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Abstract: In this study the methods of three-dimensional (3D) wavefront intensity modulation by
employing contrast-inverted holography, previously introduced as Gabor inverted holography, are
further investigated. The present study provides the recipes for creating 3D wavefront intensity
modulations using phase-only and amplitude-only modulators and compares the results. The 3D
wavefront modulation using spherical waves is also demonstrated, and the miniaturization of 3D
intensity beams is discussed; it is shown that both the resolution and the size of the created 3D
structures are ultimately given by the wavelength of the employed radiation. The manuscript also
addresses the quality of the formed 3D intensity curves and determines the parameters that provide
the best smooth appearance of the 3D curves. The presented methods of 3D intensity wavefront
modulation can be realized for all kinds of waves: light, X-ray, electron, etc, provided the modulator
can be manufactured for the corresponding wavelength. The methods of 3D intensity wavefront
modulation can be applied in various techniques: lithography, micro-robotics, particle trapping, etc.

Keywords: holography; three-dimensional; wavefront modulation; optical beams; Airy beams

1. Introduction

Wavefront modulation techniques utilize optical schemes, where an optical element
(modulator) transforms the distribution of a passing wave into a pre-defined wavefront
distribution at some distance behind the optical element. The distribution of the modulator
can be obtained via numerical simulation and then realized as a physical mask or it can
be loaded onto a spatial light modulator, as, for example, in the case of light waves. An
example of wavefront modulation is focusing X-ray beam into a spot by using a modulator
in the form of a Fresnel zone plate. Holography [1,2] is a technique that is widely employed
for wavefront modulation, in particular by using so-called computer-generated holograms
(CGH) [3,4]. Conventionally, modulators are described by either phase- [5,6] or amplitude-
only distributions [7–9]. For two-dimensional (2D) wavefront modulation, a modulator’s
distribution can be calculated by applying an iterative phase retrieval algorithm, originally
proposed by Gerchberg and Saxton [10] as follows. A wavefront is propagated back and
forth between the two planes: the modulator and the image plane, and at each plane, a
constraint is applied. In the modulator plane, the wavefront must be a phase- or amplitude-
only distribution depending on the modulator type. In the image plane, the wavefront
must exhibit the pre-designed 2D distribution. A modulator distribution found by an
iterative approach [11] allows wavefront modulation into a pre-designed 2D distribution
in one plane.

Generating a three-dimensional (3D) wavefront modulation is a somewhat more
challenging task. Although holography allows 3D wavefront modulation in the form of
a reconstructed 3D object distribution, it does not provide a straightforward approach
for creating arbitrary 3D intensity beams, and it is not employed to create such intensity
modulations. Only the limited class of 3D curves that are described by analytical functions
can be realized as 3D intensity modulation using an analytical function distribution as
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modulator distribution, for example, Airy beams [8,12–15], solenoid beams [16] or trac-
tor beams [17]. Attempts to create arbitrary 3D intensity beams were previously made:
“Snake beams” were proposed to shape intensity into a curvy beam [18], however the
resulting beam wasre made of finite-sized line segments formed in the focal plane of a
lens and, therefore, did not create a smooth and arbitrarily distributed 3D intensity beam.
A general method for creating truly arbitrary 3D intensity beams, named as “inverted
Gabor holography” was recently proposed [7,19]. The inverted holography is different
from conventional CHG or other wavefront modulations methods in two ways: (1) Unlike
most CGH methods, inverted holography allows 3D (not 2D) shaping of the wavefront;
(2) Unlike methods for creating Airy beams, inverted holography can shape the intensity
into arbitrary distributed and z-extended 3D intensity beams. The inverted holography
was demonstrated as creating unusual and not analytical curves: bending light beams
(similar to Airy beams), a beam that splits into two parallel beams, or even a beam with a
local “gap” of a zero intensity [7]. Recently, inverted holography was demonstrated for the
modulation of electron waves [9].

In this study, the method of 3D wavefront intensity modulation by employing contrast-
inverted holography, previously introduced in references [7,19], is further investigated in
more detail. In the following sections the principle of 3D wavefront intensity modulation
by employing contrast-inverted holography is briefly introduced, and examples of 3D
wavefront intensity modulation by using an amplitude-only modulator are provided,
based on the results shown in reference [7]. Next, the recipes for creating 3D wavefront
intensity modulation using a phase-only modulator are shown and the results obtained by
using amplitude- and phase-only modulators are compared. Three-dimensional wavefront
modulation using spherical waves is demonstrated and the miniaturization of the produced
3D intensity beams is discussed. It is shown that both the resolution and the size of the
created 3D structures are ultimately limited by the wavelength of the employed radiation.

2. Materials and Methods
2.1. Principle of Arbitrary 3D Wavefront Modulation by Inverted Gabor Holography

The principle of creating arbitrary 3D intensity wavefront modulation is based on
representing the 3D curve as a set of point-like absorbers closely packed to form a smooth
version of the desired 3D curve. A hologram of such a 3D curve is simulated by propagating
the wavefront through the planes, each containing one individual absorber. When such a
hologram is reconstructed, a 3D curve made of absorbers is restored. When the contrast
of the hologram is inverted, a 3D curve made of sources (instead of absorbers) is restored,
thus forming a desired 3D intensity distribution. The details of the method are provided
elsewhere [7]. Here we present the main steps, which are necessary for the rest of the
manuscript, also illustrated in Figure 1:

(1) A set of planes along the z-axis is created at zi, i = 1 . . . N. Each plane intersects
the 3D curve at a point (x0, y0, zi), as shown in Figure 1a. Each such point is considered to
be a point-like absorber, and for each plane at zi, an object function is assigned oi(xi, yi, zi)
such that

oi(x, y, zi) =

{
0, x 6= x0, y 6= y0
1, x = x0, y = y0

. (1)

Then, for each plane zi, a transmission function is assigned ti(xi, yi, zi) = 1− oi(xi, yi, zi)
so that:

ti(x, y, zi) =

{
1, x 6= x0, y 6= y0
0, x = x0, y = y0

. (2)
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hologram, and the wavefront behind the modulator is shaped into a 3D intensity distribution. 
Adapted from [7]. 
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can be translated onto a spatial light modulator or a photo film slide and reconstructed 
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placing a lens with the corresponding phase distribution in the plane of the modulator. In 

Figure 1. Three-dimensional wavefront modulation by inverted holography principle. (a) A pre-
defined 3D curve is sampled in the planes at zi, i = 1 . . . N, providing a distribution of transmission
functions ti(x, y, zi). Hologram H(X, Y) is simulated by propagating the plane wave through all
the planes down to the hologram plane (X, Y). (b) Reconstruction of the 3D light curve. A plane
wave illuminates the modulator M(X, Y), which is a contrast-inverted hologram, and the wavefront
behind the modulator is shaped into a 3D intensity distribution. Adapted from [7].

(2) A plane wave illuminates the first plane at z1. The wavefront behind the first plane
is given by the product of the incident wavefront and the transmission function of the first
layer: u′1(x, y, z1) = t1(x, y, z1)u1(x, y, z1) = t1(x, y, z1). Next, the wavefront propagates to
the plane z2, the propagation is calculated by using the angular spectrum method [20–22]:

u2(x, y, z2) = FT−1
{

FT
[
u′1(x, y, z1)

]
exp

[
2πi(z2 − z1)

λ

√
1− (λ fx)

2 −
(
λ fy
)2
]}

, (3)

where FT and FT−1 denote the 2D Fourier and inverse Fourier transforms, respectively,(
fx, fy

)
are the spatial frequencies, and λ is the wavelength. In the second plane, the

wavefront u2(x, y, z2) is multiplied with the transmission function of the second plane,
giving the wavefront right behind the second plane u′2(x, y, z2) = t2(x, y, z2)u2(x, y, z2),
and so forth. After passing through the last Nth plane, the wavefront is propagated to
the detector plane for a (zd − zN) distance giving U(X, Y), and the hologram H(X, Y) is
calculated as H(X, Y) = |U(X, Y)|2.

(3) The obtained hologram H(X, Y) is reconstructed by illuminating it with a plane
wave, and propagating the obtained wavefront backward through the object planes. The
reconstructed wavefront will include the images of all the absorbers, that is, the points of
zero-intensity, which will be arranged into the pre-defined 3D curve.

(4) The modulator is simulated as a contrast-inverted hologram:

M(X, Y) = 1− H′(X, Y), (4)

where H′(X, Y) is the hologram distribution with its values normalized to be within the
range of 0 to 1. Now, when modulator M(X, Y) is illuminated with a plane wave, the
wavefront behind the modulator will recreate the contrast-inverted images of the absorbers,
that is, the images of points of high intensity, which are arranged into the 3D intensity
curve, as illustrated in Figure 1b. Thus, a pre-defined 3D beam of intensity will be formed.

Although in the original publication [7] this method was called “inverted Gabor
holography”, the type of holography does not need to be Gabor type. The same principle
of modeling intensity into a pre-defined 3D path can be achieved with other types of
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holography, for example, off-axis holography. For this reason, we will refer to the technique
as simply “inverted holography”. Note that without inversion of the contrast of the
hologram, the method of creating an arbitrary 3D curve will not work. It is impossible to
simulate a hologram of bright sources, because in this case the transmission functions in
each plane ti(x, y, zi) would be ti(x, y, zi) = 0 everywhere except the position of the source
where ti(x, y, zi) = 1, and the propagating wavefront would be multiplied by functions
consisting mainly of zeros at each plane.

2.2. Three-Dimensional Wavefront Modulation with Spherical Waves

This section addresses the question, what can be the minimal size of the created 3D
intensity distributions. It is common knowledge that holography with spherical waves [1,2]
allows magnification/de-magnification of imaged objects. A prominent example is in-line
electron holography with spherical waves, where a divergent spherical electron wave
illuminates a nanometer-sized object and a hologram is formed on a detector that is
positioned a few centimeters away from the sample; the resulting hologram has the size of
several centimeters, thus achieving a magnification of 105–106. [23,24]. Such holograms can
be translated onto a spatial light modulator or a photo film slide and reconstructed using
laser light. The size of the reconstructed object is scaled by the ratio of the electron and laser
light wavelengths. Moreover, holograms created with plane waves can be reconstructed by
illuminating with spherical waves and vice versa [21]. Thus, using spherical waves allows
for de-magnification/magnification of the created 3D wavefront modulation structures.

Employing a divergent spherical wavefront allows obtaining centimeter-sized holo-
grams even for micro-sized objects. The centimeter-range size of the obtained hologram
is sufficiently large to load the obtained hologram onto a spatial light modulator or to
manufacture the hologram as a mask by using micro-fabrication techniques. The modulator
is created by following the steps described above, and the incident wavefront is not a plane
wave but a divergent spherical wave:

u1(x, y, z1) = exp
[

iπ
λz1

(x2 + y2)

]
. (5)

In the reconstruction step, the distribution on the modulator should be illuminated
with a convergent wave, which can be realized by either using a convergent wave or by
placing a lens with the corresponding phase distribution in the plane of the modulator. In
the reconstruction process, the wavefront behind the modulator will converge to the object
distribution, as illustrated in Figure 2.
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Figure 2. In-line holography with spherical waves. (a) In the recording, the object is illuminated with
a divergent spherical wave. (b) In the reconstruction, the hologram is illuminated with a convergent
spherical wave, and the wavefront behind the hologram converges to the original object distribution.
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2.3. Resolution

The lateral and axial resolutions (Rx,y and Rz, respectively) of the created 3D wave-
front structures formed using either plane or spherical waves are given by the Abbe
criteria [25–28]:

Rx,y =
λ

2NA
, (6)

Rz =
2λ

NA2 , (7)

where NA is the numerical aperture of the optical setup:

NA ≈ S
2z

, (8)

S× S is the screen size and z is the sample-to-hologram distance for the plane waves
and source-to-hologram distance for the spherical waves. Here it should be noted that
the lateral resolution given by Equation (6) should be multiplied by a factor of 2 in the
case of numerical reconstruction of a digital hologram due to the requirement of having
at least two pixels to resolve two points. However, since in 3D wavefront modulation
the “reconstruction” is not happening in a computer but it is happening in an reality, the
formed 3D distribution does not need to be digitally sampled. The geometrical parameters
of the setup can be optimized to maximize NA, but the fundamental limit of the resolution,
and thus of the created 3D wavefront structures sizes, is given by the wavelength of the
employed radiation.

3. Results
3.1. Three-Dimensional Intensity Wavefront Modulation Using Amplitude-Only Modulator

The method of inverted holography can be realized with any type of modulator or
mask: amplitude-only, phase-only or a mixed type. In the original publication [7], an
amplitude-only mask was considered, and several examples of 3D wavefront modulation
were demonstrated: beam splitting, cosine-like, helical, etc. [7]; examples of beam-splitting
and cosine-like 3D intensity curves are shown in Figure 3. Three-dimensional wavefront
intensity modulation using an amplitude-only modulator is the most straightforward
approach because it directly applies the holographic principle and uses a contrast-inverted
hologram distribution as the modulator distribution. Three-dimensional wavefront inten-
sity modulation using an amplitude-only modulator was previously discussed in great
detail in the original publication [7], and therefore it is not discussed in this paper.

3.2. Three-Dimensional Intensity Wavefront Modulation Using Phase-Only Modulator

In some applications only phase modulation is possible. In this case, 3D intensity
wavefront modulation can also be conducted using a phase-only modulator. A review
of the most effective methods of 2D wavefront modulation using phase-only modulators
is provided by Clark et al. [29]. Here we demonstrate a method that we found the most
effective for 3D wavefront intensity modulation. To illustrate the method, we created a 3D
intensity beam in the form of a 3D helix with a radius of 70 pixels and a period of 70 pixels,
sampled with 200 × 200 × 200 pixels. In the simulations, we used the same parameters
as previously used in the optical experiments in reference [7]: wavelength = 650 nm, the
transmission functions and the modulator distribution were sampled with 832× 832 pixels,
the pixel size in the (x, y)-plane was ∆x,y = 32 µm. A total of 200 sampling planes along the
z-axis with the distance between two adjacent planes of ∆z = 4 mm were applied, so that
the total length of the 3D curve was 4 mm × 200 = 800 mm. The distance between the last
plane and the detector plane was z0 = 100 mm.
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Figure 3. Three-dimensional intensity wavefront modulation employing amplitude-only modulator,
simulation and experimental results. (a–c) Three-dimensional intensity wavefront modulation in
the form of a splitting beam. (d–f) Three-dimensional intensity wavefront modulation in the form
of a cosine-like curve. (a,d) Amplitude distributions loaded on an amplitude-only transmissive
modulator, only the central regions, 300 × 300 pixels of 832 × 832 pixels, are shown. (b,e) Obtained
3D intensity distribution behind the modulator, the pixel size in the (x, y) plane ∆x,y = 32 µm, pixel size
along z-axis ∆z = 4 mm, total z-range is 800 mm. (c,f) Experimentally measured intensity distributions
behind the modulator. Adapted from [7].

The corresponding transmission functions of each of the 200 planes were calculated
as described above. For each plane, its transmission function was formed as described
by Equations (1) and (2). The obtained 3D array of transmission functions was blurred
by convolution with a Gaussian distribution exp

[
−
(
ii2 + jj2 + kk2)] with the standard

deviation of 1/
√

2 pixel, where ii, jj, kk are the pixel numbers. After the wavefront had been
propagated through all the planes and to the detector, the complex-valued distribution in
the detector plane U(X, Y) was obtained. The phase of the obtained distribution U(X, Y)
was corrected by adding a constant phase shift such that the phase of the reference wave was
zero: U(X, Y)→ U(X, Y) exp

[
− i2π

λ (zd − z1)
]

. The phase-only modulator distribution
was calculated as:

M(X, Y) = exp{iArg[−U(X, Y) + C]}, (9)

where C is a small constant. The best results were obtained with C = 0.8, which was discov-
ered out by trying different values of C. The physical meaning of adding the constant can
be explained as follows. The distribution U(X, Y) is given by the plane wave propagating
through an array of absorbers and can be written as U(X, Y) = 1−O(X, Y), where one
describes the plane wave and O(X, Y) describes the wavefront due to the absorbers. This
gives −U(X, Y) + C = O(X, Y) + (C− 1), where the first term O(X, Y) reconstructs the
signal from the absorbers with a positive sign, thus giving the point sources, and (C− 1) is
that constant with a value close to zero, which should reconstruct background signal. The
best contrast of the obtained 3D curve was obtained with C = 0.8 and not with C = 1, as one
would expect. The result cannot be explained at this point.

The calculated phase distribution of the modulator is shown in Figure 4a and the
obtained 3D intensity beam is shown in Figure 4b. The lateral and axial resolution evaluated
with Equations (6) and (7) for wavelength = 650 nm, the total area of 26.624 mm × 26.624 mm,
and z = 100 mm (the distance from the last plane to the detector), amount to Rx,y = 2.5 µm
and Rz = 76.0 µm, respectively. For comparison, identically shaped 3D intensity beams
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were created using an amplitude-only modulator (calculated as described above using
Equation (4) and shown in Figure 4c) and a complex-valued modulator calculated as

M(X, Y) = 1−U(X, Y). (10)
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Figure 4. Three-dimensional intensity wavefront modulation in the form of a 3D helical structure em-
ploying a phase-only modulator, simulated study. (a) Phase distribution loaded on a phase-only mod-
ulator, only the central region of 300 × 300 pixels of 832 × 832 pixels is shown. (b) Three-dimensional
intensity distribution reconstructed behind the modulator. (c) Amplitude distribution loaded on an
amplitude-only modulator, only the central region of 300 × 300 pixels of 832 × 832 pixels is shown,
and (d) 3D intensity distribution reconstructed behind an amplitude-only modulator. (e) Three-
dimensional intensity distribution reconstructed behind a complex-valued modulator. For all three
modulators: pixel size in the (x, y) plane is ∆x,y = 32 µm, pixel size along the z-axis is ∆z = 4 mm, total
length along the z-axis is 800 mm.

The obtained intensity distributions are shown in Figures 4d and 4e, respectively. It
must be noted that the method based on using a phase-only modulator is not necessarily a
better method than the method based on using an amplitude-only modulator. However, in
some applications only phase-only modulators are available, and they were not considered
in the original publication [7].

From comparing the results shown in Figure 4, the following observations can be made:
both methods, based on using amplitude-only and phase-only modulators, demonstrate
artifacts when compared to the result obtained using a perfect complex-valued modulator.
The 3D intensity beam obtained using a phase-only modulator does not exhibit a strong
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artifact at the optical axis, which can be an artifact only specific for a helical curve and
might not be present for other 3D curves. The smoothness of the 3D curves, given by the x,
y, and z-resolution, is the same for all three 3D curves. In the next section, it is shown that
the smoothness can be enhanced by using finer sampling.

3.3. High-Resolution Modulator

In order to achieve a smoother appearance of the created 3D intensity curves, more
sampling pixels in all three dimensions should be used. It has been previously demon-
strated that when 2000 slices along the z-axis are employed instead of 200 slices, the formed
3D intensity curve has a smoother appearance [7]. In addition, a higher number of pixels
and a smaller pixel size can be employed, which we investigate here. A high-resolution 3D
helical intensity beam was obtained using a simulated phase-only modulator with the same
area of 26.624 mm × 26.624 mm but sampled with 2000 × 2000 pixels. The created helix
was 375 pixels in radius with a period of 5600 pixels. The total length of the 3D helical curve
was 100 mm, and it was sampled with 16,000 planes along the z-axis. The 2D transmission
functions of each plane were blurred by using convolution with a blurring kernel 1 1 1

1 4 1
1 1 1

. (11)

The distance from the last plane to the detector was 200 mm.
The distribution of the modulator was obtained by using Equation (9). It took about

6 h to compute such a high-resolution diffractor on a PC with Intel(R) Core(TM) i7-2600
CPU @ 3.40 GHz and 16 GB RAM.

Once the high-resolution distribution of the phase-only modulator is calculated
(Figure 5a), the 3D curve can be restored by using this modulator at different parame-
ters. Two sets of parameters are shown in Figure 5b,c. In the example shown in Figure 5b,
the 3D intensity curve was restored by re-sampling the distribution of the phase-only
modulator from 2000 × 2000 pixels to 832 × 832 pixels. The re-sampling was conducted
as follows. The real and imaginary parts of the complex-valued distribution U(X, Y) each
were re-sampled separately by using a quadratic interpolation formula to compute the
pixel location and then the resulting distributions were recombined into the re-sampled
complex-valued U(X, Y). The phase-only modulator was calculated using Equation (9). In
the example shown in Figure 5c, the curve was restored using the phase-only modulator
sampled with the entire range of 2000 × 2000 pixels. From comparing Figure 5b,c, it is
apparent that the 3D intensity curve obtained from the modulator sampled with a higher
number of pixels (2000× 2000 pixels) exhibits a smoother appearance. The lateral and axial
resolutions evaluated with Equations (6) and (7) for wavelength = 650 nm, the total area of
26.624 mm × 26.624 mm, and z = 200 mm, amount to Rx,y = 4.9 µm and Rz = 296.0 µm,
respectively. These resolutions are independent of the number of pixels or the pixel size
and are the same for both 3D curves shown in Figure 5b,c. The limited z-resolution explains
that the created 3D intensity curve exhibits some thickness in the z-direction. A slight
increase in intensity towards a larger distance of z can be equalized by adjusting the object
functions in each plane, as given by Equation (1), so that oi(xi, yi, zi) = 0 everywhere
except the position of the point-like absorber where oi(xi, yi, zi) = a, where a is a constant
that defines the strength of the resulting intensity, where a = 1 for the maximal intensity.
a can be selected to gradually decrease from a = 1 for smaller z-distances to a < 1 for
larger z-distances.
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Figure 5. Three-dimensional intensity helical structure obtained by using a phase-only modulator calculated with 2000 ×
2000 pixels, simulated study. (a) The phase distribution of the modulator. (b) The intensity distribution of the 3D helical
curve obtained from the modulator distribution sampled with 832 × 832 pixels. (c) The intensity distribution of the 3D
helical curve obtained from the modulator distribution sampled with 2000 × 2000 pixels.

4. Discussion

In conclusions, a more comprehensive study of 3D wavefront modulation by using
contrast-inverted holograms was presented. Three-dimensional 3D wavefront modulation
by using a phase-only modulator was demonstrated. From comparing the results obtained
by using an amplitude-only vs a phase-only only modulators, the following conclusions
can be made: both methods demonstrate a similar quality of the created 3D intensity beams
with some artifacts at the optical axis when compared to the intensity beam obtained using
a perfect complex-valued modulator. The smoothness of the 3D curves, given by the x,
y, and z-resolution, is the same for 3D curves created using amplitude-only, phase-only
and complex-valued modulators. The smoothness of the formed 3D intensity curves is
given by the sampling parameters when simulating the diffractor distribution: the number
of pixels and the pixel size in all the dimensions, the number of pixels of the employed
modulator and its pixel size. Both the resolution and the size of the created 3D wavefront
intensity structure are given by the classical resolution criteria and ultimately are limited
by the wavelength of the employed radiation. Three-dimensional intensity beams can be
created by using a spherical wavefront that allows focusing the wavefront into a localized
intense distribution and, therefore, can be employed for miniaturization of the produced 3D
intensity beams. Three-dimensional wavefront intensity structures can be used for various
applications: 2D and 3D lithography, optical tweezers, etc. For example, 3D lithography
of small 3D structures can be utilized for the mass-production of micro-robots [30,31].
Three-dimensional wavefront intensity modulation into an arbitrary 3D distribution can be
realized for various waves: light, X-ray, electrons, etc. provided that the modulator can be
manufactured at the corresponding wavelength.
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