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Abstract: In the present study, the three-parameter one-dimensional vertical infiltration equation
recently proposed by Poulovassilis and Argyrokastritis is examined. The equation includes the
saturated hydraulic conductivity (Ks), soil sorptivity (S), and an additional parameter c; it is valid
for all infiltration times. The c parameter is a fitting parameter that depends on the type of porous
medium. The equation is characterized by the incorporation of the exact contribution of the pressure
head gradient to flow during the vertical infiltration process. The application of the equation in
eight porous media showed that it approaches to the known two-parameter Green–Ampt infiltration
equation for parameter c = 0.300, while it approaches to the two-parameter infiltration equation of
Talsma–Parlange for c = 0.750, which are the two extreme limits of the cumulative infiltration of soils.
The c parameter value of 0.500 can be representative of the infiltration behavior of many soils for
non-ponded conditions, and consequently, the equation can be converted into a two-parameter one.
The determination of Ks, S, and c using one-dimensional vertical infiltration data from eight soils
was also investigated with the help of the Excel Solver application. The results showed that when
all three parameters are considered as adjustment parameters, accurate predictions of S and Ks are
not achieved, while if the parameter c is fixed at 0.500, the prediction of S and Ks is very satisfactory.
Specifically, in the first case, the maximum relative error values were 33.29% and 39.53% for S and Ks,
respectively, while for the second case, the corresponding values were 13.25% and 17.42%.

Keywords: soil sorptivity; soil hydraulic conductivity; inverse solution; Excel Solver

1. Introduction

The phenomenon of infiltration plays a key role in hydrology, irrigation, and environ-
mental studies. Several models have been proposed to describe the relationship between
vertical cumulative infiltration in homogeneous soil and infiltration time i(t). These mod-
els can be classified into three categories [1,2], the physical models [3–6], semi-empirical
models [7–9], and empirical models [9,10].

In many cases, comparative results from different models describing vertical infil-
tration have been presented [11–15]. However, between the compared models, there is a
difference in the number of physical or fitting parameters. Most of the afore mentioned
models are two-parameter models with the parameters of soil sorptivity, S (characterizing
the ability of soil to drive water by capillarity) and saturated hydraulic conductivity, Ks
(characterizing the ability of soil to conduct water by gravity) [16].

Poulovassilis and Argyrokastritis [17] presented a two term three-parameter infiltra-
tion model (Equation (1)) which includes, in addition to Ks and S, the parameter c, and is
valid for all infiltration times. The c is a fitting parameter and depends on the type of the
porous medium.

i = S
√

t e(−c(Ks
S )
√

t) + Kst (1)

In addition, this equation has the advantage of the explicit form of i as function of t.
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The equation incorporates the exact contribution of the pressure head gradient term
to flow during the vertical infiltration process in a homogenous soil for non-ponded
conditions and satisfies the physics of the infiltration phenomenon. It is documented that
this contribution is smaller than the corresponding one of the pressure head gradient during
horizontal infiltration by a time-dependent factor characteristic of each porous medium.
Poulovassilis and Argyrokastritis [17] reported that deviations observed between various
infiltration models and experimental data were generally attributed to non-incorporating
the exact contribution of the pressure head gradient term to the flow in the infiltration model.
They also suggested the fixed value of c = 0.6 for acceptable values of cumulative infiltration
(i), and consequently, the model is converted to a two-parameter infiltration model.

Three-parameter infiltration equations have been proposed by Brutsaert [18], Swartzen-
druber [6], and Parlange et al. [19]. Usually, for practical purposes, for the third parameter
they suggested a fixed value, and thus their equations are converted to two-parameter ones.
Specifically, Brutsaert [18] proposed the constant value 1, Swartzendruber [6] the value
0.75, and Parlange et al. [19] the value 0.85.

Parlange et al. [19] found that when the third parameter tends to 0, their equation
is converted into the Green–Ampt equation (Equation (2)) [3], while when it tends to 1,
it is converted into the Talsma–Parlange equation (Equation (3)) [20], which are the two
extreme limiting infiltration equations. Both equations are characterized by implicitness in
i but explicitness in t.

t =
i

Ks
− S2

2K2
s

ln
(

1 +
2Ksi
S2

)
(2)

t =
i

Ks
+

S2

2K2
s

(
exp

(
−2Ksi

S2

)
− 1
)

(3)

The issue of a corresponding investigation of the range of parameter c values in the
Poulovassilis and Argyrokastritis [17] equation and whether a fixed value of c can lead to
reliable values of i(t) remains open.

In addition, cumulative infiltration data can be used to estimate soil hydraulic proper-
ties with proper analysis. Commonly, the S and Ks parameters are searched out, which are
characterized by Vrugt and Gao [21] as super-parameters of the hydraulic functions. Gener-
ally, two methods have been proposed to estimate Ks and S from cumulative infiltration
models [22]: the linearization methods [23–25] and the curve fitting methods based on an
inverting procedure to estimate S and Ks [26–30].

While relatively extensive research has been done on the reliability of S and Ks pre-
dictions from two- or three-parameter infiltration equations, using mainly the inverting
procedure, no corresponding research on the Poulovassilis and Argyrokastritis [17] equa-
tion has been done so far. Clothier and Scotter [31], Rahmati et al. [14], and Kargas et al. [16]
have reported that one can use the Data Solver application in Excel to minimize the objec-
tive function between the experimental infiltration data and the predicted ones to predict
the parameters S and Ks. In general, in the case of three-parameter infiltration equations,
when the third parameter is also considered as adjustment parameter, the predictions of S
and Ks are not improved. For this reason, it is usually recommended to use a fixed value of
the third parameter [14,16,30,32]. In addition, a key issue is the role of infiltration time in
reliable prediction of S and Ks. Latorre et al. [32] showed that even short infiltration times
are sufficient for accurate prediction of S, while much longer times (i.e., 1000 s) are required
for the prediction of Ks in the case of the equation of Parlange et al. [19]. However, a
systematic investigation of the above mentioned in the case of the equation of Poulovassilis
and Argyrokastritis [17] has not been carried out until now.

The objectives of this study are: (1) To investigate the range of the value of the
parameter c and to find, if possible, a fixed value for a reliable estimation of cumulative
infiltration. (2) To check the accuracy of the hydraulic properties (S and Ks) estimation
by applying the non-linear optimization method using the Excel Solver tool (a) for the
simultaneous calculation of the values of the three parameters and (b) considering the
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parameter c as fixed. (3) To investigate the role of infiltration time in the estimation of S
and Ks.

2. Materials and Methods
2.1. Porous Media

Experimentally or numerically one-dimensional vertical infiltration data obtained
by applying a surface ponding depth (H ≥ 0), from eight different porous media, were
studied. Specifically, the experimental infiltration data were obtained: (a) from the lit-
erature and concern the porous media: Sandy Soil-Grenoble with H = 2.25 cm [12] and
Silty soil with H = 0 cm [13]; (b) from experiments conducted on a Sandy Loam soil with
H = 3 cm [16]. The numerical infiltration data concern the porous media: Yolo Light Clay
with H = 0 cm [13], Sand with H = 0 cm [13], and Soil and Sand mixture with H = 0 cm [13].

The remaining two porous media are the Silty Loam GE3 [33] and the Guelph
Loam [33], for which their soil water retention and hydraulic conductivity curves are
described from the van Genuchteen [33]-Mualem [34] model [25]. Vertical infiltration was
numerically simulated by using the HYDRUS-1D Code [27], with an initial pressure head of
−500 cm and surface ponding depth of 0 cm for both porous media. At the lower boundary
of the 1 m uniform soil profile, a zero-pressure head gradient was defined (free drainage).

The values of Ks and S for the Sandy Soil-Grenoble soil are reported by Haverkamp
et al. [12], and for Silty Soil, Yolo Light Clay, Soil and Sand mixture, and Sand are reported
by Poulovassilis et al. [13]. For Silty Loam GE3 and Guelph Loam the Ks values are reported
by van Genuchten [33] and the S values were obtained from HYDRUS-1D applying 1D
horizontal infiltration with H = 0 cm. Finally, for the Sandy Loam soil the S and Ks values
were determined from experimental horizontal infiltration data and using a constant head
permeameter, respectively [16] (Table 1).

Table 1. Hydraulic properties of porous media studied (saturated hydraulic conductivity (Ks) and
soil sorptivity (S)) and the corresponding applied ponding depths (H).

Porous Medium H (cm) S (cmmin−0.5) Ks (cmmin−1)

Sand [13] 0 1.375 0.3
Soil and Sand mixture [13] 0 0.223 0.012
Sandy Soil-Grenoble [12] 2.25 1.319 0.255
Silty Soil [13] 0 0.849 0.038
Yolo Light Clay [13] 0 0.095 0.0007
Silty Loam GE3 [33] 0 0.3162 0.0034
Guelph Loam [33] 0 0.6181 0.0219
Sandy Loam [16] 3 1.445 0.11

The selected porous media cover a satisfactory range of porous media, from very
coarse-textured (Sand) to very fine-textured (Yolo Light Clay).

2.2. Non Linear Optimization Method Using the Solver Tool in Excel

The Solver tool in Excel was used to estimate the S and Ks parameters [16]. The Solver
application minimizes the objective function between measured and predicted cumulative
infiltration values at given times and then predicts S and Ks and it has been proposed by
Šimůnek et al. [27], Wraith and Or [35], Clothier and Scotter [31], Rahmati et al. [14], and
Kargas et al. [16]. Solver uses the Generalized Reduced Gradient solution method proposed
by Lasdon et al. [36] and solves problems of smooth non-linear equations, which are charac-
terized as continuous functions [16]. The non-linear optimization method using the Solver
tool was applied considering (a) the three parameters (S, Ks, c) as adjusted, and (b) the two
parameters (S, Ks) as adjusted and the third as fixed (c = 0.500). During the computation
process, the initial values of sorptivity (S’) and saturated hydraulic conductivity (Ks’) used
were calculated as S’ = i1/

√
(t1) and Ks’ = (in−in−1)/(tn−tn−1), where n is the last value of

the infiltration data.
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2.3. The Effect of Infiltration Time on Ks and S Estimation

To study the effect of infiltration time on the prediction of S and Ks parameters, the
values of S and Ks were calculated in consecutive parts of the total infiltration time, in the
case where the parameter c is fixed. A short infiltration time is chosen as an initial step and
the next time steps are gradually increased up to the total infiltration time. Therefore, the
parameters were calculated at different infiltration time intervals. The selection of time
intervals depends on the type of porous medium and the total infiltration time.

2.4. Statistical Analysis

The predicted values of S and Ks were calculated by applying the Equation (1) using
(a) the three parameters (S, Ks, c) as adjustment ones, and (b) the two parameters (S, Ks) as
adjustment and the third as fixed (c = 0.500). To find which of them is the best method to
predict the parameters S and Ks, the relative errors (RE) of the predicted values of S and Ks
were calculated using the following equation:

RE =
Predicted value−Measured value

Measured value
(4)

Also, in the case where the parameter c is fixed at 0.500, the accuracy of the predicted
values i(t) was examined by calculating the root mean square error (RMSE) values from the
following equation:

RMSE =

√√√√√ N
∑

i=1
(Predicted valuei−Measured valuei)

2

N
(5)

where N is the number of values.

3. Results and Discussion
3.1. The Range of the c Parameter Value

Poulovassilis and Argyrokastritis [17], in Table 1 of their paper, presented the values
of the parameter c for three soils, where it appears that the c value increases as the soil
becomes finer, i.e., the parameter c varies depending on the type of soil. For the sand,
the value is 0.3380 while for the Yolo light clay, it is 0.6468. The infiltration behavior of
these porous media (for non-ponding conditions) approximates the two limiting behavior
soils as described by Green–Ampt (delta function soil) and Talsma–Parlange equations,
respectively [25].

In Figure 1, a comparative presentation of the experimental relationship i(t) and the
predicted ones according to equations of Talsma–Parlange, Green–Ampt, and Equation (1)
for c = 0.300, 0.500 and 0.750 are depicted. As shown, for all soils studied, the i(t) values
predicted from Equation (1) for c = 0.300 and c = 0.750 are almost the same with those
calculated from the equations of Green–Ampt and Talsma–Parlange, respectively. Thus,
the parameter c in real soils ranged from 0.300 to 0.750 and the two extreme values of the
parameter c (0.300 and 0.750) correspond to the two extreme infiltration behavior soils
described from the Green–Ampt equation (Equation (2)), which is characterized by the
fact that the diffusivity function D(θ) approximates a delta function, and from the Talsma–
Parlange equation (Equation (3)), where function D(θ) and dK/dθ change rapidly and are
almost proportional [19]. Consequently, it is expected that the experimental relationship
i(t) will be between these two limiting cases in each soil. Indeed, the experimental i(t) is
always between these two limiting cases (Figure 1).
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Figure 1. Comparative presentation of the experimental relationship i(t) and the predicted ones
according to equations of Talsma–Parlange, Green–Ampt, and Poulovassilis–Argyrokastritis (Equa-
tion (1) for c = 0.300, 0.500, and 0.750).

Next, the special case where the parameter c is fixed at 0.500 is studied and the
Equation (1) is converted into the two-parameter Equation (6) as:

i = S
√

t e(−0.5(Ks
S )
√

t) + Kst (6)

As shown in Figure 1, the relationship i(t) predicted from Equation (6) (c = 0.500)
is approximately located at the middle of the area defined by the two limiting cases. It
could be assumed that the value of c = 0.500 is typically representative for the cumulative
infiltration of many soils in the case of non-ponding conditions. Especially, this assumption
could be useful for practical purposes since it helps to reliably predict i(t), which is explicit
in terms of time. The accuracy of the i(t) predictions from Equation (6) was examined by
the RMSE values for all soils studied. As shown in Table 2, the RMSE values for all soils are
small, which demonstrates that Equation (6) reliably predicts the relationship i(t).

Table 2. Root mean square error values (RMSE) of the predicted relationships i(t) from Equation (6)
for all porous media studied.

Soil RMSE (cm)

Sand 0.901
Soil and Sand Mixture 0.083
Sandy Soil-Grenoble 0.133
Silty Soil 1.126
Yolo Light Clay 0.405
Silty Loam GE3 0.302
Guelph Loam 0.327
Sandy Loam 0.166

In order to enhance the above-mentioned results, we also applied the dimensionless
variables of cumulative infiltration I and time T as defined by Valiantzas [25]

I = 2Ks
i

S2 (7)

T = 2K2
s

t
S2 (8)
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So, the dimensionless form of the Equation (1) is converted to

I =
√

2T e−c( T
2 )

0.5
+ T (9)

In this case, the relative weighed effect of pressure head gradient in dimensionless
form will be equal to (2T)0.5/I, while the relative effect of gravity will be equal to T/I [15,25].

Figure 2 shows the relative weighed effect of pressure head gradient in dimensionless
form (2T)0.5/I as a function of T/I (relative effect of gravity) according to equations of
Talsma–Parlange, Green–Ampt, Valiantzas, and Equation (9) for c = 0.300, 0.500, and 0.750.
As shown, Equation (9) for c = 0.500 is approximately located at the middle of the area
defined by the two extreme cases. For c values equal to 0.300 and 0.750, Equation (9) gives
the same results with the Green–Ampt and Talsma–Parlange equations, respectively, while
for c = 0.500, it gives the same results with the Valiantzas [25] equation. Small discrepancies
exist between Green–Ampt equation and Equation (9) for c = 0.300, as well as between
the Valiantzas equation and Equation (9) for c = 0.500, which are presented for T/I values
greater than 0.8. Noting that these values correspond to T values greater than 6 and thus to
very long infiltration time values. It is typically reported that for the Sandy Soil-Grenoble,
the infiltration time for T = 6 corresponds to t = 80 min when the experimental duration of
infiltration is 24 min.
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Figure 2. The relative weighed effect of pressure head gradient in dimensionless form (2T)0.5/I as
a function of T/I (relative weighed effect of gravity) according to equations of Green–Ampt, Talsma–
Parlange, Valiantzas, and Poulovassilis–Argyrokastritis (Equation (9) for c = 0.300, 0.500 and 0.750).

3.2. Results from Non Linear Optimization for Estimation of Ks and S. Fixed c = 0.500 vs. Variable
c Generated from Non Linear Optimization

As shown in Table 3, when the nonlinear optimization process was applied using the
three adjustment parameters S, Ks, and c in Equation (1), the values of RE for S prediction
ranged from 1.19% to 33.29% and for Ks from 6.01% to 39.53%. Generally, there is a tendency
to overestimate S and underestimate Ks. The values of the parameter c ranged from 0.188
to 1.841. The maximum values of RE (33.29% and 39.53% for the Silty Soil and Silty Loam
GE3, respectively) were observed at the extreme values of the parameter c.
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Table 3. Measured values of S and Ks and predicted values of S, Ks, and c from the Equation (1) using
the Solver application considering (a) all the three parameters as adjustment parameters, and (b) the
S and Ks as adjustment parameters and the c = 0.500. Relative errors (RE%) of the predicted values of
S and Ks for all porous media studied.

Soil

Predicted Values
(Equation (1) with Adjusted c)

Predicted Values
(Equation (1) with Fixed c) Measured Values

S
(cmmin−0.5)

Ks
(cmmin−1) c S

(cmmin−0.5)
Ks

(cmmin−1) c S
(cmmin−0.5)

Ks
(cmmin−1)

Sand 1.505 0.369 0.752 1.342 0.352 0.500 1.375 0.3
Soil and Sand
Mixture 0.241 0.014 0.907 0.209 0.013 0.500 0.223 0.012

Sandy
Soil-Grenoble 1.375 0.337 0.881 1.224 0.294 0.500 1.319 0.255

Silty Soil 1.132 0.051 1.841 0.737 0.041 0.500 0.849 0.038
Yolo Light Clay 0.100 0.00079 0.826 0.093 0.00066 0.500 0.095 0.0007
Silty Loam GE3 0.311 0.0021 0.188 0.314 0.0030 0.500 0.316 0.0034
Guelph Loam 0.611 0.0206 0.580 0.603 0.0194 0.500 0.6181 0.0219
Sandy Loam 1.596 0.1432 0.939 1.513 0.097 0.500 1.445 0.11

RE%

Sand 9.43 22.96 2.38 17.42
Soil and Sand
Mixture 8.04 18.02 6.49 6.07

Sandy
Soil-Grenoble 4.22 32.31 7.18 15.35

Silty Soil 33.29 33.41 13.25 8.05
Yolo Light Clay 4.85 12.18 2.57 5.64
Silty Loam GE3 1.56 39.53 0.77 12.53
Guelph Loam 1.19 6.01 2.37 11.53
Sandy Loam 10.46 30.17 4.71 11.96
Max |RE|= 33.29 39.53 13.25 17.42

Considering the scenario where the parameter c is fixed with value c = 0.500 and the
two adjustment parameters are S and Ks, a significant improvement in the RE values was
observed (Table 3). Specifically, the values for S ranged from 0.77 to 13.25% and for Ks
from 5.64 to 17.42%. In all soil studied, the RE values for S are smaller than those for Ks.
The relatively small values of RE for both parameters indicates that reliable predictions of
S and Ks can be obtained with the help of the Solver tool when the third parameter
is fixed at 0.500. As shown from the abovementioned, if the parameter c is used as
an adjustment parameter it does not improve the predictions of the other two physical
parameters (S, Ks). Therefore, it is proposed to apply the nonlinear optimization procedure
using two adjustment parameters (S and Ks) and fixed the third parameter (c = 0.500). A
similar phenomenon had occurred for the equation of Parlange et al. [19] and redefined
by Haverkamp et al. [37], where the third parameter β was fixed at 0.6 [14,16,30,32]. The
results of the nonlinear optimization procedure with two adjustment parameters are very
good in the case of soils where the S/Ks ratio is very large, i.e., fine-textured soils [15]. For
these soils, the values of S/Ks are 135.7, 93 and 28.22 for Yolo Light Clay, Silty Loam GE3,
and Guelph Loam, respectively. In these cases, the RE values for S ranged from 0.77 to
2.57% and for Ks from 5.64 to 12.53%.

3.3. Assessment of Ks and S through Infiltration Time Using Non Linear Optimization

The accuracy of the Equation (1) in predicting S and Ks with respect to time was
examined by considering the value of the parameter c as fixed (c = 0.500). Regarding
Ks, the reliability of the prediction, generally, increases with time in all soils studied. In
some soils (i.e., Sandy Soil-Grenoble, Guelph Loam, Silty Loam GE3 and Sandy Loam), an
overestimation of Ks was observed at early times, but the accuracy of the prediction was
significantly improved over time (Figure 3). It appears that relatively long infiltration times
are required to best predict Ks (e.g., t > 40 min for Guelph Loam soil; t > 120 min for Silty
Loam GE3).
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Figure 3. Measured Ks and S values and the predicted ones from Equation (6), with respect to the
time, for all porous media studied.

As shown in Figure 3, a diverge of the predicted values of S after a specific infiltration
time is observed in three of the soils studied (i.e., Sandy Soil-Grenoble, Silty Soil and
Soil-Sand Mixture), while in the remaining soils, the predicted values are relatively stable.

It is also worth noting that the predictions of S and Ks are between those obtained
from GA and TP equations that define the extreme infiltration limits of real soils.

3.4. The Equation of Infiltration Rate

Considering that the two-parameter Equation (6) can reliably predict the infiltration data
i(t), the infiltration rate, u = di/dt, is expressed by the following useful explicit equation:

u = 0.5e−0.5(Ks
S )
√

t
(

S√
t
− 0.5Ks

)
+ Ks (10)

From Equation (10), when t→0 the u→ ∞, whereas when t→∞ the u→ Ks as this is
expected from the physics of the phenomenon.

4. Conclusions

The equation of Poulovassilis and Argyrokastritis [17], which is an explicit equation
of cumulative infiltration as function of time, is further investigated aiming at clarifying
the parameter c used. It was found that for values of c = 0.300 and c = 0.750, it approaches
the two extreme behavior infiltration models, the Green–Ampt and Talsma–Parlange. It
is proposed for practical purposes to use it for c = 0.500 and thus it is converted into the
two-parameter equation with S and Ks. This equation seems to have applicability in most
soil types since the predicted i(t) relationships were very satisfactory. For this value of c, it
gives almost the same results as the Valiantzas equation [25]. For the reliable estimation
of S and Ks by applying the non-linear optimization procedure, the use of S and Ks as
adjustment parameters and c as fixed at 0.500 is proposed. From the results, it appears that
relatively long infiltration times are required for the best prediction of Ks.
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