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W N e

Abstract: High-performance megapixel focal plane arrays with small pixels have been widely used
in modern optical remote sensing, astronomical, and surveillance instruments. In the prediction
models applied in the traditional instrument performance analysis, the image of a point source is
assumed to fall on the center of a detector pixel. A geometrical image of a point source in the realistic
optical system may actually fall on any position on the detector pixel because the sensor’s line of
sight includes pointing errors and jitter. This traditional assumption may lead to an optimistic error,
estimated at between 10% and 20%. We present the critical factors that impact the performance
estimate in a realistic instrument design based on the prediction for the noise-equivalent power (NEP).
They are the optical centroid efficiency (OCE) and the ensquared energy, or more precisely, the energy
on the rectangular detector pixel (EOD). We performed the simulation studies for imaging with an
optical system with and without a generalized rectangular central obscuration.

Keywords: optical system performance; image quality; figure of merit; radiometry; optical centroid
efficiency, OCE; ensquared energy; energy on detector, OED; sensors; optomechatronics; optical devices

1. Discrete Pixels

The advances in IR sensor technology are arising to a large degree due to the im-
provements in focal plane array (FPA) technologies. These include an increase in FPA
size, reduced detector pixel dimensions, low dark current, low readout noise, and high
responsivity. A larger FPA covers a wider footprint in the object space, while a smaller
pixel may lead to a reduction in the object-space footprint. For example, the Teledyne
H2RG FPA, integrated into the James Webb Space Telescope (JWST), features a 2048 by
2048-pixel array with an 18 um pixel pitch (distance between pixel centers) [1]. Raytheon
produced a 2048 x 2048 detector array with a 20 um-pixel pitch for the UK Visible and
Infrared Survey Telescope for Astronomy (VISTA) [2]. The analysis presented here applies
to the instruments operating from the UV to the microwaves. The sensor figures of merit
were originally developed consistently using radiometric concepts for the IR part of the
electromagnetic spectrum, so we rely and build our theory on those.

Modern instrument design procedures continue to rely on parameters such as en-
closed energy and the noise-equivalent power (NEP) for their performance assessment
and prediction. In Figure 1, we illustrate how the previously important quantity encircled
energy increases as a function of the radius of the enclosing circle. We can also read the
approximate amount of energy that would be incident, or enclosed, within a (circular) pixel
equal to the radial distance r.
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Figure 1. The normalized integrated, encircled energy as a function of radius r of the enclosing
circle for an ideal, diffraction-limited optical system with a circular aperture. The obscuration ratio
e is a parameter (ratio of radii), varying from 0 (no obscuration) to 0.8 in increments of 0.2. The
degree of compactness of the central spot may be recognized from the average slope of these curves
for radial values less than 1. About 84% of the energy is enclosed within the first dark ring of a
diffraction-limited optical system without the central obscuration. All the curves also flatten to zero
slope for radial distances that correspond to the zero-rings, due to the absence of radiation there.

In Section 2, we introduce the concept of the energy on detector (EOD) to consider a
rectangular pixelated image plane. We also account for the fact that the EOD is diminished
when the pixel axis and optical system axis do not coincide, the real situation in most
instruments. This leads us to introduce the optical centroiding efficiency (OCE). In Section 3,
we develop a theoretical model to represent the imaging of a point source onto an arbitrary
point on a detector pixel, to evaluate the NEP more realistically. We describe the relationship
of the point spread function, psf, to both the EOD and the OCE. In the following section, the
imaging theory is developed for the case when the optical system and the detector pixel
are misaligned. In Section 4, the simulation methodology is described in detail. Next, we
analyze the performance of an optical system with and without central obscuration. Finally
in Section 6, we discuss the significance of using the OCE to predict the future performance
of an instrument during its conceptual design stage. The conclusions are summarized in
Section 7.

2. Energy Interception by Discrete Pixels
2.1. Energy on Detector (EOD)

The concept of the EOD became important when rectangular pixels were introduced,
their dimensions became ever smaller, and their dimensions started to define the instrument
resolution. Figure 2a presents the image that the optical system with a circular aperture
delivers onto the focal plane, where an array of sensing elements detect the incident
radiation. The inset shows the corresponding grayscale intensity, assuming low exposure.
The first bright ring is barely visible. Theoretically, there is zero intensity in the first
minimum, measured from the central peak.

This zero defines the first dark ring, or the radius of the resolution spot, according to
the Rayleigh criterion, as illustrated in Figure 2b. In the 1980s, during the early periods of
the design of the Mars orbiter, we required four pixels per resolution distance of the optical
system to ensure the shape recognition of 1 m rocks or holes. Due to the 1 m diameter
rover wheels, 1 m diameter holes were considered most detrimental, because the vehicle
could become stuck inside. A hole would, then, bring its exploration to an end [3-5]. The
orbiter was tasked to find a suitable lander landing site in the middle of an initial Mars
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Rover exploration area. At that time, we were optimistically designing an autonomous
rover with optical navigation system for autonomous navigation on its surface.

(b)

Figure 2. (a) Image by an optical system of a point object at infinity, with the central spot often

referred to as the Airy disc; (b) Rayleigh resolution distance is equal to the Airy disc radius.

Figure 3 illustrates schematically how the pixel dimension relative to the size of the
Airy disc affects the amount of energy that is incident on the detector pixel. The radius of
the Airy disc is dependent on the optical system, 4 = 1.22 AF/#. The wavelength is denoted
by A, and the instrument is characterized by its ratio f/D = FA#. D is the aperture diameter,
f is the focal distance, and F/# (sometimes also f/#) is the f-number. The pixel size is
equal to the Airy disc diameter in the third illustration from the left. The two pixels on its
left are larger by 20% and 40% than the diameter of the Airy disc. Both also include two
point-sources positioned at the Rayleigh resolution limit. In this case, the pixel dimension
acts to define the instrument resolution. The pixel on the furthest right would resolve the
two point-sources at the Rayleigh’s resolution limit, but only if it were correctly centered.

Figure 3. A schematic illustration of how the pixel dimension relative to the size of the Airy disc
affects the amount of energy that is incident on and absorbed by the detector pixel.

We first modified the concept of energy enclosed within a circle, due to the existence
of rectangular pixels. We then introduced a modified term due to the random position of
the image centroid on the pixel. The EOD is a multiplicative correction factor that was
invoked in the system design to account for the spread of an image of a point source over
several detector pixels. The EOD may be formally defined as the fraction of energy incident
on the signal-carrying detector pixel over the total energy within the image. This definition
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implicitly assumes that the centroid of the image of the point source is located at the pixel
center. The pixel area is 4d.d, for the pixel dimensions of 2dy by 2d,,.

S f psf(x,y)dx dy
Jo0 [ psf(x, y)dx dy

Here, psf(x,y) is the point spread function of the optical system. In theory, it is unitless,
but in practice, it is measured in units of [watts/ cm?] or [#photons/ (cm? s)] [6-8]. We
note that the (degree of) coherence of the object point source is not of interest. The source
coherence may only change the form of the psf(x,y) function to some degree, but not the
theoretical development presented here. For the image centered at the origin (0,0), the
psf(x,y) attains the maximum value at x = y = 0 in this EOD formulation. The denominator
is the total energy in the image of a point source. In practice, the total energy only includes
the summation of energy incident on the few neighboring pixels.

In Figure 4, we see two images of point sources at infinity incident on the pixel
distribution in the focal plane. In part (b), we see a pixel that is nearly centered on the
optical axis, while in part (b), we show the displacement of the optical axis to the pixel
corner. The image that is of approximately of the same size as the pixel (upper right, darker
pinkish color) does not necessarily fall on a single pixel. The image centroid may be located
anywhere on the specific pixel with equal probability. Even a significant fraction of its
image, or energy, may be incident on the neighboring pixels.

EOD (dy,dy) = [unitless] (1)

Figure 4. (a) The image of a point source is in general not aligned with a pixel center. (b) When in the

(a)

extreme, limiting case, the image falls on the corner of four pixels, the detected signal in upper right
pixel is equal to the noise in three neighboring pixels. In fact, there is no image detected against the
noise, or possibly a broadly blurred image.

The pixel size is the most important parameter that determines the amount of the
energy on detector, followed by the aperture configuration, and the aberrations that include
any manufacturing and assembly errors. We consider a general aperture, incorporating
an ideal circular aperture of diameter D with a rectangular obscuration, 0.27 D x 0.46 D,
where D is the diameter of the entrance pupil. Figure 5a presents the aperture geometry,
while part (b) shows the diffraction pattern in the image plane. The rectangular obscuration
results in an asymmetrical psf. Such an obscuration has the effect of moving the energy out
in an asymmetric fashion. The primary consequence of having an optical system with an
obscured aperture is a decreased EOD.

The energy EOD, and, by derivation, the NEP and other figures of merit, were tradi-
tionally calculated under the assumption that the image of a point source on the optical axis,
or the image centroid, is located exactly at the center of a detector pixel. This assumption
would imply that the center of the central pixel of a large FPA is aligned within nanometers
with the instrument optical axis. In the true and realistic operational environments, there
exists too much image jitter for this assumption to be valid.
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Figure 5. (a) Transmission profile of a circular pupil featuring a general rectangular central obscu-

ration. Gray indicates zero-transmission. The size of the obscuration rectangle is 0.27 D x 0.46 D,
where D is the diameter of the entrance pupil. (b) Point spread function, psf, of the circular pupil with
the internal central obscuration shown in part (a). Different profiles are obtained along the x- and
y-dimensions because the rectangular obscuration is asymmetrical.

2.2. Optical Centroiding Efficiency (OCE)

The image of a point source is, in general, not aligned with a pixel center. In an extreme
case, the image may fall on the corner of four pixels, as in Figure 4b. The energy in the
signal-carrying upper-right pixel is equal to the noise in three neighboring pixels. In fact,
there is no image detected against the noise.

The probability of finding the image centroid in the pixel center (that itself is located
on the optical axis) is negligibly small. In the first approximation, we may reasonably
assume that the position of the image centroid is uniformly distributed over the pixel area,
defined as the product of the pitch along the two perpendicular directions. A correction
analysis, hopefully leading to a single correction factor, is needed to formulate realistic
design concepts applicable to the actual operational conditions. This is precisely what we
endeavor to achieve here.

For a modern space/ground remote sensing instrument or a telescope with a large
FPA, it is practically impossible to image a remote point source at the very center of a
detector pixel, due to the image jitter and randomness in the line of sight. Toward a more
realistic instrument modeling, we introduced a parameter, related to the EOD, that we call
the optical centroiding efficiency (OCE). This statistical quantity tells us how much the
EOD changes on average when the image centroid is displaced to a position on the pixel at
(£Ady, £Ady) where these two quantities lie between 0 and dy, dy, respectively.

3. Imaging Theory When Optical and Detector Axes Are Arbitrarily Displaced
3.1. Image Radiometry of a Point Source

The power collected from a distant point source by the aperture of the optical sys-
tem in the image (the focal) plane, Ep, is most easily obtained from the power transfer
equation [9,10]. This formulation considers a continuous detection process, such as the film
used in the past, prior to the introduction of the digital sensors.

Ep = ®pAsT [W] ()

Here, ®@p is the irradiance at the instrument aperture [watts/ cm?] or [#photons/ (cm? s)].
A is the sensor/instrument aperture area [cm?]; T is the instrument optical transmission
factor, including any aperture obscuration or obstruction.

When the image of a point object in the object space is spread over several neighboring
detector pixels in the image space, only the central pixel contributes to the image formation.
The radiation that falls on the neighboring pixels represents the energy lost to the image-
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Eq(dx,dy) = max[t@pAs EOD (dy,dy)] = max | T@pAs

forming pixel, while it is added as the optical noise to the neighboring pixels [11]. This
formulation includes the consideration that the pixels have a rectangular shape.

Next, we consider the absorption of the energy by a signal-carrying pixel. We may
write ®p in Equation (2) as a product of relative power ¢p and the EOD, introduced in
Equation (1).

Op(dy,dy) = EOD(dy,d 3
P(xy) (x y)q) q)Pf_ f psfxy)dxdyoo ()
Using this expression, Equation (2) becomes
I psf(x y)dx dy
Ep(dy,dy) = TopAs EOD(dy,dy) = T@pAs s 4)

T . psf (x, y)dx dyeo

This power, referred colloquially to as energy, has traditionally been referred to as

“encircled”, when the integration limit is the radial distance from the origin, or “enclosed”

energy [12-21]. The maximum energy on a rectangular pixel, or the EOD, is obtained when
the image centroid coincides with the center of the detector pixel. We denote this energy as
the energy-on-detector pixel E4(dx, dy).

fd” I psf(x,y)dx dy
f_oo f_oo psf(x,y)dx dy

An optical system afflicted with coma is an obvious case of an instrument in which the
image centroid is displaced from its geometric image. In systems without coma, however,
the image centroid and the center of the geometric image coincide.

The modern astronomical, space, or ground remote sensing instruments and tele-
scopes, equipped with a large FPA, feature the state-of-the-art line-of-sight and pointing-
control systems. Nevertheless, in a realistic environment with many sources of random
motion, the image of a point source does not necessarily come to focus on the center of a
desired detector pixel. This model was reasonable in the past, prior to pixelated detection
schemes. The practitioners accept, to some degree, the unavoidable randomness in the
pixel position [22-24].

The possibility of the displacement of the optical axis to an off axis point on the pixel
may be described as a probability. We call this probability the optical centroiding efficiency,
the OCE. We insert it as a correction factor into Equation (5) next to the EOD to obtain an
accurate estimate of the radiative power transfer from a point source onto a detector pixel
in a modern focal plane architecture.

©)

Eg(dx, dy; Adx, Ady) = T®pAg [EOD (dx, dy)] [OCE (Adx, Ady)]  [W] ©6)

The need for such a correction factor has occasionally been accepted implicitly in earlier
publications, employing a somewhat different terminology. We ascribe this unintentional
historical oversight to the difficulty associated with its estimate for conditions of random
environmental disturbances. The product EOD x OCE must be included in important
radiometric concepts, such as the NEP and the figures of merit derived from it.

A realistic formula for the NEP of the point-source imaging sensor may then be
reformulated, recalling its definition [25].

1

NEP = [EOD(d,,d,)][OCE (Ady, Ady)] %

[C/W] ()

Here, o is the detector noise in [counts] and R is the sensor responsivity in [counts/W]
or [counts/ (#photon s)]; C denotes counts.
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3.2. Instrument Characteristic Function

The instrument characteristic function, or a point response function, prf, of a linear
system is the convolution of the individual point response functions of the constituent
subsystems [6]. The prf(x,y) of an optical instrument is the 2-D convolution of the psf(x,y),
the point spread function of the optical system (the imaging system of the camera or the
telescope), with the detector response function drf(x,y).

prf(x,y) = psf(x,y)  +drf(x,y) ®)

The computer-assisted design, analysis, and optimization of optical systems has
progressed to such an advanced degree that that psf(x,y) may be considered known. The
magnitude of its Fourier transform, the modulation transfer function, is employed as one
of the basic figures of merit for its performance evaluation. For the rectangular pixel, the
detector (considered spatial here) response function, drf(x,y), has the usual form,

{—dx<x<dx

1
drf(x,y) = —dy <y <dy . [cmz} )
0 elsewhere

We may also consider drf(x,y) as the pixel aperture function. We use 2d, by 2d, as
pixel dimensions. This function is sometimes denoted as rect(x,y). It has the property that
its one-dimensional Fourier transform is a sinc(x) = sinx/x. The pixel center is, in general,
not aligned with the axis of the optical system; the pixel center is displaced randomly, in
direction and magnitude, from the optical axis of the image-forming system. The image
centroid falls on point (Ady, Ad,). We consider that the coordinates of the detector-pixel
center define the origin of the coordinate system, because the detector-pixel geometry
introduces a fixed reference in the image detection and readout.

Using Equation (8) and displaced psf(x—Ady, y—Ad,), we obtain the instrument point
response function, prf, or the instrument function,

prf(x,y; Ady, Ady) = psf(x — Ady,y — Ady) * srect i, Y (10)
2d,’ 2d,

As a reference, the psf(x,y) of a perfect optical system with a circular aperture is a
Bessel function, presented in Figure 2a. Using the definition of convolution, we find

prf(x,y; Ady, Ady) = /Oo /Oo psf(s — Ady, t — Ady)rect X S, y—t dsdt. (11)
- 2d, ' 2d,

We could limit the spatial extend of the PSF (the Fourier Transform of psf) to 10-pixel
sizes, meaning that the integration limits are equal to +/—10dy, +/ —10dy (see also Figure 1).

10d,

prf (x,y; Ady, Ady) :/

10d,
—10d, ./ —10dy

_ _ x—sy-—t
psf (s — Ady, t Ady)rect< 2, ' 24, >dsdt (12)

The rect-function of the pixel dimensions just defines the integration limits to
smaller values.

d dy
prf(x,y; Ady, Ady) = /: /d psf(v—x—Ady,w—y — Ady)dvdw (13)
)y

The instrument function is, then, the psf, displaced by the optical axis displacement,
integrated for each value of (v,w), over the area of overlap of the psf function and the pixel
extent. Its maximum value, for a given psf(x,y) of the optical system and the detector sides,
is found when their coordinate axes coincide, that is, when Ady, Ad, are zero.
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The peak value of the prf(x,y), the instrument response function, is the EOD of the
point source, found when Ady, Ady are zero. Thus, recalling Equation (1) for the energy
on detector, the EOD, we modify Equation (8), resulting in the normalized prf,,(x,y). We
denote the pixel area, 4d,d,, with A.

psf(x,y) * #drf(x,y) (14)
Ag [T [ psf (x,y)dx dy

The EOD,(x,y) is the ensquared energy, that is, the energy enclosed within a pixel of
dimensions 2d, by 2d, when the image centroid is not coincident with the pixel center. In
this equation (Ady, Ad,) are the coordinates of the image centroid. Inserting the decentering
in Equation (1), we have

prin(x,y) =

I, psf (x = Ay, y — Ady)dx dy
S [ psf (x,y)dx dy

This is the energy on the detector pixel that is misaligned by (Adx,Ady) with respect to
the optical axis. The OCE is, then, a single number that is defined as the ratio of the energy-
on-detector pixel that is misaligned by (Adx,Ady) with respect to the optical axis, averaged
over all possible misalignments, to the ensquared energy on the aligned detector pixel.

We treat the numerator of Equation (15) statistically, because of the lack of knowledge.
By averaging over all possible displacements of the optical axis from the pixel center, we
find the most likely value for the OCE(dx,d,).

EODy (dx, dy; Adx, Ady) =

[unitless] (15)

() S%, S5, EODa(dr,dy; Ady, Ady)d(Ady)d (M)

OCE (dx,dy) = EOD (dy, dy)

[unitless] (16)

The EOD,(dy,dy;Ady,Ady) is given in Equation (15) and the EOD(dy,d,) in Equation (1).
The OCE(dy,dy) is a statistical variable that depends only on the relationship between
the pixel dimensions and the point spread function through EOD,(dx,d,;Adx,Ady,) and
EOD(dy,dy).

The OCE(dy,dy) is, therefore, defined as the normalized EOD(dy,d,) average over a
detector area, given the equal probability that the image centroid falls anywhere on the
detector pixel. It may be computed when we know the psf(x,y) of the optical system and
the detector pixel size, 2d, and 2d,. We are interested in the product of the OCE and the
EOD because it enters the figures of merit of radiometric systems, as in Equation (7).

4. Modeling and Methods

Both the EOD and OCE depend on the point spread function psf(x,y) of the optical
system. The psf(x,y) may be interpreted as the irradiance distribution of the image of a
distant point source, normalized to 1 at the origin. In an imaging optical system, it may be
found according to the wave diffraction theory of aberrations [26].

2
P éz ’7 77r1(x§+y17 D/ARdgdU (17)

psf(x,y) R)? /0o

8\8

Here, ) is the wavelength of the radiation emitted by the point source and i is (—1)!/2.
D denotes the aperture diameter. Both ¢ and # coordinates are assumed to have non-zero
values in the image plane within the range [(—dx,+dx), (—dy,+dy)]. According to the formal
analysis, the limits of integration range from minus infinity to plus infinity while the image
is formed in the far field. R is the image distance. Furthermore, by the definition of the
f-number, FA#, (AR/D) = AF/#, the dimensions in the image plane may be normalized by the
system (AF/#)-product.
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The pupil function P(¢,#) describes the pupil transmission characteristics. It is zero
outside of the projected aperture and at the obstruction. Inside, it may be expressed as a
wavefront aberration function W(x,n) [27,28].

P(C:r 77) = A((:, 1,])627'(1'W(§,17)//\ (18)

Here, A(C,n7) and W(¢,n7) are the amplitude and the phase of the wavefront aberration
function, respectively. For a perfect optical system with circular aperture and no aberration,
the diffraction generates an image as a Bessel function of the first order. Its square, or
normalized irradiance, is also known as the Airy function (see Figure 2a).

We used a simple and straightforward approach to compute both the EOD(dy,d,) and
the OCE(dy,dy), presented schematically in Figure 6. We set up a lens in CodeV and calculated
psflx,y) directly. We then exported psf(x,y) to MatLab, where the EOD was verified one more
time to ensure the consistency of numerical and ray-trace results. The OCE was obtained with
MatLab, employing the formulas here derived. We modeled the detector pixel as a square
with a dimension of 2d. For the sake of due diligence, part of our work was also numerically
evaluated (using Equations in Figure 6) with Mathcad. Both approaches agreed.

Its psf(x,y) is calculated.

l l

J.d'“ _[: psf(x,y)dx dy

7d}

LA lens is set up in Code V. J

jdjdd psf (x—s,y~1)dsdt

—d,

EOD,(x,y)= .
J: I:psf(x,y)dxdy J‘_J_wpsf(s,t)dsdt

l l

1 1 (4, (4
= — 1\ | " EOD,(x,y)dxd
EOD(d_,d,) 4, J -4, I, BoD, ey dvay

EOD(d,.d,)=

Figure 6. Block diagram to determine the EOD and OCE, using CodeV or some other lens design
program to calculate the optical system psf(x,y).

Next, we describe a study as an illustration of the process, related to the pixel dimen-
sions. We discuss the determination of the OCE for an optical system with and without
a generalized rectangular obscuration. The difficulties and the repetition inherent to a
statistical analysis indicate why the concepts of energy on detector and optical centroid-
ing efficiency have not been implemented previously. The implementation through the
numerical evaluations are quite time consuming.

5. Effects of Pixel Size and Central Obscuration

We start this analysis with the detector size effects for an ideal optical system with
and without a central obscuration. We examine the cases of a circular aperture with and
without a rectangular central obscuration.

5.1. Aperture Configuration: No Central Obscuration

We analyzed two aperture types: an ideal circular aperture of diameter D and an
ideal circular aperture with a rectangular central obscuration. The obscuration size was
0.27 D x 0.46 D, where D is the diameter of the entrance pupil (see Figure 5a).

We first analyzed the case of unobstructed aperture. We present its OCE as a function
of detector size from 1.67 AF/# to 15 AF/# in Figure 7. We recall that the radius of the Airy
disc was 1.22 AFA#. Thus, we started with the pixel size that did not quite enclose the
central peak of the psf(x,y) or the Airy disc, even when the image of the point source fell on
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the center of the pixel. For the larger detector sizes, the radius of the image of the central
disc was increasingly smaller than the pixel dimensions. This figure shows that the OCE
increased with the pixel size.
1
<
0.95

0.9

OCE 0.85
0.8

0.75
0?
0 2 4 6 8 10 12 14 16

2d [Af/#]

Figure 7. Optical centroid efficiency vs. detector pixel size in units of [AF/#] for a perfect optical

system with a circular aperture, without a central obscuration.

From the block diagram presented on Figure 6, we noted that the construction of
the OCE requires that the EOD(dy,dy) and EODg(dy,dy) be first determined. Therefore,
we first calculated the prf(x,y). Figure 8 presents the instrument point response func-
tion, prf(x,y), vs. pixel number for two orthogonal directions and two different pixel sizes,
2d = 3.33 AF/#in (a), and 2d = 13.33 AF/# in (b).

L 1

0.0 + 2d=3.33Af/# — col 0ol 2d=13.33?1f/#( w — col
0.8 | EOD=0.889 — row 0.8 | EOD=0.967 o
0.7 1 0771
0.61 0.61
prf 0.5 1 prf 05+
0.4 1 0.471
0.3 034
0.2 021
0.11 0.1%
0 + 7 ¢ ¢ ¢ ¥ ' 0 + . +
-2 -15 -1 -05 0 05 1 15 2 -2 -15 -1 -05 0 05 1 15 2
[pixel #] x/y [pixel #] x/y

(a) (b)

Figure 8. Two prf-s vs. pixel number shown for two orthogonal directions, x and y (in the inset
denoted as red, rows, and blue, columns): (a) 2d = 3.33 AF/# and (b) 2d = 13.33 AF/#. Pixel coordinates
along both dimensions are, in both cases, normalized to the pixel size. The general features of the
curves for the small (left) and large (right) pixel sizes are quite similar, except that the peak for
the smaller pixel (3.33 AF/#) is decreased by about 4% with respect to the peak of the large pixel.
Additionally, the top of the profile for the smaller pixel size (left) is more rounded and narrower than
that of the large pixel (right).

We next analyze a small detector pixel with a dimension of 3.33 AF/# to present our
methodology and to illustrate the salient steps.

5.1.1. Case 1: Small Pixel, No Central Obscuration

When the detector size was small, 3.33 AF#, the pixel comfortably enclosed the
complete image of the point source. The diameter of the Airy disc (2.44 AF/#) was equal to
about 2/3 of the pixel side. The convolution of the detector area with the Airy function
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started to produce ripples on both sides of the maximum of the prf-profile. More energy
was distributed outside of the reference detector pixel, resulting in a reduced OCE. We
present this case in Figure 8a, exhibiting the prf(x,y) cross-section as a function of pixel
number for a 3.33 AF/#-pixel size. Rows and columns are superimposed because the optical
system is rotationally symmetric.

We note that the peak portion looks like a flat top with rounded edges, with a peak
value (that is, EOD) of 0.889. The curve is broadened at the base. The OCE for this case
was calculated by convolution and averaging to be 0.855. The values (3.33 AF/#, 0.855) are
entered as a single point in Figure 7. By neglecting the effects of the OCE, we overestimated
the instrument performance. The product of EOD by OCE was 0.760.

Next, we analyze the case of the detector pixel with dimension of 13.33 AF/# to illustrate
the effect of the pixel size.

5.1.2. Case 2: Large Pixel, No Central Obscuration

Figure 8b presents a prf(x,y) vs. pixel number for two orthogonal directions, x (red,
row) and y (blue, column) for 13.33 AF/# pixel size. The curves along the horizontal and
vertical direction overlap because we analyzed a rotationally symmetric circular aperture
and an ideal, diffraction-limited system. The detector physical extent ranges from —0.5
to +0.5 along the x- and y-axis. The pixel size of 13.33 AF/# is approximately 5 times the
diameter of the Airy disc; thus, the image of a point source is contained completely inside
this pixel. The pixel-side dimension on the abscissa is normalized to 1.0 (in units of AF/#).
The peak of the curve is centered at the origin because the square pixel intercepted the
highest amount of radiation when the image was centered at the origin. Furthermore,
because the pixel size is so much larger than the Airy disc diameter, the peak is nearly flat.
This means that the image may be appreciably decentered over the pixel surface, nearly to
the edge, before the prf changes.

The peak value of prf is the EOD. From Figure 8b, we read that EOD(dx,dy) was 0.967
for the 13.33 AF/#-pixel size. The psf of the optical system was convolved with the detector
pixel response function (drf) to find EODy(dy,d,). Next, the OCE value was calculated by
integrating the prf(x,y) over the detector area (—0.5 < x < 0.5, —0.5 < y < 0.5). We calculated
a value of 0.926 for this OCE. The product of the EOD by OCE (0.967 x 0.926) was 0.895.

The size of the Airy disc, or more precisely, the diameter of the first dark ring, was
2.44 AF/#. For a relatively large detector size of 13.33 AF/#, the resulting prf(x,y) presented
a rather flat response similar to a hat, except for the slightly rounded corners, as seen in
Figure 8b. These values (13.33 AF/#, 0.926) are entered as a single point in Figure 7. By
neglecting the effects of the OCE, we overestimated the instrument performance.

In addition to the pixel size, the pupil geometry also plays an important role in the
amount of radiation collected at the image pixel for a point object at infinity.

5.2. Aperture Configuration: Circular, Incorporating Rectangular Central Obscuration

The optical system features a rectangular central obscuration of Figure 5a. The ob-
scuration size was 0.27 D x 0.46 D, where D is the diameter of the entrance pupil. The
rectangular central obscuration breaks the circular symmetry, resulting in an increased rela-
tive intensity level in the first ring and decreased diameter of the Airy disc [27]. Figure 5b
presents the point spread function, psf(x,y), as a function of pixel number, in units of [AF/#],
for two orthogonal directions, x (rows, red) and y (columns, blue).

Case 3: Small Pixel, Round Aperture with a Central Rectangular Obscuration

The pupil geometry-driven diffraction patterns incident on the pixel resulted in a rise
in additional features in the shape of the OCE and the EOD curves. This may be observed in
the OCE vs. detector size curves generated for the special case of an optical system with the
central obscuration, exhibited in Figure 9. We modeled the case where the diameter of the
first zero—zero ring was equal to 2 pixels (in units of AF/#). We observed a small negative
spike in the small pixel-size regime, at about 3.4 AF/#. Afterwards, the curve resumed a
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trend, like that presented in Figure 7. With nearly 60 percent obstruction by area, this curve
was expected to behave similarly to the lowest one in Figure 1. However, the rectangular
pixel and rectangular obstruction were somewhat in resonance to produce a pronounced
peak, followed by an unexpected dip in the small pixel-size regime.

Lr

0.95
0.9

OCE 0.85
0.8

0.75

0 2 4 6 8 10

2d [Af/4#]

12 14 16

Figure 9. The OCE as a function of pixel size in [AF/#] for an optical system with a central rectangular
obscuration (see Figure 5a). We observed a sharp increase in the OCE value toward the first peak to
about 0.93 at about 2.05 pixels (Point B), followed by a sharp dip to about 0.82 (Point E) at about 4
pixels. Only from this, the lowest point on the curve, its shape starts to increase in a monotonical
fashion.

We investigated further the first six data points in the unusual spike region where the
detector size ranged from 1.67 AF/# to 4.23 AF/#. We followed the same analysis steps as we
did in Cases 1 and 2. We plotted the corresponding prf(x,y) cross-section graphs for the six
key points indicated in Figure 9 as parts (a) through (f) in Figure 10.

L 1 1
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(d) Point D (e) Point E (f) Point F

Figure 10. Cross-sections of the prf as a function of two orthogonal directions, x and y, or rows and
columns, for the points labeled in Figure 9. We modeled the case where the diameter of the first zero
in the ideal diffraction pattern was equal to 2 pixels (in AF/# units) with the rectangular obscuration
of Figure 4a. We observed that the EOD value increased with increasing detector pixel size. EOD
is the value of the prf at the pixel center. Concurrently, the shape of the prf(x,y) became modified
with increasing detector size from that with explicit support at the base to that with a thin base and
without features there.
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The pixel size was equal to the diameter of the Airy disc just before Point C. When the
pixel size was smaller than the disk diameter, the increase in the pixel size resulted in an
increased energy on detector. Moving the beam center around the detector surface area
did not affect the amount of collected energy, because the Airy function is relatively flat
at the central part. Therefore, the overestimation in the collected energy for this region is
quite significant.

Case 4, presenting a large pixel and circular aperture with central rectangular obscura-
tion, does not warrant a separate analysis. The OCE on Figure 9 for large pixel sizes has a
similar trend as that in Figure 7.

6. Discussion

Even when a sensor is equipped with a high-quality line-of-sight control, the centroid
of the image of a point source falls somewhere between the center and the edge of a detector
pixel for most realistic cases. This results in a decreased signal-carrying energy on detector.

6.1. Signal-Carrying Energy on Detector

We demonstrated that each point on the prf curve is the value of the energy on detector
at that point when the image centroid of a point source comes into focus at that point. If we
simply applied the calculated value of the EOD (of 0.967) to characterize the performance
of the FPA with a detector pitch of, for instance, 13.33 AF/#, this would imply that the
centroid of each point source is always imaged at the pixel center. This assumption would
generate an overly optimistic performance prediction for this FPA sensor because some
energy is spilled on the neighboring pixels when the image of a point source is imaged at
another position on the detector pixel. The more the image centroid is displaced from the
pixel center, the more energy is spilled on the neighboring pixels and, correspondingly, less
energy is contributed to the image formation.

Thus, a properly determined energy on detector used in the development of the detector
and system figures of merit would have the peak EOD value modified by the factor of OCE
which accounts for all possible misalignments between the optical system axis and the pixel
axis. Including the calculated OCE of 0.926, the product of EOD by OCE is 0.895. This is a more
realistic figure of merit of the sensor performance. By neglecting the effects misalignment, and
therefore those of the OCE, we overestimate the instrument performance by about 10% in the
optical system with a circular aperture without a central obscuration.

In summary, comparing both sides of Figure 8, we may form the first significant
conclusion for a diffraction-limited case with no central obscuration. As the detector pixel
size increases relative to the image size, the EOD increases together with the associated
OCE. By considering that the image of a point source falls on the pixel center, at least 10%
energy is overestimated in performance measures.

6.2. Small, Medium, and Large Pixels to Collect Signal-Carrying Energy

We performed an illustrative study of the OCE vs. detector pixel size for a circular
aperture with and without the rectangular central obscuration, displayed in Figure 11. We
treated three regions of interest separately.

We first consider the case without the central obscuration. When the pixel size (2d) is
smaller than the psf diameter, used in applications of shape recognition and object height
contouring, the EOD increases together with the associated OCE. Additionally, the EOD
increases according to the traditional concept of the enclosed energy. The OCE, however,
increases at a much faster rate than the EOD, because psf is nearly constant over the pixel
up to the pixel edge.

For the intermediate regions of pixels being equal to two to four central spots, the
energy on detector still increases, but less rapidly than in the small pixel regime. The
OCT increases in this region because the energy on detector is still relatively large at the
pixel edge.
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Figure 11. The OCE as a function of pixel size in [AF/#] for an optical system with and without a
central rectangular obscuration. A sharp increase in the OCE value toward the first peak at about 2.05
pixels is followed by a sharp dip at about 4 pixels only for the case of the circular aperture with a
central obscuration. The OCE curve for a circular aperture without a central obscuration increases in
a monotonical fashion. CA denotes a circular aperture.

When the detector pixel size becomes larger than four central spots, the EOD increases
start to moderate according to the traditional concept of the enclosed energy. The OCE
increases slow down with the increase in the detector pixel size, because at large distances,
there is increasingly small increment in detected energy. At the edge of a relatively large
pixel, the psf is already small, resulting in a large fraction of the pixel area where the image
may not be completely detected to produce a large OCE, approaching its limiting value of
nearly 0.90.

The situation is appreciably different in the case of optical systems with a sizable
central obscuration. They are characterized as having a smaller spot diameter, and more
energy is spread into outer rings than those with a circular aperture without central
obscuration. Thus, such a system could be required to have somewhat larger pixels to
collect a slightly spread-out spot.

In the region where the pixel size is smaller than the central spot diameter, the EOD
for a system with a large central obscuration increases with the pixel size more slowly than
for a clear system. We already observed this phenomenon in the enclosed energy graphs
in Figure 1. The OCE, however, increases very rapidly when the central spot is smaller
than the pixel. The value of the sensor point response function prf at the pixel edge is
still high just because the pixel is smaller than the central spot. Table 1 summarizes the
point numbers, the pixel size, the EOD from Figure 9, the OCE values from Figure 10, and
their product.

Table 1. The EOD, the OCE, and their product for small and medium pixel sizes and a circular
aperture with a rectangular obscuration.

on Il:;)gnl:;e 9 [)\ZI?#] fromEF(i)g?lre 10 from(;ngure 9 OCE x EOD
A 1.69 0.581 0.864 0.502
B 212 0.609 0.922 0.561
C 2.54 0.673 0.901 0.606
D 3.39 0.805 0.836 0.673
E 3.81 0.847 0.820 0.694
F 4.23 0.866 0.825 0.714
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When the pixel size is equal to about two to four spot diameters, the psr value at the
pixel edge stars becoming increasingly smaller, close to zero. The EOD still increases with
the detector pixel size because energy is spread out to higher-order rings nearly linearly
(see Figure 1, bottom curve). The outer pixel regions, however, start to make a decreased
contribution to the overall OCE, because the prf value there is low. In this region, we
observe a pronounced decrease in the OCE as a function of the pixel size.

For pixel sizes equal to or larger than about four bright spots, the OCE starts to increase
at a somewhat faster rate than in the case of the clear aperture. In this region, the EOD
also increases at a rate that depends on the amount of obscuration. Yet, the side lobes have
a lot of energy, so increasing the pixel dimension also results in a steady increase in the
OCE values.

The energy on detector always increases with the detector size because a larger area of
the detector always intercepts more energy.

Based on this analysis, we may conclude that the OCE is a meaningful quantity in the
case when the detector pixel size is sufficiently large that it collects a significant fraction of
energy in the image of a point source. In the case of a large obscuration with a transmission
loss of about 0.6, the smallest reasonable value for EOD is about 0.85. This means that in
diffraction-limited cases, the concept of the OCE is applicable and relevant for cases with
relatively small central obscurations.

The OCE analysis does not apply to the cases where large amount of energy is spread
out from the central spot, or where the detector is smaller than the central spot diameter.

The size of the pixel, which is smaller than the diameter of the Airy disc, corresponds
to the case when imaging that requires high topographic details is performed, as in the
Mars landing survey, and where the amount of incident energy is not an issue. Thus, one
would one expect to analyze the displacement of the pixel and the optical system axes for
such cases.

7. Summary and Conclusions

We introduced novel concepts and rationale for more appropriate terminology to
describe the image detection process in modern digital instruments. The first one is the
energy on detector (EOD), that replaces the old concept of energy enclosed inside a circle
to assist with the performance measures of the pixelated sensors. We further argued that
the image of a point source at infinity neither usually nor generally falls in the center of
a pixel. Rather, in modern instruments, the axis of an optical system intersects a pixel at
any point on the pixel surface. Considering that this point is unknown, we proposed as the
second novel concept the optical centroiding efficiency (OCE). It is found by convolving
the point spread function (psf) of the optical system with the detector responsivity function
for all possible positions on the pixel. The product of these two quantities (EOD x OCE) is
proposed as a more realistic quantity to assess the sensor figures of merit.

Using the linear system theory in the instrument analysis, we developed a theory to
evaluate the EOD and the OCE. We implemented it numerically on the CodeV and MatLab.

We performed two studies to illustrate the usefulness of these new concepts. (i) The
OCE vs. detector pixel size for an ideal circular aperture. (ii) The OCE vs. detector pixel
size for a circular aperture with a rectangular central obscuration. Based on this analysis,
we may conclude that the OCE as a design parameter is a meaningful quantity in the case
when the detector pixel size is sufficiently large that it collects a significant fraction of
energy in the image of a point source. In the case of a large obscuration with a transmission
loss of about 0.6, the smallest reasonable value for the EOD is about 0.85.

The OCE is proposed as the meaningful concept in the system performance assessment
and in the development of figures of merit when the resolution of optical system is matched
to the pixel size.

In the future, we want to extend this study to aberrations. We also plan to apply this
theory to other telescopes and remote sensing instruments.
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