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Abstract: Thermal noise in optical cavities sets a fundamental limit to the frequency instability of
ultra-stable lasers. Numata et al. derived three equations based on strain energy and the fluctuation–
dissipation theorem to estimate the thermal noise contributions of the spacer, substrates, and coating.
These equations work well for cylindrical cavities. Extending from that, an expression for the thermal
noise for a cubic spacer based on the fluctuation–dissipation theorem is derived, and the thermal
noise in cubic optical cavities is investigated in detail by theoretical analysis and finite element
simulation. The result shows that the thermal noise of the analytic estimate fits well with that of
finite element analysis. Meanwhile, the influence of the compressive force Fp on the thermal noise
in cubic optical cavities is analyzed for the first time. For a 50 mm long ultra-low expansion cubic
cavity with fused silica substrates and GaAs/AlGaAs crystalline coating, the displacement noise
contributed from every Fp of 100 N is about three times more than that of the substrate and coating.

Keywords: thermal noise; cubic optical cavities; ultra-stable laser; strain energy; finite element analysis

1. Introduction

Ultra-stable lasers have many applications, such as frequency metrology [1–5], gravita-
tional wave detection [6], fundamental physics tests [7,8], and coherent optical links [9,10].
A state-of-the-art ultra-stable laser shows that the linewidth is less than 10 mHz. The frac-
tional frequency instability reaches a 10−17 order of magnitude at 1 s [11,12]. Ultra-stable
lasers can be achieved by locking the lasers onto optical cavities with the Pound–Drever–
Hall (PDH) technique, and the frequency instability of the ultra-stable laser is then defined
by the stability of the optical length of the optical cavity [13,14]. The fractional length sta-
bility of optical cavities is inevitably limited by thermal noise in the cavity. Several thermal
noise sources have been identified, such as Brownian thermal noise and thermo-elastic
noise. Among them, the influence of Brownian thermal noise is quite remarkable, and
considerable effort has been invested in reducing it [15–24]. Y. Levin proposed an efficient
way to calculate thermal noise based on the fluctuation–dissipation theorem (FDT) and
some significant efforts have been expended to reduce it [15–24]. A set of equations was
given by Numata et al. [16] for estimating the noise contribution of a spacer, substrates, and
coating of cylindrical cavities using this approach. High mechanical quality substrates and
coating materials are being used in state-of-the-art optical cavities to reduce the thermal
noise of the optical cavity [11–14].

The cubic optical cavity is based on a cubic geometry with four supports placed
symmetrically about the optical axis in a tetrahedral configuration [25]. It plays an essen-
tial role for transportable ultra-stable lasers, which are used outside the laboratory for
applications such as space optical clocks, geodesy, tests of fundamental physics in space,
and the generation of ultra-stable microwaves for radar [25–41]. A compressive force Fp
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must be applied to fix the cavity to resist the extreme vibrations and impact of rocket
launching. Previous studies have shown that the cubic optical cavity can still maintain a
low vibration sensitivity in a wide compressive range [25,40]. However, a large Fp will
increase the elastic energy of the optical cavity, inducing thermal noise and adversely
affecting applications of ultra-stable lasers in some high-precision fields [25–41]. Therefore,
to evaluate the performance of transportable ultra-stable lasers using a cubic cavity, it is
necessary to propose a reasonable method to analyze the thermal noise in a cubic cavity.

Detailed theoretical analysis and finite element simulation (FEA) of the Brownian
thermal noise in cubic optical cavities are presented herein. First, based on FDT and strain
energy, the theoretical estimation formula of the Brownian thermal noise in a cubic spacer
is derived. We compare the new analysis method and FEA for the same conditions. The
two results are in good agreement. The new analysis formula in this work fits well with
any edge dimension of the cubic spacer. A complete explanation of the divergence between
the simulation and analytical estimation is presented in detail. Second, the influence of
Fp on the thermal noise in cubic optical cavities is investigated for the first time. For a 50
mm long ultra-low expansion (ULE) optical cavity, the displacement noise contributed
from each 100 N Fp is about three times that of FS substrates and GaAs/AlGaAs crystalline
coating when the Fp is larger than 100 N.

The paper is organized as follows: In Section 2, the theoretical framework of the
thermal noise in the cubic optical cavities is discussed. The FEA simulation is applied
to a typical cubic optical cavity design in Section 3.1. The deviations from the analytical
estimate for the cubic spacer are discussed. To better understand the divergence between
the simulation and analytical estimation, the thermal noise of cubic spacers under various
conditions is investigated in Section 3.2, which focuses on the influence of Fp, the materials,
and the edge length of the cubic optical cavity. In Section 4, the thermal noise of cubic
optical cavities of mixed materials is investigated. The conclusions are summarized in
Section 5.

2. Theoretical Framework

The effect of Brownian motion thermal noise on the length stability of optical cavities
has been discussed by Numata et al. [16], following Y. Levin’s direct approach [15]. For
clarity, this concept is illustrated by the following example.

Assuming that x is the distance between two mirrors of the optical cavity, and based
on FDT, the power spectral density Sx(f) of the optical length fluctuations along the x-axis
can be expressed as [16].

Sx( f ) =
4kBTUφ

π f F2 (1)

where kB is the Boltzmann constant, T is the temperature, F and f are the amplitude and
frequency of an oscillatory force [16], respectively. U is the maximum elastic strain energy,
and φ is the loss angle of the materials.

For an optical cavity, Sx(f) is mainly caused by the spacer, substrate, and coating. The
analytic estimates of Sx(f) for substrates and coatings in this work are cited in Ref. [16].
Based on Y. Levin’s direct approach [15], the analytic estimate of Sx(f) for a cubic spacer
shown in Figure 1 can be expressed as

Ucub
spa = Lcub F2

2(L2
cub−2l2

cub−πr2
spa)Espa

Sx( f ) = 4kBT
π f

Lcub
2(L2

cub−2l2
cub−πr2

spa)Espa
φspa

 (2)

where Sx( f )cub
spa is the power spectral density of length fluctuations. Espa is the elastic

modulus of the spacer. This estimate focuses on the cubic spacer. As an estimate for the
spacer contribution to the optical cavity noise, the thermal fluctuations of the length of
a cube, averaged over the spacer whole front face area, are calculated. Y. Levin’s direct
approach demands a that is pressure uniformly distributed across its front faces with
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the area. Equation (2) takes into account that the areas of the central bore and the cut
vertices reduce the front face area of the spacer. To derive these equations, the formula
for the position fluctuations of one end of a free elastic bar is used. According to Y.
Levin’s direct approach, calculating the length fluctuation requires applying opposite
forces simultaneously to both ends.
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Figure 1. Sketch of the cubic optical cavity model with dimensions used for the analysis and FEA
simulations in this publication. (a) Side view of the cubic optical cavity. (b) Front view of the cubic
optical cavity.

According to Ref. [16], the power spectral density of the length fluctuations may be
converted to power spectral density of the frequency noise, which can be conventionally
characterized by the Allan deviation σy of the fractional frequency fluctuations y and
expressed as

σy =

√
2(ln 2) f Sυ( f )

υ
=

√
2(ln 2) f Sx( f )

L
(3)

From Equations (2) and (3), a strain energy of 0.1 nJ corresponds to a length fluc-
tuation Sx(f) = 0.858 × 10−35 m2/Hz at 1 Hz and a corresponding Allan deviation of
σy = 6.88 × 10−17 at 1s for a 50 mm long ULE cavity [17].

3. Estimation Calculation and Simulation

The FEA software is used to calculate the strain energy and thermal noise in the cubic
optical spacer. As the thermal noise of the cavity is proportional to strain energy, the results
are given in terms of elastic strain energy for convenience. The most important parameters
used in the calculation, including dimensions and materials, are given in Tables 1 and 2.

Table 1. Parameters used for estimation and simulation.

Parameters dsub (mm) rmirror (mm) rvent (mm) rspa (mm) lcub (mm) kB

Value 6.3 12.7 3 7 16.4 1.381 × 10−23 J/K

Table 2. Material properties.

Material Properties ULE [18] FS [1–8] Silica
<111> [14]

Zerodur
[21]

Sapphire
[42]

SiO2/Ta2O5
[21]

GaAs/Al
GaAs [21]

Elastic modulus (GPa) 67.6 73 187.5 91 400 91 100
Poisson ratio 0.17 0.16 0.23 0.24 0.29 0.19 0.32

Loss angle 1.67 × 10−5 10−6 10−7 3 × 10−4 3 × 10−9 4 × 10−4 2.5 × 10−5
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To increase the simulation accuracy, approximately 200,000 tetrahedral elements were
used. We assumed that the pressure distribution on the mirror was in accordance with the
laser beam profile, and a Gaussian laser beam with a 1/e2 beam radius ω of 250 µm was
used. Thus, the pressure distribution was [17]:

p(r) = ± 2F
πω2 e−

2r2

ω2 (4)

According to FDT, F is the force applied at the location where the laser beam hits the
mirrors. The absolute value of the force is not critical, provided the stress–strain relationship
of the elastic–mechanical system remains linear. For simplicity, in the calculation, we have
used a force F of 1 N.

3.1. Comparison of Estimation and Simulation

As shown in Figure 2, most of the elastic strain energy for the cubic optical cav-
ity is concentrated in the mirror substrate, similar to the cylindrical and spindle cavity
case [16,17,23]. The deformation shape of the substrate reflects the Gaussian beam profile.
For illustration purposes, a beam waist of 2 mm has been chosen. For the cubic spacer, the
maximum elastic strain energy occurs around the central bore near the contact area with
the mirrors. Strong local deformations occur at the boundary between substrate and spacer
extending into the spacer. At a distance exceeding this critical depth, a homogeneous
energy density distribution is obtained. According to Equation (2) in Ref. [16], the analytic
estimate of the spacer contribution does not hold for the full spacer length as it neglects
local deformations arising from the non-uniform pressure distribution on its front face.
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Figure 2. Deformation and contour plot of elastic strain energy density of element (ESEDEN) in the
cavity for a Gaussian pressure profile with a 2 mm waist on the mirror surface. The color coding
corresponds to the log(ESEDEN). The edge Lcub of the cubic optical cavity is 32 mm. Note that the
deformation has been amplified by a factor of 9 × 105 for demonstration.

The strain energy for six kinds of cubic optical cavities was estimated and simulated
to verify the accuracy of Equation (2). The results are shown in Table 3. For convenience,
the length of the cubic optical cavity was chosen according to Ref. [25], which is the cubic
optical cavity designed by S. Webster et al. [25]. Furthermore, the other cavity parameters
are obtained by calculating the zero vibration sensitivity of the cavity.
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Table 3. The elastic strain energy of the spacer calculated by FEA and two equations.

Material Elastic Strain Energy of Spacer (nJ)

Spacer Substrate
Estimation

FEA
Equation (2) Reference [16]

ULE ULE 0.18 0.06 0.94
ULE ULE 0.18 0.06 0.93

Zerodur Zerodur 0.14 0.04 0.69
Zerodur Zerodur 0.14 0.04 0.74

Silica Silica 0.07 0.02 0.34
Sapphire Sapphire 0.03 0.01 0.16

As shown in Table 3, the strain energy of FEA is closer to the result calculated
by Equation (2) in this paper, differing by a factor of approximately 5. In comparison,
Equation (2) in Ref. [16] differs by a factor of approximately 16. For a pure ULE cubic
cavity, compared to the result simulated by FEA, the strain energy of approximately 0.88 nJ
stored in the spacer is underestimated by Equation (2) in Ref. [16]. This underestimation is
attributed to the complex local deformations produced by the non-uniform pressure and
strain caused in different materials. Kessler et al. [17] and G. Xu et al. [23] have noticed a
similar divergence in the case of a cylindrical cavity and spindle cavities. There are two
possible reasons for this. One reason is that the transition produces the stress concentration
from the mirror to the spacer. The other one is that bending strain energy was not consid-
ered. Note that Teflon or Viton pads have not been included in our numerical simulations.
T. Kessler et al. [17] studied the contribution of Viton to the thermal noise, and the results
showed that the contribution of Viton can be ignored for the widely used optical cavity at
present. However, once low-loss coatings with sufficient reflectivities are available, this
might need attention.

3.2. The Effect of Cavity Dimensions on Elastic Energy

To better understand the divergence between the simulation and analytical estimation,
we investigated the thermal noise of cubic spacers under varying conditions, including the
spacer’s edge length, materials, and Fp.

3.2.1. Room Temperature Materials

As shown in Figure 3, for a cubic optical cavity made of ULE or Zerodur, the strain
energy calculated by FEA, the two equations expressed by Equation (2) in this paper, and
Equation (2) in Ref. [16] decrease with the increase in cavity length. As Figure 3a,b shows,
for the two spacers, the results of FEA are approximately a factor of 5 larger than that of
Equation (2) in this paper and a factor of 14 larger than that of Equation (2) in Ref. [16],
respectively. For the two spacers, the gaps of strain energy between FEA and Equation (2)
in this paper are near-constant offsets of approximately 0.74 nJ and 0.55 nJ, respectively,
and those between the simulation and Equation (2) in Ref. [16] are approximately 0.82 nJ
and 0.6 nJ, respectively. The above results indicate that Equation (2) from this paper is
more consistent with the results of FEA than that of Equation (2) in Ref. [16].
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Figure 3. Strain energy as a function of edge Lcub of the cubic spacer. The solid blue line with circles
represents the simulation results. Magenta solid line with squares presents the analytic estimate
according to Equation (2) in Ref. [16]. Cyan solid line with stars presents the analytic estimate
according to Equation (2). (a) ULE cubic spacer with ULE substrates. (b) Zerodur cubic spacer with
Zerodur substrates.

3.2.2. Low-Temperature Materials

For low-temperature material cubic optical cavities, such as silica and sapphire,
Figure 4 shows that the strain energy calculated by Equation (2) in this paper is more
consistent with the results of FEA than that of Equation (2) from Ref. [16], which is similar
to the case of room temperature materials. For the two spacers, the results of FEA are
approximately a factor of 5 greater than that of Equation (2) in this paper and a factor
of 18 greater than that of Equation (2) in Ref. [16]. As the spacer edge length increases,
for the all-silica and all-sapphire cubic optical cavities, the gap of the strain energy in the
spacers between FEA and Equation (2) tends to near-constant offsets of approximately
0.27 nJ and 0.12 nJ, respectively. We believe that this divergence is similar to the case of
room temperature material cubic optical cavities.
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Figure 4. Strain energy as a function of edge Lcub of the cubic spacer. The solid blue line with
circles presents the simulation results. Magenta solid line with squares presents the analytic estimate
according to Equation (2) in Ref. [16]. Cyan solid line with stars presents the analytic estimate
according to Equation (2). (a) Silica cubic spacer with silica substrates. (b) Sapphire cubic spacer with
sapphire substrates.

3.3. The Effect of Compressive Force on Elastic Energy

To rigidly mount the cubic optical cavity, four Fps were used to load the cut faces of
the cubic cavity. Fp will change the stress field inside the cubic optical cavity, affecting the
strain energy contributed from the force F in Equation (1). Assuming that the strain energy
produced by four Fps where F = 0 N is defined as Up, and the strain energy produced by



Photonics 2021, 8, 261 7 of 11

four Fps and F = 1 N is Up+F, then the strain energy contributed from the force F = 1 N can
be expressed as

UF = Up+F − Up (5)

As shown in Figure 5b, the strain energy UF in the spacer of a 50 mm long ULE cavity
as a function of Fp is obtained by FEA. The divergence between UF and U0 becomes more
pronounced as Fp increases. Generally, the results show that there is an approximately
linear relationship between the strain energy UF and Fp. When Fp is about 80 N, strain
energy UF is 1 nJ larger than U0. The strain energy divergences are about 1.2 nJ and 6.5 nJ,
where Fp is 100 N and 500 N. A strain energy of 1.2 nJ corresponds to an Allan deviation of
σy = 2.4 × 10−16 at 1s for a 50 mm long ULE cavity. Therefore, an appropriate Fp should be
chosen for a lower thermal noise of the cubic optical cavity.
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4. Mixed Material Cavities

In cavities with ULE, the major contribution to thermal noise arises from the mirror
substrates and coating. Substrate materials with a higher mechanical Q-factor, such as
fused silica (FS), have been used to reduce the thermal noise of mirror substrates [17,19].
However, fused silica shows a relatively large room temperature coefficient of thermal
expansion (CTE). The large CTE difference in such a mixed material cavity leads to an
unwanted lowering of the zero-crossing temperature of the cavity’s CTE. Either special
mirror configurations have been applied, or additional ULE rings have been optically
contacted with the back surfaces of the FS mirrors to compensate for this effect [18].

T. Kessler et al. [17] investigated the thermal noise of a mixed material cavity with a
SiO2/Ta2O5 coating. The results show that the contribution from the coating to the total
thermal noise of the cylindrical cavity is considerable. A GaAs/AlGaAs crystalline coating
with a low loss angle was applied to reduce the thermal noise of the coating [21]. This
research used the FEA model discussed above to investigate the percent contribution of
Sx(f) in the mixed material cavity, including the ULE cubic spacer and the FS substrates
with a GaAs/AlGaAs crystalline coating and a SiO2/Ta2O5 coating. A 50 mm edge cubic
optical cavity was simulated. Additional 6 mm thick ULE rings with a diameter of 25.4 mm
and a central bore of 14 mm were added, where Fp of 100 N was applied.

Figure 6 shows the FEA results of the Sx(f) contributions caused by the different cavity
components. We find that the additional Sx(f) of the ULE ring is approximately equal to that
of the spacer. Neither can be neglected. Using a GaAs/AlGaAs crystalline coating, the Sx(f)
contribution in a spacer for an optical cavity with and without ULE rings is about 59% and
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32%, respectively, corresponding to the contribution of thermal noise in a spacer to the total
thermal noise. The ULE ring noise contributions are much higher than that of the coating
thermal noise. However, when using a SiO2/Ta2O5 coating, the main contribution of Sx(f)
in the optical cavity comes from the spacer and coating, and Sx(f) in the spacer accounts
for 38% of the total Sx(f) for the optical cavity without a ULE ring, corresponding to the
proportion of spacer thermal noise in total thermal noise. We have the paradoxical situation
that a mixed material cavity with additional rings shows more thermal noise than one
without these rings, which is different from a cylindrical optical cavity. The main reason
may be attributed to Fp resulting in a change in the internal stress in the optical cavity.
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In mixed material cavities with FS substrates and an AlGaAs crystalline coating, the
ULE spacer limits performance of the cubic optical cavity. Contributions to the thermal
noise from the optical length Sx(f) as functions of the spacer length Lcub and Fp are shown
in Figure 7. Under the condition of Fp = 0 N, when the spacer length Lcub is greater than
60 mm, the contribution of Sx(f) from the spacer equals that of the substrates. The total
Sx(f) in the cubic optical cavity tends to a constant. As shown in Figure 7b, Sx(f) in the
cubic cavity is proportional to Fp. For a 50 mm long ULE cubic optical cavity, when Fp is
greater than 100 N, the displacement noise contributed from every 100 N Fp is about three
times that of FS substrates and the GaAs/AlGaAs crystalline coating, corresponding to the
contribution to the thermal noise by Fp.
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Photonics 2021, 8, 261 9 of 11

5. Discussions and Conclusions

This research investigates the thermal noise in cubic optical cavities in detail through
theoretical analysis and FEA. We derive an analytic formula for the thermal noise in the
cubic spacer based on the FDT theory and strain theory. The calculation results based on
this formula demonstrate qualitative agreement with that of the simulation. Compared
with the previous estimation formula, this formula is more suitable for the estimation of
the thermal noise of the cubic optical cavity. The reasons for the divergence of the results
between the theoretical analysis and FEA are also provided.

For the cubic optical cavity, a compressive force Fp must be applied. We investigate the
influence of the compressive force Fp on the thermal noise in cubic optical cavities in detail.
This contribution to thermal noise has not been previously considered. To our knowledge,
this is the first study of the compressive force influence Fp by numerical simulations.

For a 50 mm long mixed material cubic cavity with a ULE spacer and FS substrates,
the displacement noise contributed from every 100 N of Fp is about three times that of the
FS substrates and the GaAs/AlGaAs crystalline coating when Fp is larger than 100 N. The
results show that Fp is the dominant noise source for some material choices and cavity
geometries. Future studies about the thermal noise contributions in other shapes of optical
cavities with different geometries should focus on the compressive force Fp, such as the
spherical optical cavities. The results of this research offer guidance for cubic optical cavity
design and minimizing the thermal noise.
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