p" —w}) = Lt

The average dimension of the Euclidean hull of neagcyclic codes of length n over I, can be
determined as follows.

Theorem 1. Let F; be a finite field of order q and odd characteristic p and let n be a positive integer such that
n=mnp",ptuandv > 0. Then, the average dimension of the Euclidean hull of negacyclic codes of length n

over Iy is
B 2pY +1 g p? +2p' +3
w100 = () = B (P ) ©

Proof. By Lemma 1, Equation (2), and arguments similar to those in the proof of Theorem 3.2 of [11],
it can be deduced that

o 1 . p' 41 2
E(n,—1,q) =n (3 - 6(pV+l)) ~ By < 2 e +1)>

. va+1 B p2v+2pv+3
— U \e(pr+1) LW\ T12(pr +1) )

This completes the proof. [

The next corollary is a direct consequence of Theorem 1.

Corollary 1. Assume the notations as in Theorem 1. Then, the following statements hold:




Math. Comput. Appl. 2018, 23, 41 40f 10

4. Properties of B;, 1, and Bounds on E(n, —1,9)

In this section, some number theoretical tools are constructed and applied to study properties of
Bg,—1,4- As a consequence, lower and upper bounds for E(n, —1,¢) can be derived using By, 1 4.

For an odd prime power g, let Ny := {£ > 1 : ¢ divides g’ 4+ 1}. For coprime positive integers i
and j, denote by ord;(i) the multiplicative order of i modulo j. An element in N has the following
properties.

Lemma 2. Let g be an odd prime power. If ¢ € N, and £ > 2, then ord(q) is even.

Proof. Since / € N, there exists the smallest positive integer k such that /| (g% +1). It follows that
?|(g%* —1). Then, ord,(q)|2k. Since ord(q) 1 k, ord,(g) is even. [

Next, we introduce a partition for the set N;. For each integer a > 0, let
Pyo:={l e Ny : 2*||ords(q)},

where 2% ||k is used if a is the integer such that 2|k and 2**! { k. Then, we have N; = P;o U P;; U
Py
q

Theorem 2 (Theorem 4 of [9]). Let q be an odd prime power and let £ be a positive integer. Then, the following
statements hold:

1. Let £ be an odd integer. If ¢ > 1 is such that £ = []*_, p;t the prime factorization of £. Then, { € Ny if and
only if there exists & > 0 such that p; € Py for all i. In this case, we have { € Py 4.

2. Let B > 1bean integer. Then 2P € Ny if and only if 2P divides q + 1. Moreover, if 2P € N,, B > 2,
then 2f € Pya.

3. Letgand{ beodd. Then, 2¢ € Ny if and only if £ € Ng. In this case, £ and 2 belong to the same set Py .

4. Let ¢ = 2P0 where { is odd and B > 2. Then, £ € Ny if and only if 2P € Ny and ( € Py1. In this case,
we have £ € Py 1.

The characterization of elements in P, , are given in the following corollary.

Corollary 2. Let y > 1 be an integer such that 27|(q + 1). Let £ be a positive integer relatively prime to q and
let 2P||¢. Then, the following statements hold:

1. P,o={12}

2./ qe qul{ if aid only if either £ has an odd prime divisor, each odd prime divisor of £ belongs to P, and
0§ﬁ§’y,0r€:2ﬁand2§ﬁ§'y.

3. Leta > 2. Then, { € Py, if and only if £ has an odd prime divisor, each odd prime divisor of £ belongs to
Pppand 0 < <1

Lemma 3. Let a > 1 an integer and let { be a positive integer. If { € Py o, then £ > 2% + 1.

Proof. By Corollary 2, we have ¢ > 3. Since £ € P, ,, it follows that 2*|| ord,(q). By Little Fermat’s
Theorem, we have ord,(q)|¢(¢). Then, 2%|¢(¢). Hence, 2* < ¢p(¢) < ¢ —1. O

Let O := {j € N : j|2rz and 2{7}. Next, we give the expression of By, 1.

Lemma 4. Assume that x" + 1 is factorized as in Equation (1). Then,

Bﬁ,fl,q: 2 (P(])r

JEONN,

where ¢ is the Euler’s totient function.
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Proof. By Equation (1), we have
- s t
¥ +1= [l [Tf()f (x)
i=1 j=1

From Equation (29) of [10], x™ + 1 can be factored as

B 70)
1= H Hgij(x) H Hfz] fl]

JEQNN, i=1 JEON, i=

where v(j) = oil(]-j()q)' B(j) = 20r d fl]( x) and f7(x) are a monic irreducible-reciprocal polynomial

pair of degree ord;(q), and g;;(x ) is a monic irreducible self-reciprocal polynomial of degree ord;(q).
Altogether, it can be concluded that

s ()
Hgi(x): IT I1six)

JEQNN, i=1

Hence,

Bn,l,q=ideg<gi<x>): Y () deg(gii(x)) =

JEQNN, JEQNN,

S ol = T ()

ord;(q JEONN,
as desired. [

Remark 1. From Lemma 4, we have the following facts. The set (3N Ny can be empty. For convenience,

the empty summation will be regarded as 0. In this case, By, 14 = Y. ¢(j) = ¥ ¢(j) = 0. For example,
JEQNN, €0
By 13 =0since QN N3 = Q.

The expression of the set () can be simplified using the definition of 7 as follows.

Lemma 5. Write 1 = 2Pn’, where n' is an odd integer and B is a non-negative integer. Then, Q =
{2P+1k : k € Nand k|n'}.

Proof. Let7 = 2Pn’. Then, wehave QO = {j € N : j|27 and 2{7} = {j € N : j|2f*1n’ and j{2Pn'}.
Hence, 2f*1|j for all j € O, which implies Q = {2f*1k : k € Nand k|n'}. O

The following result is a consequence of Lemma 5 and Theorem 2.

Proposition 1. Let y > 1 be the integer such that 27||(q + 1). Then, the following statements hold:

1. ONN; =Qifandonlyif B+1 > 7.
2. QNNy; = Qifandonly if B+ 1 < yand 2n € Ny.
3. 0CQONN; CQifandonlyif B+ 1< yand2n ¢ N,.

Proof. To prove (i), assume that § + 1 < <. Then, by Theorem 2, it can be concluded that 2P+ ¢ Nj;.
Hence, QN N, # @.

Conversely, assume that +1 > v > 1. Then, B+ 1 > 2. Let j € Q. By Lemma 5, j = 261k for
some k|n'. Therefore, j ¢ N, by Theorem 2, which implies QN N, = @.

To prove (ii), assume that QN N; = Q). Then, () C N,. Since 27 € (), we have 217 € N;. Hence,
2641y’ = 21 € N, which implies 8 + 1 < - by Theorem 2.

Conversely, assume that f +1 < 7 and 27 € N;. Let j € Q. Then, j|271. Since 277 € Ny, j € Ny,
QCN,.
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Statement (iii) follows immediately from (i) and (ii). O

By Proposition 1, we have the following corollary.

Corollary 3. Let 7y > 1 be the integer such that 27||(q + 1). Then, the following statements hold:
1. Bj-145=0ifandonlyif p+1 > .

2. Bp1g=nifandonlyif +1 < yand2n € N,.
3. 0<Bm 14 <nifandonlyif +1 < yand2n ¢ N,.

Proof. By Proposition 1,  + 1 > - if and only if O N N; = @. Equivalently,

Bi1g= ). ¢()=) ¢(j)=

JEQNN, j€D

This proves (i).
By Proposition 1, B +1 < v and 217 € N, if and only if QO N N, = Q). Equivalently,

Bi 1= 3, ¢() =Y ¢() =Y ¢ k)=2FY (k) =2 =7

JEQNN, jeQ k|n' k|n’
Statement (iii) can be deduced directly from (i) and (ii). O

Corollary 4. Assume the notations as above. Then, the following statements hold:

1. E(n,—1,9) —n(% 5 )ifandonlyifﬁ+1>’y.
2. If[%—f—l>7,thn% ( ) < 5.

Proof. The first statement can be deduced directly from Theorem 1 and Corollary 3. The second
statement follows from Corollary 1 and the fact that OS]
v=0. O

= +1) reaches its maximum value 11—2 when

Next, we focus on the case where f+1 < 7. Let £ be a positive integer relatively prime to 4.
Let ¢ = 2Pp{ ... pz" be the prime factorization of ¢, where g > 0,k > 0, p1, p2, . . ., px are distinct odd
primes, and ¢; > 1foralli = 1,2,..., k. Partition the index set {1, ..., k} into K/, Ky, K, . .. as follows:

1. ieKifp; g Pjyforalla >1,
2. IGK,X iprEPq,lx.

Letd = Tliex pf" and dy = [ieg, pfi forall 1 < a < k. For convenience, the empty product
will be referred to as 1. Therefore, we have ¢ = 2Pd’d,d, ... which is called the Nj,-factorization of /,
where d; = 1 for all but finitely many integers i. By Theorem 2, we have d, € P; 4. The characterization
of £ ¢ Ny is given in the following lemma.

Lemma 6 (Lemma 9 of [9]). Let v > 1 be the integer such that 27||(q + 1). Let ¢ > 2 be such that
ged(C,q) = 1and let € = 2Pd'dyd, . .. be the Ny-factorization of €. If ¢ & Ny, then at least one of the following
conditions is valid:

B>

d >1.

B > 2and d, > 1 for an integer a > 2.

dy, > 1and dy, > 1 for two distinct aq > 1 and ap > 1.

Y

The following proposition provides a simplified expression of By, 1.
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Proposition 2. Let 7 = 2Pd’dd, ... be an Nj-factorization of n = 260 IfB+1 < yand 21 ¢ Nj, then

B- _ dl + Z[XZZ(le - 1), lfﬁ =0,
T e, 6 #0

Proof. We distinguish the proof into two cases where f = 0 and 8 # 0.

Casel B =0.Wehaven =d'didy... =n'. By Lemma 5 and Theorem 2, we have
Big= Y. ¢()= ) ¢@h=92)+} )} ¢k
jeONN, k|7, 2kEN, a>1K|dy, k#1
=1+), ) ¢k)=1+) ([due—1)=di+ ) (de—1).
a>1k|dy, k£1 a>1 x>2

Case2 B #0.Wehave p+1>2and 7 =2Pd'dyd,... = 2Pn’. By Corollary 2, we have 261k € N,.
Since k|n' if and only if k|dy, it follows that

Bi 1= Y, o()= Y ¢k =Y 9@ k) =2F Y ¢(k) =2Pd;.

jEQNN, kln', 2P+1keN, k|dy kldy

The results follow.
O

Theorem 3. Let q be an odd prime power and 27||(q + 1). Let n = nip", where p { and v > 0. Let 1 = 2Pn’,
where 2 t n'. Then, the following statements hold:

1. E(n,~1,q) = 0ifandonly if p+ 1<y, v =0,and 2 € Ny,
2. IfB+1<v,v>0,and2n € Ny then } < E(n,—1,q) <
3. If,13+1§7and2ﬁ¢Nq,then1’1—2gE(n,_llq)<%.

B

L

Proof. By Equation (3), E(n, —1,¢9) = 0 if and only if

Bi-14  4p¥ +2pY
T p42pY 43

By Corollary 3, it is not difficult to see that @ <1and @ =1lifandonlyif +1 < 7y and

— 4p* +2pY 4p* 42pY . ey
2n € Nq On the other hal’ld, we have m 2 1 and m = 1lifand Only if p = 1. Therefore,
Bi 14 _ 4p¥+2pY

T = s ifand only if B +1 < v, 21 € N, and p¥ = 1. This proves (i).
To prove (ii), assume that +1 < 7, v > 0, and 27 € N;. By Corollary 3, we have By 1, = 7.
By Equation (3), it follows that

2p¥ +1 _ (P +2p'+3 i ) n 1
E(n,~1,q)=n (") - = o3y =2 (1- = ).
(n,=1,9) "(6(pV+1)> "( 12(p" +1) 12(p" +1) (3p 3) 4 P
It is not difficult to see that E(n,—1,q9) < 4. Since v > 0, it follows that p¥ > 3. Hence,

the minimum value of 1 — pl—l is % Therefore, we have § < E(n, -1, q) < %
To prove (iii), assume that  + 1 < y and 212 ¢ N,.

Case1l gcd(n,q) # 1. By Corollary 1, we have E(n,—1,q) = %. Then, by Equation (3),
E(n,—1,q) can be expressed as
E(m—14q) _1 1  E(i,—Llgq) (p*+2p"+3) 1 1 @
n 4 4py n 3(pY +1) — 4  4pv
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It is not difficult to see that M > % for all p¥ > 3. Hence, E(n, —1,9) > %.
Case2 gcd(n,q) = 1. Let = 2Pd'dyd; . .. be an Ny-factorization of 71 and
n=20ddyd;... = 2Pd'dyduy ... do,

wheredy;, > 1foralll <i<janda; <ay <--- <a;. Note that if dy; and d’ are greater than
1, then they are greater than or equal to 3.

Case2.1 B =0.Wehaven =d'dydy,.. .da/.. It is easy to verify that

Br,—1,4 _dit Yas2(da —1) _ 1-j+X, dy
n Jdids .. Ty -~y

By Lemma 6, we have the following six subcases:

Case2.1.1 d' =1andj=0.Then, 77 = 1and 27 =2 € N, a contradiction.
Case2.12 d' =1andj=1. Thus, 71 = dy,, 20 = 2d,, € Nj, a contradiction.

Case2.1.3 d' >1andj=0. Wehave7 = d'. Thus, By _ <3

n

Case2.14 d >1andj=1. Thus, # = d'd,,. Therefore, Bﬁ’gl"’ = ;;1 =3 <3
a1

Case 2.1.5 j = 2. Hence, 71 = d'dy,da,. Without loss of generality, we may assume that d,, < d,.

IN

We have
Bitg _ —ltdy+dey _ 20 _ 2 _ 2 _2
r Tldady,  — ddpdey ~ ddy, — dny 3
Case2.1.6 j>3.Then 71 =d'dydy,... d;. Let dy, = maxq<j<;jdy,.
Bﬁ,—l,q — 1- ] + Z{:‘l d“i < Z{:l le,‘ < jd’xr — ] < ]
n d/dle e d(x/ - d/dlxl e dlx/‘ - d/d,xl e d,x] d’ Hlﬁiﬁf/ i#r dtx,' - HlSiSj, itr da,' )

Let s be an index such that j —1 < s < jand s # r. Then, j < 271 < 25 < Das,
Since dy, € Py, we have d,, > 2% +1by Lemma 3. Hence, j < 2% < d,,. Therefore,

Bﬁ,fl,q < ] < d,xs 1

pr— <
n [hi<icj izrda; — The<ic, igrda;  Thi<icj, itrizts da

1
3
Case22 B #0.Then, 7 =2Pd'did,... = 25d’da1da2 . d,,(j. It follows that

Bﬁ,fl,q - 2ﬁd1 N 1
n 28ddid,... d'dyds...

By Lemma 6, we have the following six subcases.

Case 221 d' =1andj=0. Then, 7 = 2f and 21 = 2f*1 ¢ Ny, a contradiction.
Case222 d'=1land;j=1. NotethatB+1>2 Ifa; =1, thenn = 2Pd; and 211 = 2P*1d; € N,,
a contradiction. Otherwise, a1 # 1. Then, 77 = 2/5511,61 and 271 = 2/3*’%1&1 ¢ N,. Hence,

Bi—14 1

= —<
n Ao, —

Q| =

Case2.2.3 d' > 1and;j=0. Then, 7 = 2fd’ and 271 = 2*1d’". Hence,

Ba 14 _

=<
n

Wl

1
d
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Case 224 d >1andj=1. Then, 71 = d'd,,. It follows that

Bﬁ—lq 1 1
Ll =< -
n —d 3
Case 2.2.5 j=2. Then, 1 = d'dy,dy,. We have
B: _
g 111

n T ddy, ~dy, ~ 3

Case22.6 j>3.Then 1 =dd,, .. .dy;. Hence,

Bs _
U P, .
n d'dy, .. .d,x], d,xj 3
Altogether, we have Bi,—14 < 27", and, hence,
T—By 14 _n—%
E(n,—1,9) = > =_.
(n,=1,q) 4 - 4 12

O

From Theorem 3 and Corollary 4, we can conclude that the average dimension of the Hull of
negacyclic codes of length n = p'7 over [F, is zero if and only if B+ 1 < 7, v = 0, and 21 € Nj.
For the other cases, the average dimension of the Hull of negacyclic codes of length n = p7 over [, is
bounded by {5 and %. In these cases, E(n, —1, ) grows at the same rate as the length 7 of the codes as
n tends to co.

5. Conclusions

Due to their wide applications and links with the efficiency of some algorithms in coding theory,
properties of hulls of cyclic codes and their generalization in terms of A-constacyclic codes have been
extensively studied. The average dimension of the Euclidean hull of cyclic codes has been studied
in [9]. A complete study of the average dimension of the Hermitian hull of cyclic and constacyclic
codes was given in [11,12]. Therefore, the remaining case is the Euclidean hull of negacyclic codes
(see [13]). This paper provides a complete study for this problem. The detailed comparison for the
results on the Euclidean case is given in Table 1 and the Hermitian case is given in [12].

Table 1. The lower and upper bounds for E(n,1,g) and E(n, —1, 7).

A n=p'n Lower Bounds Upper Bounds Remarks
1 ne %’4 2 9 Theorem 25 of [9]
n & Ny i) 3
B+1>7 z 2 Corollary 4
1 B+1<v,v=0and2n € Ny 0 0
B+1<v,v>0and2n € N, z i Theorem 3
B+1<yand2n & N, 15 2
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