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Abstract: This work presents a transdisciplinary, integrated approach that uses computational
mechanics experiments with a flow network strategy to gain fundamental insights into the stress flow
of high-performance, lightweight, structured composites by investigating the rostrum of paddlefish.
Although computational mechanics experiments give an overall distribution of stress in the structural
systems, stress flow patterns formed at nascent stages of loading a biostructure are hard to determine.
Computational mechanics experiments on a complex model will involve a high degree of freedom
thereby making the extraction of finer details computationally expensive. To address this challenge,
the evolution of the stress in the rostrum is formulated as a network flow problem generated by
extracting the node and connectivity information from the numerical model of the rostrum. The flow
network is weighted based on the parameter of interest, which is stress in the current research.
The changing kinematics of the system is provided as input to the mathematical algorithm that
computes the minimum cut of the flow network. The flow network approach is verified using two
simple classical problems. When applied to the model of the rostrum, the flow network approach
identifies strain localization in tensile regions, and buckling/crushing in compressive regions.

Keywords: biostructure; rostrum; paddlefish; Polyodon spathula; maximum-flow/minimum-cut;
stress patterns

1. Introduction

A fundamental understanding of the response of a structural system to external loading conditions
is important in determining if the design is able to withstand the prescribed external load. Numerous
methods are available to quantify the response of a structural system to external loads. Existing
methods, such as acoustic emission [1–7] and digital image correlation [8–17], offer the capability
to experimentally measure/quantify/determine strains/deformations. From a modelling perspective,
there are continuum-based [18–20] and discrete- or lattice-based [21–23] approaches that not only satisfy
the physical laws governing the systems, but also provide abundant information required for structural
analysis. Finite element analysis has been used to study the mechanical properties of bioinspired
structures. Flores-Johnson et al. [24] carried out simulations on bioinspired, nacre-like composite plates.
Nacre, found in mollusk shells, is a biological material that shows remarkable mechanical performance
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because of its hierarchical geometry spanning multiple length scales [25]. Flores-Johnson et al. [24]
found that the nacre-like plates demonstrated superior performance as compared to standard bulk
plates under blast loadings. Tran et al. [26] conducted a study to analyze the response of a bioinspired
composite plate based on nacre structure subjected to underwater impulsive loading. They discovered
that the bioinspired composite structure spread the damage over a larger area, thereby decreasing stress.
Although a considerable amount of research is performed on biostructures and bioinspired structures,
there is yet a lack of understanding on what imparts superior performance to biostructures. Numerical
analysis provides the overall response of the structural system under an external loading condition.
However, additional information is required to understand the influence of the local topology on
the global structural response and overall performance of the system. To our knowledge, advanced
mathematical algorithms have not been used with continuum-based models to gain fundamental
insight into the structural response of biostructures. Since biostructures are geometrically optimized at
the coarsest level of hierarchy, the information obtained at the local topology level provides insights
that could be used to identify optimal geometrical configurations that impart superior characteristics
to biostructures.

Any conceivable problem dealing with the transmission of information can be solved by abstraction
to a network or a graph [27]. These abstractions involve representing the system in terms of a transmission
medium and the internal details that block the information flow, i.e., flow bottlenecks. From this viewpoint,
maximum flow and minimum cut are two of the most widely used algorithmic approaches in network
flow theory [27]. Maximum flow governs the amount of information that can be transmitted through the
network. Minimum cut embodies a set of edges in the network that form the bottlenecks to transmission.
Tordesillas et al. examined the formation of bottlenecks in transmission of force through the contact
network by applying network flow theory [27–29]. The location and formation of the bottlenecks are
influenced by the local as well as global characteristics of the structural system. The early identification
of bottlenecks in force transmission opens new avenues for detection, as well as manipulation of the
approaching failure in granular systems.

Lefort et al. [30] used image analysis that employed an integration of a numerical model with
Ripley’s function [31] to identify patterns in the fracture process zone (FPZ) in a quasibrittle material.
Macrocracks in a quasibrittle material are formed by the combination of microcrack propagation, interaction,
and coalescence, situated within the FPZ. Ripley’s function is used to characterize randomness in the spatial
spreading of point distributions and to identify the spreading and development of diverse patterns, e.g.,
cell migration [31], tree [32] and plant [33] dissemination, and disease transmission [34]. Lefort’s research
could open up new paths that would result in nonlocal continuum modeling at the macroscale level.

The mathematical approaches used for dense granular systems and quasibrittle materials
demonstrate that local topological interactions are a major contributor to the global structural response.
To gain an understanding of failure mechanisms, it is essential to capture the activity around the failure
site at the nascent stage of loading. Obtaining this insight at the onset of loading may provide insight
into failure mechanisms and possibly suggest novel approaches to alter the process and location of
failure. Additionally, if the location of the failure is identified earlier, there is a possibility of developing
a relationship that aids in quantifying the external force required for the structural system to fail at that
location. This knowledge can be used for designing new structural systems, and for the assessment of
existing critical infrastructure.

Biostructures have, in general, demonstrated superior characteristics as they evolved to serve
multiple and specific functions [35]. The biostructure of interest here is the snout, or rostrum, of the
paddlefish (Polyodon spathula). This large North American freshwater fish is related to sturgeons.
Unlike those fish with their short thick rostra, the paddlefish has an elongated, flattened rostrum that in
adults may be in the range of 29–59% of its body length, and in breadth in the range of 8–17% of body
length [36]. The rostrum was once believed to be a simple digging or stirring implement, but is now
known to be a complex hydrodynamic and electrosensory structure [37]. This prominent structure is
easily observed and is supported internally by a distinctive skeleton of ossified cartilage comprised of
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large axial rods with two posterior buttresses at the base and with numerous small stellate elements
lateral to the axis (Figure 1).

The rostrum’s lattice-like architecture with complex geometry appears to contribute to its unique
strength and resilience. This research is motivated by an earlier feasibility study that concluded that the
nonuniform geometry of the rostrum is one of its toughening mechanisms used to mitigate failure [38].
Since biostructures in general and the paddlefish rostrum in particular are made of heterogeneous
materials and also have hierarchical geometry, it is difficult to identify the major contributor to their
superior structural response. A fundamental understanding of how this lattice-like architecture
functions has the potential to provide novel insights into applications over a wide range of disciplines
(e.g., protective panels, novel building materials, body and vehicle armor, and ship design, among
other possible uses). This research seeks to use an integrated transdisciplinary approach that feeds
information from computational mechanics experiments on biostructures to a mathematical algorithm
to identify the patterns formed at the early stages of loading of the biostructure.

Patel et al. developed the methodology of using network theory with finite element analysis in
their previous work [39], which used a single source and sink combination to analyze the stress flow
pattern on the rostrum. They also presented the procedure of preparing the data in an appropriate
format from finite element binary database files to an abstract mathematical domain in their recent
publication [40]. Patel et al. have also developed bioinspired structural systems to analyze the
relationship of structural resiliency and geometrical complexity [39]. This work extends their previous
research to include a multiple combination of source and sink. Since the material is in the linearly
elastic regime, the solution from the mathematical algorithm can be superimposed. The addition of
this aspect to the current analysis assisted in capturing the shear and flexure pattern in a four point
bending of a simply supported concrete beam.
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Figure 1. Paddlefish from the lower Mississippi River showing the unique rostrum of the species.
(Upper photo) Adult fish 1 m long contained in a mobile swim tunnel; (lower photo) dried and
skeletonized rostrum. Photo taken by Dr. Jan Jeffrey Hoover, USACE.

The paper is organized as follows. In Section 2, a brief introduction to network flow is provided,
and Section 3 describes the procedure to formulate the biostructure as a network flow problem.
In Section 4, the proposed approach is verified using two classical problems. Details of the computational
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mechanics experiments are discussed in Section 5, followed by results in Section 6, and conclusions
follow in Section 7.

2. Network Flow

A brief introduction of the basic concepts of network flow is now provided. A flow network is a
directed graph with two distinguished vertices, called a source and a sink, coupled with a non-negative
real-valued function called the capacity function [27,41,42].

A network N is defined as a set comprising:

1. directed graph G (V, E), where V is a finite set of vertices, and E is a subset of ordered pairs of
vertices representing the edges;

2. vertex s ∈ V that has only outgoing edges represented as the source node;
3. vertex t ∈ V that has only incoming edges represented as the sink node; and
4. positive function c: E→ R+ called the capacity function.

Flow f on a network N is defined by real-valued function f : E→ R+. Flow f is a feasible flow
vector if it satisfies the following constraints:

1. Capacity constraint ∀u, v ∈ V requires that f (u, v) ≤ c(u, v); flow cannot exceed the capacity of the
respective edge.

2. Conservation of flow ∀u, v ∈ V − (s, t) requires that

(a)
∑

vεV f (u, v) = 0,
(b) the total flow entering a node must equal the total flow leaving that node provided the

node is not a source or sink node, and

3. the total flow leaving the source node s must be equal to the total flow entering sink node t.

Given a flow network G(V, E), with source s and sink t, such that there are no incoming edges at the
source and no outgoing edges at the sink, the maximum flow problem involves finding a function f
that satisfies the capacity and conservation constraints described above; its value is defined as follows:

val(f ) = max(f )

A cut of a flow network G(V,E) is defined as a set of vertices (E1, E2) that partition V into E1 and
E2= V − E1, such that s ∈ E1 and t ∈ E2. If f is a flow, then the net flow across the cut (E1, E2) is defined
as f (E1, E2). The capacity of the cut (E1, E2) is c(E1, E2).

A minimum E1 −E2 cut problem involves minimizing c(E1, E2). That would mean the identification
of E1 and E2 in such a manner so as to find the minimal capacity of the (E1, E2) cut.

In combinatorial optimization theory, the maximum-flow/minimum-cut theorem states that in a
flow network G(V, E), the maximum quantity of flow f travelling from source node s to sink node t is
identical to the total weight of the edges in the minimum cut. Essentially speaking, the maximum
flow in the network is equal to the smallest total weight of the edges that, if removed, would cause the
source to be totally disconnected from the sink.

The network flow approach has previously been applied to characterize stress transmission in various
synthetic and natural materials with complex microstructures, for example, sand [29,43], photoelastic
disks [29], and concrete [5]. In these studies, microstructural data on the internal connectivity and
edge capacities were obtained from high-resolution imaging experiments (e.g., X-ray CT, birefringence
analysis) and discrete-element (DEM) models.

3. Formulation of the Biostructure as Network Flow Problem

The flow of stress in a structural system can be interpreted as a directed graph that facilitates the
investigation of failure mechanisms. Intuitively, the transmission of information at a given point in the
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structural system is the rate at which the information (i.e., variables such as stress, displacement, kinetic
energy, elastic or plastic strain in the structural system) travels. Each edge in a directed graph can
be compared to a channel through which information is transmitted. Each edge has a corresponding
capacity that is representative of the maximum rate at which information can be passed through the
edge. Vertices of the graph are the points where the edges connect. Two special nodes identified as
source and sink govern the flow. The edges connected to these special nodes are assigned infinite
capacity [27,29]. The selection of these special nodes is dependent on the type of boundary conditions
implemented on the model. For example, if the model is subjected to constant uniform pressure in the
vertical direction, the nodes on the top or bottom surface of the model are chosen to act as the source
and sink, respectively. Since the flow of stress is symmetric, altering the assignment of source and sink
does not change the flow pattern.

A flow network N (V, E, A, U, s, t) [27,29] is constructed from the computational-mechanics model,
such that:

1. V represents the nodes obtained from the finite element model of the biostructure. As shown in
Figure 2a, for a hexahedral element in a finite element model, nodes are 1, 2, . . . , 8.

2. E represents the edges, connecting the nodes in V, indicating connectivity A between the nodes.
The edges of a hexahedral element, as shown in Figure 2a, are {(1, 2), (2, 3), (3, 4), (4, 1)} for Face 1.

3. Each edge (u, v) ∈ Ehas a capacity U associated with it that is representative of the maximum amount
of flow that could be transmitted through the edge. Capacity calculation for Edge (1, 2) is shown in
Figure 2c. Capacity for Edge (1, 2) is the average of the von Mises stresses at Nodes 1 and 2.

4. Von Mises stresses (as shown in Figure 3) at each node are calculated using the average of the
integration points shown in Figure 2d.

Math. Comput. Appl. 2019, 24, x FOR PEER REVIEW 5 of 21 

 

corresponding capacity that is representative of the maximum rate at which information can be 

passed through the edge. Vertices of the graph are the points where the edges connect. Two special 

nodes identified as source and sink govern the flow. The edges connected to these special nodes are 

assigned infinite capacity [27,29]. The selection of these special nodes is dependent on the type of 

boundary conditions implemented on the model. For example, if the model is subjected to constant 

uniform pressure in the vertical direction, the nodes on the top or bottom surface of the model are 

chosen to act as the source and sink, respectively. Since the flow of stress is symmetric, altering the 

assignment of source and sink does not change the flow pattern. 

A flow network N (V, E, A, U, s, t) [27,29] is constructed from the computational‐mechanics 

model, such that: 

1. V represents the nodes obtained from the finite element model of the biostructure. As shown in 

Figure 2a, for a hexahedral element in a finite element model, nodes are 1, 2, ..., 8. 

2. E represents the edges, connecting the nodes in V, indicating connectivity A between the nodes. 

The edges of a hexahedral element, as shown in Figure 2a, are {(1, 2), (2, 3), (3, 4), (4, 1)} for Face 

1. 

3. Each edge (u, v) ∈ E has a capacity U associated with it that is representative of the maximum 

amount of flow that could be transmitted through the edge. Capacity calculation for Edge (1, 2) 

is shown in Figure 2c. Capacity for Edge (1, 2) is the average of the von Mises stresses at Nodes 

1 and 2. 

4. Von Mises stresses (as shown in Figure 3) at each node are calculated using the average of the 

integration points shown in Figure 2d. 

 

Figure 2. (a) Node numbering in an eight‐node hexahedral element. (b) Hexahedral element faces in 

an eight‐node hexahedral element. (c) Capacity calculation for edges in flow network graph. (d) 

Integration points on an eight‐node hexahedral. 
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in an eight-node hexahedral element. (c) Capacity calculation for edges in flow network graph.
(d) Integration points on an eight-node hexahedral.
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Each time frame from the computational-mechanics experiment is constructed as a network flow
graph, where each graph depicts the flow of the variable of interest in response to the external loading
condition. For each network, the maximum flow and minimum cut is calculated. As stated by the
maximum-flow/minimum-cut theorem, the value of the maximum flow is equal to the capacity of the
minimum cut.

The procedure outlined above for the proposed flow network approach is outlined in the flowchart
shown in Figure 4. As shown in Figure 4, the flow network is constructed using the nodes and
connectivity information from the computational mechanics experiment. Capacity C of the flow network
was obtained from the Von Mises stresses produced from the binary output database files of the
computational-mechanics experiment. The mathematical algorithm was executed on the abstract domain.
The solution obtained from the mathematical algorithm was mapped back to the physical domain
using the coordinate information of the nodes. Paraview was used for visualizing the solution of the
mathematical algorithm. As mentioned above, the procedure of formulating the solution from finite
element analysis as a flow network graph was carried out in four stages. As shown in Figure 4, in Stage
1, the flow network was constructed using the nodes and connectivity information from finite element
analysis. In Stage 2, the weight of the flow network was obtained using the parameter of interest (stresses,
in the current study, were also acquired from finite element analysis). In Stage 3, the flow network graph
was created. In Stage 4, the flow network graph was provided as input to the mathematical algorithm
that computes the minimum cut of the flow network graph. The details of the procedure involved in the
four stages mentioned above is described in the previous work of Patel et al. [40].

The flow network graph in the current study was developed using data obtained from finite
element simulation. The Abaqus/Standard solver was used for conducting static analysis. The choice
of Abaqus/Standard for performing these analyses is justified based on the algorithm that it employs
for static and low-speed dynamic events, where highly accurate stress solutions are required. Analysis
was executed in two steps. Gravity load (self-weight) is applied to the models in the initialization stage.
Pressure load was applied to the models in the second stage. The pressure load applied to the model
was obtained by multiplying the total load with the time increment of the finite element simulation.
Geometric nonlinearity was taken into account in the simulations.
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Figure 4. Flowchart depicting the steps involved in formulating a small part of rostrum as a network
flow problem.

4. Verification of Approach on Known Datasets

The customary method for verifying a new approach is to use a problem that is simple enough to
have an analytical solution and similar enough to the phenomena that are being simulated so that
a meaningful extrapolation to the actual problem is feasible. By doing so, numerical and analytical
solutions can be compared, and the fundamental shortcomings of the numerical approach used to solve
the problem can be identified. To verify the current research methodology, two simple problems were
chosen. The problem descriptions and methodology implementations follow in the subsections below.

4.1. Problem 1: Three-Point Bending of a Simply Supported Beam

The Abaqus/Standard solver [44] was used to carry out a computational-mechanics experiment
on a simply supported concrete beam. The length of the beam was 216 inches, the width was 36 inches,
and the thickness was 6 inches. A mass density of 8.67 × 10−11 slug/in3, Young’s modulus of 3 × 106 psi,
and Poisson’s ratio of 0.3 were used for the concrete material model [45,46]. The Abaqus mesh consisted
of 73,278 quadratic tetrahedral elements comprising 117,709 nodes. The schematic of the loading
condition on the simply supported concrete beam is displayed in Figure 5.
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The maximum principal stresses obtained from the computational-mechanics experiment are
plotted in Figure 6, which gives the overall stress distribution in the beam subjected to a concentrated
load of 100 MPa at the center. The simulation was carried out using the dynamic, explicit method
in Abaqus for a total time of 0.005 s. Geometric nonlinearity effects were included. The node and
connectivity information were extracted from the computational mechanics model to construct a
flow network. The network was weighted based on the Von Mises stress values from the Abaqus
output database file. The von Mises stresses are equivalent tensile stresses derived from the stress
deviator [47].
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Source and sink combinations were selected from high-stress areas. The result of the network
flow analysis is shown in Figure 7. The source in this case was chosen in the area where the load
was applied. The sink was selected in the area where maximum deformation occurs for this classical
problem (i.e., the midpoint of the beam parallel to where the source was selected). Figure 7 shows
the result of network flow analysis. The minimum cut identified by the mathematical algorithm is
represented by the blue line in Figure 7. The minimum cut denotes a set of edges in the flow network
that inhibit flow transmission or form transmission bottlenecks, i.e., flow network analysis highlights
the members of the beam where the failure mechanism initiates. For this problem, network analysis
shows the typical behavior of a beam subjected to a concentrated load at the center line. A failure
for this classical problem initiates with a crack at the bottom face sheet at the beams midspan and
continues to grow as the load increases. Hence, the proposed methodology for detecting the failure
mechanisms at the nascent stage of loading from the computational-mechanics experiment and flow
network approach was verified using a simple problem with a known solution.
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4.2. Problem 2: Four-Point Bending of a Simply Supported Beam

The dimensions and material of the model used for Problem 2 are identical to the concrete beam
used in Problem 1. For this problem, the concrete beam was a simply supported beam with two equal
forces applied equidistant from the supports, as shown in Figure 8 [45,46].
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Figure 8. Schematics of four-point bending of a simply supported concrete beam.

The maximum-flow/minimum-cut algorithm was executed in seven scenarios. The source node in
each scenario was chosen to be a vertex where the force is applied while the sink node in each scenario
was chosen to be a point in an area where a stress transition was visually identified. The sink nodes
were selected by looking at the maximum principal stresses, shown in Figure 9. Seven sink nodes were
selected. The mathematical algorithm was executed seven times using this source–sink combination.
The results were superimposed as the material is in the linear elastic regime.
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Figure 9. Maximum principal stresses for four-point bending of a simply supported concrete beam.

Figure 10 shows the superimposed result obtained by running the maximum-flow/minimum-cut
algorithm. The minimum cut clearly identified the shear patterns on the left and right corners,
and flexure patterns in the center are highlighted by the white lines in Figure 10. These shear and
flexure patterns govern the phenomena of the failure mechanism in this classical problem. The network
flow strategy identified these patterns at the onset of loading when the material was still in the linear
elastic regime.
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5. Computational Mechanics Experiments on the Rostrum

Computational mechanics experiments were carried out on the rostrum of the paddlefish.
Simulations were performed in the U.S. Army Engineer Research and Development Centers High
Performance Computing facilities located in Vicksburg, MS. The computational model was generated
from the tomography (CT scan) of the paddlefish rostrum. The grey tones of the scanned image of
the rostrum helped identify the three parts of the rostrum (tissue, hard cartilage, and soft cartilage).
Figure 11 shows the tissue component of the rostrum. The tissue is the outermost layer of the rostrum
that encompasses the hard cartilage, shown in Figure 11. The soft cartilage is located in the central
portion of the rostrum. The mesh assembly cross-section shows the location of the three components
of the rostrum in the actual model. The component parts of the rostrum were individually imported
into commercial software Abaqus. The parts were meshed using a combination of hexahedral and
tetrahedral elements. The model used in the current research comprises 119,712 hexahedral elements,
1,300,451 tetrahedral elements, 375,361 nodes, and 1,126,083 total degrees of freedom.
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lateral view of soft cartilage and oblique lateral sagittal section of mesh assembly on the right.

5.1. Material Properties

Nano-indentation experiments carried out on the rostrum revealed the material properties of
the components of the rostrum [48]. The three parts of the rostrum, as shown in Figure 11, have
considerably different material properties [49]. Taking this into consideration, a similar variation in
material properties was maintained when selecting the materials for finite element analysis. Table 1
shows the three commercially available materials selected to represent the rostrum components shown
in Figure 11.

Table 1. Commercial materials selected to model the rostrum.

Part Commercial Material Elastic Modulus

Tissue Vinyl ester epoxy 2.9 GPa
Hard cartilage Polyethylene fibers 66 GPa
Soft cartilage Polyethylene/epoxy(as isotropic) 49,762 MPa

5.2. Force and Displacement Boundary Conditions

A uniform pressure was applied on the top surface of the rostrum, displayed in purple shading in
Figure 12. A fixed-plate boundary condition was implemented on the rostrum by restraining the three
components of displacement. A uniform pressure of 50 MPa was applied in the loading direction,
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shown in Figure 12. Pressure was applied perpendicular to each element face on the top surface of the
rostrum, displayed in purple shading in Figure 12, thereby following the surface contour.
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Figure 12. Force and displacement boundary conditions implemented on the rostrum.

6. Results

Although computational-mechanics experiments provide the overall distribution of stresses in
the structural system, information about stress-flow patterns formed at nascent stages of loading
is missing. Identification of the stress-flow patterns in the linear elastic regime may lead to novel
insight into failure mechanisms through identification of the location of stress concentration areas
developed due to change in geometry and material properties. To obtain these stress patterns,
the rostrum is formulated as a network flow model by utilizing node and connectivity information
from the computational-mechanics model. The network is weighted based on the Von Mises stresses
obtained from the output database file produced from the computational-mechanics experiments on
the rostrum. The maximum-flow/minimum-cut algorithm described in Reference [39] was used to
identify the stress-flow patterns when the rostrum is subjected to a uniform pressure load. A seamless,
platform-independent interface was developed to formulate the rostrum as a network flow problem
and compute the maximum flow/minimum cut of the network.

Source and sink nodes were identified and provided as input to the maximum-flow/minimum-cut
algorithm. For the rostrum, these nodes were selected based on the displacement contours shown
in Figure 13. The source and sink nodes were identified at the edges and center of the maximum
displacement area on the top and bottom surfaces of the rostrum, represented by red coloring in
Figure 13. As verified earlier in Problem 2, the mathematical algorithm was executed three times using
the source/sink combination shown in Figure 13. The results were superimposed, as the material was
in the linear elastic regime. Reversing the selection of source and sink nodes on the top and bottom
surfaces does not change the result obtained using the maximum-flow/minimum-cut algorithm.
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Figure 13. Displacement contours of the rostrum subjected to uniform pressure loading with a fixed
plate boundary condition showing the location of source/sink. Cases 1 and 3 were chosen at the edges,
and Case 2 in the center of the maximum displacement contour. Dorsal view of rostrum.

6.1. Flow Network Analysis on Soft Cartilage of the Rostrum

Figure 14a shows the maximum principal stresses on the bottom surface of the soft-cartilage part
of the rostrum. Although stresses progressively increased in the early stages of loading, they were
evenly distributed across the entire bottom surface, thereby providing no insight into the phenomena
of the failure mechanism. In contrast, Figure 14b displays the output obtained by executing the
maximum-flow/minimum-cut algorithm using the source/sink combination, shown earlier in Figure 9,
and superimposing the results as validated in Problem 2. The minimum cut embodies a set of vertices
that inhibit the transmission of information, i.e., stresses in the current analysis. The minimum cut
on the bottom surface of the soft cartilage is along the edges where there is a change in material
properties. The failure initiates at this position owing to change in geometry and material properties.
The red regions at the tip and base of the bottom surface are also located at the areas where material
properties change. The maximum-flow/minimum-cut algorithm detected the failure sites at nascent
stages of loading.
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Figure 14. Soft cartilage of paddlefish rostrum. (a) Maximum principal stress obtained from finite
element analysis. (b) Minimum cut obtained from mathematical analysis on bottom surface of rostrum’s
soft cartilage. Nodes are colored by their respective locations on the source (red) or sink (blue) side of
the minimum cut.

Figure 15a shows the maximum principal stresses on the top surface of the soft-cartilage part of
the rostrum. As observed earlier in Figure 14a, finite element analysis shows stresses progressively
increasing as the external load increases, as expected. On the other hand, Figure 15b shows the
minimum cut obtained by running the maximum-flow/minimum-cut algorithm. The interface between
the red and blue nodes is the location of the failure site. The failure for the top surface of the rostrum
initiates along the edges where there is a change in the material properties. The red region at the base
of the top surface falls in areas where there is contact between components with varying material
properties. Hence, the flow network strategy successfully identified the local regions where failure
mechanisms were expected to initiate.
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Figure 15. Soft cartilage of paddlefish rostrum. (a) Maximum principal stress obtained from finite
element analysis. (b) Minimum cut obtained from mathematical analysis on top surface of rostrum’s
soft cartilage. Nodes are colored by their respective locations on the source (red) or sink (blue) side of
the minimum cut.

6.2. Flow Network Analysis on Hard Cartilage of Rostrum

Figure 16a shows the maximum principal stresses on the bottom surface of the hard-cartilage
part of the rostrum. Overall stresses progressively increased with the increase in external loading,
as expected. Figure 16b displays the minimum cut obtained from the maximum-flow/minimum-cut
algorithm. Nodes are colored by their respective locations on the source (red) or sink (blue) side
of the minimum cut. The failure sites are located in the interface between the red and blue nodes.
As seen in Figure 16b, these regions are located in the center part of the hard cartilage. Since the lattice
region of the hard cartilage is not a continuous pattern, failure does not travel though the lattice region.
The minimum cut picks up a region in the lattice where stress concentration is high and nodes are
prone to failure. The center part of Figure 16b clearly displays strain localization, which is a typical
mode of failure of a structural system under tensile loading. Hence, the research strategy implemented
in the current work successfully identified the failure mechanisms at the nascent stages of loading.
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Figure 16. Hard cartilage of paddlefish rostrum. (a) Maximum principal stress obtained from finite
element analysis. (b) Minimum cut obtained from mathematical analysis on bottom surface of rostrum’s
hard cartilage. Nodes are colored by their respective locations on the source (red) or sink (blue) side of
the minimum cut.

Figure 17a displays the maximum principal stresses on the top surface of the hard-cartilage
part of the rostrum. Although finite element analysis gives the overall distribution of stresses in the
structural system, the underlying details that govern the phenomena of failure mechanism are hard
to determine from the stresses. Figure 17b, on the contrary, shows the minimum cut obtained by
executing the maximum-flow/minimum-cut algorithm. The central part of Figure 17b clearly highlights
the crushing/buckling behavior that is typically seen in compressive failure. A major part of the
failure sites in this case were also located in the region where there was a change in geometry and
material properties, which is a typical region where failure initiates. Again, the current methodology
successfully identified the sites of failure at the nascent stages of loading.
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Figure 17. Hard cartilage of paddlefish rostrum. (a) Maximum principal stress obtained from finite
element analysis. (b) Minimum cut obtained from mathematical analysis on top surface of rostrum’s
hard cartilage. Nodes are colored by their respective locations on the source (red) or sink (blue) side of
the minimum cut.

6.3. Flow Network Analysis on Rostrum Tissue

Figure 18a shows the minimum cut obtained from flow network analysis on the bottom surface
of the rostrum using the source–sink combination shown Figure 9. As seen in Figure 18a, the flow
network captured the failure patterns at much earlier stages of loading that were not evident
in the computational-mechanics results shown in Figure 18b. At low pressure levels, the strain
localization patterns are captured on the tip of the central region of Figure 18a. As pressure increases,
the strain-localization patterns are formed all along the central region of the rostrum tissue. Trusslike
patterns are captured on the tissue part of the rostrum, as seen in Figure 18a. In contrast, the maximum
principal stresses seen in Figure 18b did not show evidence of such patterns. The strain localization
patterns captured through the flow network strategy are typically observed in a structural system
under tensile loading. At a pressure of 7.143 MPa, Figure 18a also does not show any failure sites at
the base of the tissue part of the rostrum indicative of it being stronger than the remaining part of the
rostrum. This is the region that is attached to the mouth of the paddlefish, and this particular structural
system is optimized for performance in this area. The flow network strategy captured this pattern at
nascent stages, when the material was still in the linearly elastic regime.

Figure 19a displays the minimum cut obtained by using the flow network approach on the top
surface of the rostrum. As seen in Figure 19a, at lower stresses the minimum cut is clearly formed in
the right and left side of the rostrum. This is the region where the material properties of this component
of the rostrum drastically change. As pressure increases, patterns are formed in the center and base
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region. As pressure increases in Figure 19a, there is also an absence of failure sites at the left and right
corners of the base region of the rostrum. This behavior is similar to the one observed on the top
surface of the rostrum. This is indicative of the identification of the stronger part of the rostrum at the
nascent stage of loading.Math. Comput. Appl. 2019, 24, x FOR PEER REVIEW 17 of 21 
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7. Conclusions

This work successfully used the maximum-flow/minimum-cut algorithm for early detection
of failure mechanisms in the paddlefish rostrum under uniform pressure loading and a fixed plate
boundary condition. The transdisciplinary approach proposed in the current study was verified using
two classical problems before implementing it on the complex biostructure.

The flow network approach was able to identify failure for the problem involving the three-point
bending of a simply supported concrete beam. The proposed approach was able to identify the shear
and flexure patterns for four-point bending of a simply supported concrete beam. The shear and flexure
patterns identified by the flow network approach govern the phenomena of the failure mechanism in
this classical problem. Failure patterns were identified at the onset of loading when the material was
still in the linear elastic regime.

When applied to a complex biostructure, the flow network strategy was able to identify the strain
localization in the tensile region, and the crushing behavior in the compressive region of the rostrum.
Additionally, the flow network approach was able to identify the failure sites at locations where the
material properties as well as the geometry of the component parts of the rostrum change, i.e., at the
interface regions. The interface regions are typically where the failure initiates. This information can
be used to efficiently design smart structural systems. The guidance regarding the selection of the
source and sink nodes was obtained from the stress and deformation contours obtained from the
computational mechanics experiments.

8. Comments on the Transdisciplinary Approach

This work successfully identified the stress-flow patterns in a complex biostructure through
efficient use of flow network strategy. The approach used in the current work reduces the computational
time, and cost since it is not required to run finite element analysis to failure. Stress patterns were
identified when the material was in the linearly elastic regime. This approach laid the foundation of an
efficient design–test–build cycle for the rapid prototyping of bioinspired structures. The flow network
approach reduces the size of the problem since we concentrate on the parameter of interest, i.e., stress
in the current study.
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