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Abstract: The aim of this investigation is to show the solution for the critical Reynolds number in the
flow around the sphere on the basis of theory of stochastic equations and equivalence of measures
between turbulent and laminar motions. Solutions obtained by numerical methods (DNS, LES,
RANS) require verification and in this case the theoretical results have special value. For today in
the scientific literature, there is J. Talor’s implicit formula connecting the critical Reynolds number
with the parameters of the initial fluctuations in the flow around the sphere. Here the derivation of
the explicit formula is presented. The results show a satisfactory correspondence of the obtained
theoretical dependence for the critical Reynolds number to the experiments in the flow around the
sphere.

Keywords: equivalence of measures; stochastic equations; critical Reynolds number; critical point;
the flow around the sphere

1. Introduction

The main ideas of the theory of onset of turbulence are described in [1-11].

The theory of Landau describes the onset of turbulence as quasi-periodic motion
which is realized by multiple frequency doubling [1]. The theory of strange attractors and
the corresponding differential equations are presented in the original papers of Lorenz,
E.N., Feigenbaum, M., Ruelle, D., Takens, F. [3-5]. The main points of statistic theory of
turbulence are presented in the articles of Kolmogorov A.N. [6-9].

The idea about criteria of the relative degree of the ordering of states in self-organization
processes is presented in papers of Struminskii, V.V. and Klimontovich, Y.L. [10,11].

Further complex mathematical and numerical methods for solving of the Navier—
Stokes equation using the theory of strange attractors and the theory of solitons are shown
in [12-24]. The theory of solitons on the basis of the Korteweg—de Vries equations and the
theory of chaos are presented in [12—-15]. The main idea about equations of Kolmogorov
corresponding to a two-dimensional stochastic Navier-Stokes system is presented in [16].
The task of determination of the correlation dimension strange attractors was studied
in [17-20]. The fractals in the turbulent flows and Kolmogorov entropy were studied
in [21-24].

Pure numerical methods such as DNS for solution of Navier—Stokes equations are
presented in [25-28]. The statistical and stochastic equations for research of the turbulence
are presented in [29-35].

It was also hypothesized that the flow region with a large absolute value of the Jacobian
d(u,v)/d(x,y) generates intense pressure waves. These waves probably give rise to turbulent
pulsations [34-36].

In essence, the theoretical solutions for the critical Reynolds number were done by
using well-known ratio based on of the theory of dimension and experimental data [36-38].
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However, experimental formulas require the initial conditions for concrete flows. Thus, a
new theory for the determination of analytical formulas for the critical number of onset of
turbulence is needed.

The latest results of the theory of stochastic equations and the theory of equivalence
of measures between deterministic and random states have allowed, for the first time,
the derivation of analytical dependences for friction coefficients in a laminar-turbulent
transition in cases of the isothermal flows on the smooth flat plate and in the round
tube [39,40].

It is obvious that the experiment or numerical study of this phenomenon should be
based on conservation laws, and the methods of conducting experiments and solving
equations of these laws should have verification tools. Such a tool can be considered as
being the third research methodology: theoretical. Thus, such methodology is primarily
aimed at creating a new physical and mathematical toolkit, which allows the obtaining
of analytical results. This is especially important for those phenomena for which the
energy—space—time properties were identified: the uncertainty relation. As is known,
this ratio was initially determined for quantum mechanics, which is based on wave and
quantum ideas. Recent studies have shown the correctness of the ratio of uncertainties
in the stochastic mechanics of liquid and gas. Thus, the generation of energy in random
processes in both quantum mechanics and classical mechanics determines the existence of
the uncertainty relation. Therefore, this ratio determines a criterion or feature for verifying
natural and numerical experiments. The importance and materiality of such the tool in
both of these methodologies is obvious and noted repeatedly. Therefore, the creation of
a theoretical tool, which makes it possible to qualitatively and quantitatively evaluate
the most important parameters for practice while taking into account the uncertainty
relation, determining, among other things, the possibility of verifying research in natural
and numerical experiments. The development of such a theoretical apparatus for the study
of a natural phenomenon requires repeated checks of this apparatus by calculating the
characteristics of various types of the phenomenon under study.

These new results have been made possible as a result of successive advances in
theoretical physics related to turbulence. Namely the theoretical dependencies for first and
second critical Reynolds number and dependences for profiles of averaged velocity and
temperature fields in the boundary layers [41-47] were obtained. Moreover, the friction and
heat-transfer coefficients and second-order correlations were derived [48-52]. Besides the
formulas for Reynolds analogy and formulas of the correlation dimension of an attractor in
the boundary layer on the flat plate and in the tube were received [53-58].

Note that the uncertainty relation in the process of turbulence generation was re-
ceived [59,60]. For this case the spectral function E(k); depends on wave numbers k for
interval of generation of turbulence in the form of E(k);~k", n=-1.2 = —1.5.

Furthermore, theoretical solutions for the spectral function E(k)j in cases of Kol-
mogorov and dissipation intervals [59-63] were derived. [59-63].

Other classes of fluid motions were also studied. The turbulent flow in the plane
jet, the flow near a rotating disk and the motion between rotating coaxial cylinders are
presented in [64—66].

Here, the analytical solutions for the critical Reynolds number and for the critical point
in the case of the motion around the sphere are presented.

2. Equations of Conservation for the Isothermal Stochastic Process

The equations were derived in [39-47] and for isothermal movement without the
external forces take the following form:
The equation of mass (continuity):

d(p>colst - _ (p)st _ d(p)st (1)

dat Teor dt




Fluids 2023, 8, 81 30f12
The momentum equation:
(o) (), d(pl)
PUi)eory . . PU ) PU)st
Tt = dlv(Ti'j)Colst + dlv(Ti’j)St — Tcors _ = s (2)
And the energy equation:
dEcolS . . Est dEs;
f = dzv(uiri,j)mlst +div(u;Tj), — )~ Uit (3)

Here, u;, uj, up, Epur, T are the velocity components in the directions x;, Xj, X| (1,
j, =1, 2, 3); the energy, the density, the dynamic viscosity, the time and the stress tensor
. ou;j .. . .
Tij =P+ 0 0 = (% + TZ’) —6;(& - ) % here i, j are the tensorial notations, &;; =
] 1
1if i =j, 8 = 0 for i#j. P is the pressure of liquid or gas. The subscript “st” refers to the

components, which are actually stochastic.The subscript “col st” refers to the components,
which are actually deterministic.

3. Stochastic Equations for Critical Reynolds Number

The flow around a sphere, along with flows in the boundary layer on a plate, in a
pipe and in a jet, belongs to the classical ones. Note that the question of the transition
from a laminar flow to a turbulent flow around a sphere was considered in a number
of works [37,67-69]. The example under consideration, in contrast to the previously
considered flows, is characterized by the fact that before the process of transition of a
laminar, deterministic flow to a turbulent one occurs, the separation of the boundary layer
from the surface of the sphere occurs. As is known, in this case the separation process is not
accompanied by a simultaneous transition to turbulence. Thus, on the basis of the already
defined equivalence relation of measures, it is necessary to determine the critical Reynolds
number in the boundary layer when flowing around a sphere.

To decide Equations (1)—(3) the correlator Dy was derived in [39—-46] as the definition
of equivalency of measures between laminar movement and turbulent movement. The
results of using of the correlator Dy y1 applying to (1)-(3) are the sets of stochastic equations
for four space-time areas: (1) the onset of generation (subscript 1,0 or 1); (2) the generation
(subscript 1,1); (3) the diffusion (1,1,1) and (4) the dissipation of the turbulent fields.

The correlator Dy p for all four space-time regions in the critical point of space-time
t; = te; ATy — T for the parameter m; — m. can be written in form

ZDM,N(YC} Mej; Tc) =
J
Y'Y Lim Lim Lim {m(TMZ* N TNY*) — Rpmgepny- - m(TMZ*) } = 0.0. @

joi T e AT =T

The binary intersections are considered between subsets Y, Z, W, in space X=Y + Z
+ W. The subsets of Y, Z, W have the name “extended to X”, if the measures m(Y), m(Z),
m (W) have the property [32-38]:

* vy o Sk (e onk , S
m(Y) =m(Y") =m(T"Y)+ U m(T (G1 )) and wandering subset k[j m(T (G1 )) cy;
k=n—1 k=n-1
m(Z*) =m(T"Z) + kL—IO m(T* (Gznfk)) and wandering subset k[—IO m(Tk (Gznfk)) C Z

m(Z)

=n—1

k=n—1 k
m(W) =m(W*) = m(T"W) + kgo m(TF (Gg,”_k)) and wandering subset kgo m(TF (Gg,”_k)) c W.

Index j is determined parameters m; (j = 3 means: mass, momentum, energy). This
correlation function produces the system of equations of equivalent measures |m (TMZ) | =
(RTMZTNY)(n,m)|m(TNY) 0 < (Rpmzpny) (my < 1.
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Here, (Rrmzrny) (nm) 15 fractal correlation function, and then we assume it is equal
to the unit to obtain analytical solutions. Therefore, for the pair (N,M) = (1,0) we have
|m(Z)| = (RZTy)(n/m)|m(TY)‘, and for (N,M) = (1,1), |m(TZ)| = (RTZTY)(n/m)|m(TY)"
Here, T" is a conservative transformation of X for all n, then there exists n > n., such
that there T" is dissipation and transformation for Y C X and Z C X. Then to the
set X corresponds the value of the total energy of the stochastic field U="(E;) g t0a
subset YCX corresponds the value of energy of deterministic component of the stochastic
field U="(E;) colys to the wandering subset G extended in subset Y C X, corresponds
(6Q + L) (copyint; to the subset Z C X of the measure m (Z) > 0 corresponds the value of the

stochastic component of energy U.="(E;);; to the wandering subset G} extended in subset
ZC X corresponds (6Q + L) 4); to the subset WC X and to the wandering subset G}

corresponds to the the value of the Uf:" (E;),p,.- Furthermore, to the transformation T" of

COTst
the set or subset corresponds the differential operators {d ; % } Here (6Q + L) (44 s the
sum of elemental heat and elementary work.

The value of Ry_,, . . for each of four space—time areas is equal to 1 here. The
subscript j denotes the parameters 1, (j = 3 means mass, momentum and energy). The
correlator Dy n (7c; Miej; T) = D11 (re; mej; T) for the pair (N,M) = (1,1) gives the following
equations: (d®clst); 7 = —Ri1(dPst), (%)1 L= —R;y; (df;f). Here, @ is the sub-

stantial quantity (mass (density p), momentum (pU), energy (E)). The fractal coefficients
Rl’OTMZ*TNY* =Ry, Rl’lTMZ*TNY* = Ry are taken to be equal in unity. The subscripts “cr”
or “c” refer to the critical point r (xcr, Ter) OF 7., which is the space—time point of the onset
of the interaction between the deterministic motion and the random motion, which leads
the turbulence. Therefore, according to the above, the system of equations corresponding
to the beginning of the transition (the space-time area 1), which determines the critical
Reynolds number for the case of an incompressible flow, has the next form:

d(p)colst _ _ (p)st (5)

dt Teor

dEC”lst — Est
it 7\ Teor
; _ E
diourty), = = ()
The solution to the problem of laminar, deterministic, motion on the surface of a
sphere is presented, in particular, in L.G. Schlichting [37]. Following the provisions of the
stochastic theory of turbulence, the critical Reynolds number is determined by the relation

(6), within the left side of which it is necessary to put a solution for laminar flow over the
surface of a sphere.

(6)

Est
0c0r

div(”iTi,j)colstl = 10

As is known, the velocity profile of a laminar boundary layer on a sphere is similar in
representation to the Blasius profile, with the difference being that the profiles are presented
as a function of the angle and coordinate. The profile of the laminar boundary layer before
the separation can be written as

Uy \ 05

@)
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Here orthogonal coordinates x; and x; are chosen, the x, coordinate is directed along
the normal to the surface of the sphere along the radius, R. Now, taking into account the
approximation in the region of constant velocity gradient, it is possible to write

u U\ >
i = [52(x)
Then, let us write the speed differential; here, Ky is a constant
05
dlxll =d <UO K¢X2 (Iljg) > (9)
B Us 05 B Uo 05
du1 =d (UO K¢.‘X2 (1/R> ]) = K¢UO (1/R dxz. (10)
Then, given that the angle is fixed, we write that
dup Up\ [\ U \*°
Obviously, for a deterministic (laminar) flow % >> g%
U
. _ 2712 0
dlU(uiTi,j)wlstl = }12K¢ UO <1/l)> . (12)

Then, the equivalence of measures between deterministic and stochastic moves is

written as follows U £
22(Uo\\ _ Est
(2;4[(4, up (I/D) ) o (13)

From where it is possible to determine the dependence for the dimensionless number
at which the equivalence of measures occurs, named in hydrodynamics as the critical
Reynolds number for the flow in the boundary layer for the corresponding values of the

time correlation: (7%,)., (T ), (Tr) 3/ T[div(u;)] " et

For (19,), = L/(Est/p) the Reynolds number will be written as

4
(Rep); = 2- {Kﬂ ((E:/IOP)OE,) Res. (14)
For the time correlation (73,), = L?/v the Reynolds number is
2 Uo ' 2
ey =[] (o ) R "

Accordingly, for the value (73, ), = v/(Est/p)

4

L is the turbulence scale taken along the x;. From these expressions, as well as for
the flow in a pipe, it is clear that the critical Reynolds number (Rep); is a local parameter
determined in the region of space r (x1,x2),,. The perturbation parameters in (14)—(16) are
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(Rep)ycpiie =2 (03] (223)

(EtL/[W’ Rest = Livfﬁ/p The coefficient [Ky| is determined by the tangent of the slope

angle at the critical point (x7),,.
4. The Definition of the Critical Point

The definition of the critical point (x7),,, as well as for the flow in the pipe, will be
written using the ergodic theory:

+AV|2
/_AV‘2 A(Eeoly )10 = /X dEs, (17)
—
Est = Est (xir Tis mi) < 0. (18)

Es; is the stochastic energy component in the space X, measure m(Egt) < oo.
Then, it is possible find next expressions:

/X dEs = % /L Eqtd((x2) — x2)dL = Té /T Eqd (%, —7)dr = E, (19)
/:sz HEeat,) 10 = KyL - ()i (9Ue?/2) (ﬁ) (20)

(x2)? critic = 2 ( Elslto/zp> <L1;o> ILQK} 1)

(%)4)”““ - 4<EZ;O/ZP> (UZD) lzKi? (22)

X2 ¢ 4. Est/P 1 R 1
(i) crztzc_4 ( uoz )(%) (L)W (23)

Note that it may be of interest to make a similar estimate, when the laminar-motion
velocity profile is determined by the motion of Taylor vortices but not by the profile for the
boundary layer; however, this version of the definition is not used here.

5. Results of Estimates of the Critical Taylor Number

The implicit form of the Taylor formula for the first critical Reynolds number is
presented as the following relationship [37,67-69]

Rep =f[<(Est/IOP)%> <1£>1/5 |

Note that the conditions of the experiments [31,67-69] are next: the pulsation intensity
[(Est/ p)0'5 /Up] = 6-0.5%, the relative magnitude of the turbulence scale (L/R) is 10~3-10¢
and the experimental values of the critical Reynolds number (Re).~80,000-300,000.

Thus, the critical Reynolds number and critical point can be determined with using
Formulas (14) and (23). The values of the pulsation intensity and the scale of turbulence may
be determined from experiments: For R = 0.15 [m], U = 5 [m/c], the degree of turbulence
intensity 4.5% u’ = 0.225 [m/c], L = 0.00011 [m], Res; = 1.68, Ky =0.3. So, critical Reynolds
number has a value

40.225-1.1-107%
1.47 %105

(24)

=2.243-10°-99-1072-1.68 ~ 0.8 - 10°. (25)
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In accordance with experimental data [67-69], it is possible to estimate the values of a
critical point in the boundary layer of the flow around the sphere:

Es
() e =2+ (558) () (B) i =
4.20.25-107*-1/(0.8-10%) -1.5-107!/(1.1-107%) - 1/9-10 2 = (26)
81-1.423-1077 - (1.5/9) - 10° ~ 1.54 - 1073;

(x2)% ritic = 0.00154 - 0.15 = 0.00024 [m)] . (27)

It is possible to make an indirect comparison with experimental data for the critical
point: the calculation result L/ (x2)? ciric = 1.1-107%/0.00024 ~ 0.46 and at the same time
the Von Karman constant is k = 0.43-0.38, so the difference is ~10-15%.

Obviously, with a decrease in the degree to 0.5%, the scale of turbulence will also
decrease. Then for 0.5%, degree of turbulence the critical Reynolds number has a value

40.025-4.5-10°5
(R6D>1critic =2 [00352] (200> 147105 (28)
2-16-10%-12.25-10"*-6.8-10"2 ~ 3.00 - 10°,

()" =4 (58) () () -
4-25-10°-1/(3-10°)-15-10"'/(45-107°) - 1/1.225-1073 = (29)
100-0.33-10"!1. (1.5/5.51) - 107 = 33-107*-0.27 = 1.12-1073;
(x2)% critic = 0.15-1.12-1073 = 1.35 - 10~ [m].

The indirect comparison with experimental data for the critical point is in the next:
the calculation result L/ (x3)? ¢yiric = 4.5 -1075/0.000135 = 0.33 and at the same time the
Von Karman constant is k = 0.43-0.38, so the difference is ~15-20%.

It must be noted that in the original works of J. Taylor [37,67] there are no simultaneous
comparisons of values for the calculated critical Reynolds number with experimental data
and turbulent characteristics with any verified characteristic, such is the constant of Von
Karman from the statistical theory of turbulence.

At the same time, in the present work, special attention is paid to this aspect, since such
a multi-parameter comparison with experiments of both critical numbers and turbulent
characteristics allows us not only to verify the proposed theoretical relationships, but also
to confirm the general points of theory for determining turbulent characteristics on the
basis of the stochastic equations and theory of equivalence of measures. Additionally, the
results show that as the turbulence intensity decreases, the transition point approaches the
solid surface of the sphere. Attempts to present the dependence of the critical Reynolds
number on the scale and intensity of turbulence have been made repeatedly [35-37,70-86].

Results of the calculation in accordance with Formula (23) which is obtained on the
basis of stochastic equations that are presented on the Figure 1 compared to experiments of
Dryden, H. L., Kuethe, A. M. and Dryden, H. L., Schubauer G. B. [68,69].

It should be noted that such a detailed experimental study of the dependence of the
critical Reynolds numbers on turbulent fluctuations in the flow around a sphere, as far as
the authors know, has not yet been carried out.
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Figure 1. Comparison of calculation with experimental data for the critical Reynolds number on the
degree of turbulence during the flow around the sphere [37,68,69].

6. Conclusions

In this article, the analytical Formula (14) for the critical Reynolds number and for the
critical point (23) for the motion around the sphere are presented.

These results are obtained on the basis of the theory of stochastic equations for the con-
tinuum and the theory of the equivalence of measures between random and deterministic
motions.

The calculation results using Equation (14), which are presented in Figure 1, show
a satisfactory agreement with the experimental data. The analytical dependence of the
critical Reynolds number on the degree of turbulence in a flow around a sphere show the
possibility of theoretically predicting the transition to a turbulent regime in a boundary
layer on a sphere in the range of the degree of turbulence 0.5-6%. In contrast to J. Taylor’s
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implicit formula connecting the critical Reynolds number with the parameters of the initial
fluctuations in the flow around the sphere the new the explicit formula is presented (14).

On the basis of Formula (23), calculations of the values of the critical point in the
boundary layer on a sphere show the same range of values as in the boundary layer on a
smooth flat plate and in the boundary layer in a smooth round pipe (%)% ~ 1073

The calculations show satisfactory agreement regarding the theoretical dependences
for the critical Reynolds number with the experiments with an accuracy of up to 10%.
The calculated values of constant von Karman using Equations (14) and (23) show the
agreement up to 10-20% with the experimental von Kaman constant.

Therefore, the theoretical Dependences (14) and (23) may be used to check both
experimental and calculation research of the transition to turbulence in the flow around the
sphere. The importance of the obtained formulas lies in the numerous problems that occur
during the movement of spherical bodies in the ocean and in the atmosphere, as well as in
technical devices with flows of suspended solid and liquid spherical particles.

Moreover, as was mentioned in [39,40], such results which are presented in this article
probably open up prospects both for the development of new experimental measuring
instruments and for the development of a new calculation method—Direct Theoretical—-
Numerical Simulation (DTNS).

Author Contributions: Conceptualization, A.V.D.; methodology, A.V.D.; software, A.V.D.; validation,
A.V.D,; formal analysis, A.V.D.; investigation, A.V.D. and V.M.O.; resources, A.V.D. and VM.O.;
data curation, A.V.D. and VM.O. All authors have read and agreed to the published version of the
manuscript.

Funding: This research received no external funding.
Data Availability Statement: Not applicable.

Acknowledgments: This work was supported by the program PRIORITET. The article is dedicated
to academics A.N. Anfimov and Yu. V. Ryzhov.

Conflicts of Interest: The authors declare no conflict of interest.

References

1.  Landau, L.D. Toward the problem of turbulence. Dokl. Akad. Nauk. SSSR 1944, 44, 339-342.

2. Landau, L.D,; Lifshits, E.F. Fluid Mechanics; Perg. Press Oxford: London, UK, 1959.

3.  Lorenz, E.N. Deterministic nonperiodic flow. J. Atmos. Sci. 1963, 20, 130-141. [CrossRef]

4.  Feigenbaum, M. The transition to aperiodic behavior in turbulent sets. Commun. Math. Phys. 1980, 77, 65-86. [CrossRef]

5. Ruelle, D.; Takens, F. On the nature of turbulence. Commun. Math. Phys. 1971, 20, 167-192. [CrossRef]

6. Kolmogorov, A.N. Dissipation of energy in locally isotropic turbulence. Dokl. Akad. Nauk. SSSR 1941, 32, 16-18.

7. Kolmogorov, A.N. A new metric invariant of transitive dynamic sets and automorphisms of the Lebesgue spaces. Dokl. Akad.
Nauk. SSSR 1958, 119, 861-864.

8.  Kolmogorov, A.N. About the entropy per time unit as a metric invariant of automorphisms. Dokl. Akad. Nauk. SSSR 1958, 124,
754-755.

9.  Kolmogorov, A.N. Mathematical models of turbulent motion of an incompressible viscous fluid. Russ. Math. Surv. 2004, 59, 3-9.
[CrossRef]

10.  Struminskii, V.V. Origination of turbulence. Dokl. Akad. Nauk. SSSR 1989, 307, 564-567.

11.  Klimontovich, Y.L. Problems of the statistical theory of open sets: Criteria of the relative degree of the ordering of states in the
self-organization processes. Usp. Fiz. Nauk. 1989, 158, 59-91. [CrossRef]

12.  Samarskii, A.A.; Mazhukin, V.I; Matus, P.P; Mikhailik, I.A. Z/2 conservative schemes for the Korteweg—de Vries equations. Dokl.
Akad. Nauk. 1997, 357, 458-461.

13. Haller, G. Chaos Near Resonance; Springer: Berlin/Heidelberg, Germany, 1999. [CrossRef]

14. Orszag, S.A.; Kells, L.C. Transition to turbulence in plane Poiseuille and plane Couette flow. J. Fluid Mech. 1980, 96, 159. [CrossRef]

15. Ladyzhenskaya, O.A. On a dynamical system generated by the Navier-Stokes equations. |. Math. Sci. 1975, 3, 458-479. [CrossRef]

16.  Vishik, M.I.; Komech, A.I. Kolmogorov equations corresponding to a two-dimensional stochastic Navier-Stokes system. Tr. Mosk.
Mat. Obs. 1983, 46, 3-43.

17.  Packard, N.H.; Crutchfield, J.P.; Farmer, ].D.; Shaw, R.S. Geometry from a Time Series. Phys. Rev. Lett. 1980, 45, 712-716.

[CrossRef]


http://doi.org/10.1175/1520-0469(1963)020&lt;0130:DNF&gt;2.0.CO;2
http://doi.org/10.1007/BF01205039
http://doi.org/10.1007/BF01646553
http://doi.org/10.1070/RM2004v059n01ABEH000697
http://doi.org/10.3367/UFNr.0158.198905b.0059
http://doi.org/10.1007/978-1-4612-1508-0
http://doi.org/10.1017/S0022112080002066
http://doi.org/10.1007/BF01084684
http://doi.org/10.1103/PhysRevLett.45.712

Fluids 2023, 8, 81 10 of 12

18.
19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.
42.

43.

44.

45.

46.

47.

48.

Malraison, B.; Atten, P.,; Berge, P.; Dubois, M. Dimension of strange attractors: An experimental determination for the chaotic
regime of two convective systems. J. Phys. Lett. 1983, 44, 897-902. [CrossRef]

Grassberger, P.; Procaccia, I. Estimation of the Kolmogorov entropy from a chaotic signal. Phys. Rev. A 1983, 28, 2591-2593.
[CrossRef]

Constantin, P; Foias, C.; Temam, R. On the dimension of the attractors in two-dimensional turbulence. Phys. D Nonlinear Phenom.
1988, 30, 284-296. [CrossRef]

Grassberger, P.; Procaccia, I. Dimensions and entropies of strange attractors from a fluctuating dynamics approach. Phys. D
Nonlinear Phenom. 1984, 13, 34-54. [CrossRef]

Kozlov, V.; Rabinovich, M.; Ramazanov, M.; Reiman, A.; Sushchik, M. Correlation dimension of the flow and spatial development
of dynamical chaos in a boundary layer. Phys. Lett. A 1987, 128, 479—-482. [CrossRef]

Brandstater, A.; Swift, J.; Swinney, H.L.; Wolf, A.; Farmer, D.J.; Jen, E.; Crutchfield, PJ. Low-dimensional chaos in hydrodynamic
system. Phys. Rev. Lett. 1983, 51, 1442-1446. [CrossRef]

Sreenivasan, K.R. Fractals and Multifractals in Fluid Turbulence. Annu. Rev. Fluid Mech. 1991, 23, 539-600. [CrossRef]

Priymak, V.G. Splitting dynamics of coherent structures in a transitional round-pipe flow. Dokl. Phys. 2013, 58, 457—463. [CrossRef]
Newton, PK. The fate of random initial vorticity distributions for two-dimensional Euler equations on a sphere. J. Fluid Mech.
2015, 786, 1-4. [CrossRef]

Mayer, C.S.].; von Terzi, D.A.; Fasel, H.F. Direct numerical simulation of investigation of complete transition to turbulence via
oblique breakdown at Mach 3. J. Fluid Mech. 2011, 674, 5-42. [CrossRef]

Dmitrenko, A.V. Calculation of pressure pulsations for a turbulent heterogeneous medium. Dokl. Phys. 2007, 52, 708. [CrossRef]
Dmitrenko, A.V. Calculation of the Boundary Layer of a Two-Phase Medium. High Temp. 2002, 40, 706-715. [CrossRef]
Kalmykov, G.P,; Dmitrenko, A.V. Heat and Mass Transfer and Friction in Injection to a Supersonic Region of the Laval Nozzle.
Heat Transf. Res. 2000, 31, 388-398. [CrossRef]

Dmitrenko, A. Film cooling in nozzles with large geometric expansion using method of integral relation and second moment
closure model for turbulence. In Proceedings of the 33th AIAA/ASME/SAE/ASEE Joint Propulsion Conference and Exhibit,
Seattle, WA, USA, 6-9 July 1997. ATAA Paper 97-2911. [CrossRef]

Dmitrenko, A. Heat and mass transfer in combustion chamber using a second-moment turbulence closure including an influence
coefficient of the density fluctuation in film cooling conditions. In Proceedings of the 34th AIAA/ASME/SAE/ASEE Joint
Propulsion Conference and Exhibit, Cleveland, OH, USA, 13-15 July 1998. AIAA Paper 98-3444. [CrossRef]

Dmitrenko, A.V. Non-self-similarity of a boundary-layer flow of a high-temperature gas in a Laval nozzle. Aviats. Tekh. 1993, 1,
39-42.

Dmitrenko, A.V. Computational investigations of a turbulent thermal boundary layer in the presence of external flow pulsations.
In Proceedings of the 11th Conference on Young Scientists, Moscow Physicotechnical Institute, Moscow, Russia; 1986. Part 2.
pp. 48-52, Deposited at VINITI 08.08.86, No. 5698-B8.

Hinze, J.O. Turbulence, 2nd ed.; McGraw-Hill: New York, NY, USA, 1975.

Monin, A.S.; Yaglom, A.M. Statistical Fluid Mechanics; MIT Press: Cambridge, MA, USA, 1971.

Schlichting, H. Boundary-Layer Theory, 6th ed.; McGraw-Hill: New York, NY, USA, 1968.

Dmitrenko, A.V. Fundamentals of Heat and Mass Transfer and Hydrodynamics of Single- Phase and Two-Phase Media.
Criterialintegral Statistical Methods and Direct Numerical Simulation. Galleya Print: Moscow. 2008. Available online:
http:/ /search.rsl.ru/ru/catalog/record /6633402 (accessed on 10 September 2008).

Dmitrenko, A.V. Prediction of laminar—turbulent transition on flat plate on the basis of stochastic theory of turbulence and
equivalence of measures. Contin. Mech. Thermodyn. 2022, 34, 601-615. [CrossRef]

Dmitrenko, A.V. Theoretical calculation of laminar—turbulent transition in the round tube on the basis of stochastic theory of
turbulence and equivalence of measures. Contin. Mech. Thermodyn. 2022, 34, 1375-1392. [CrossRef]

Dmitrenko, A.V. Equivalence of measures and stochastic equations for turbulent flows. Dokl. Phys. 2013, 58, 228-235. [CrossRef]
Dmitrenko, A.V. Regular Coupling between Deterministic (Laminar) and Random (Turbulent) Motions-Equivalence of Measures.
Sci. Discov. Diploma 2013, N458.

Dmitrenko, A.V. Theory of Equivalent Measures and Sets with Repeating Denumerable Fractal Elements. Stochastic Ther-
modynamics and Turbulence. Determinacy—-Randomness Correlator. Galleya-Print: Moscow. 2013. Available online: https:
/ /search.rsl.ru/ru/record /01006633402 (accessed on 23 December 2013). (In Russian) .

Some analytical results of the theory of equivalence measures and stochastic theory of turbulence for non-isothermal flows. Adv.
Stud. Theor. Phys. 2014, 8, 1101-1111. [CrossRef]

Dmitrenko, A.V. Determination of critical Reynolds numbers for non-isothermal flows using stochastic theory of turbulence and
equivalent measures. Heat Transf. Res. 2016, 47, 41-48. [CrossRef]

Dmitrenko, A.V. The Theory of Equivalence Measures and Stochastic Theory of Turbulence for Non-Isothermal Flow on the Flat
Plate. Int. |. Fluid Mech. Res. 2016, 43, 182-187. [CrossRef]

Dmitrenko, A. Analytical Estimation of Velocity and Temperature Fields in a Circular Pipe on the Basis of Stochastic Equations
and Equivalence of Measures. J. Eng. Phys. Thermophys. 2015, 88, 1569-1576. [CrossRef]

Dmitrenko, A.V. An Estimation of Turbulent Vector Fields, Spectral and Correlation Functions Depending on Initial Turbulence
Based on Stochastic Equations. The Landau Fractal Equation. Int. J. Fluid Mech. Res. 2016, 43, 271-280. [CrossRef]


http://doi.org/10.1051/jphyslet:019830044022089700
http://doi.org/10.1103/PhysRevA.28.2591
http://doi.org/10.1016/0167-2789(88)90022-X
http://doi.org/10.1016/0167-2789(84)90269-0
http://doi.org/10.1016/0375-9601(88)90879-1
http://doi.org/10.1103/PhysRevLett.51.1442
http://doi.org/10.1146/annurev.fl.23.010191.002543
http://doi.org/10.1134/S102833581310008X
http://doi.org/10.1017/jfm.2015.607
http://doi.org/10.1017/S0022112010005094
http://doi.org/10.1134/S1028335807120166
http://doi.org/10.1023/A:1020436720213
http://doi.org/10.1615/HeatTransRes.v31.i6-8.30
http://doi.org/10.2514/6.1997-2911
http://doi.org/10.2514/6.1998-3444
http://search.rsl.ru/ru/catalog/record/6633402
http://doi.org/10.1007/s00161-021-01078-0
http://doi.org/10.1007/s00161-022-01125-4
http://doi.org/10.1134/S1028335813060098
https://search.rsl.ru/ru/record/01006633402
https://search.rsl.ru/ru/record/01006633402
http://doi.org/10.12988/astp.2014.49131
http://doi.org/10.1615/HeatTransRes.2015014191
http://doi.org/10.1615/InterJFluidMechRes.v43.i2.60
http://doi.org/10.1007/s10891-015-1344-x
http://doi.org/10.1615/InterJFluidMechRes.v43.i3.60

Fluids 2023, 8, 81 11 0f12

49.

50.

51.

52.

53.
54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.
70.

71.

72.

73.

74.
75.

76.

Dmitrenko, A.V. Stochastic equations for continuum and determination of hydraulic drag coefficients for smooth flat plate and
smooth round tube with taking into account intensity and scale of turbulent flow. Contin. Mech. Thermodyn. 2016, 29, 1-9.
[CrossRef]

Dmitrenko, A.V. Analytical determination of the heat transfer coefficient for gas, liquid and liquid metal flows in the tube based
on stochastic equations and equivalence of measures for continuum. Contin. Mech. Thermodyn. 2017, 29, 1197-1205. [CrossRef]
Dmitrenko, A.V. Determination of the Coefficients of Heat Transfer and Friction in Supercritical-Pressure Nuclear Reactors with
Account of the Intensity and Scale of Flow Turbulence on the Basis of the Theory of Stochastic Equations and Equivalence of
Measures. |. Eng. Phys. Thermophys. 2017, 90, 1288-1294. [CrossRef]

Dmitrenko, A.V. Results of investigations of non-isothermal turbulent flows based on stochastic equations of the continuum and
equivalence of measures. J. Phys. Conf. Ser. 2018, 1009, 012017. [CrossRef]

Dmitrenko, A.V. The stochastic theory of the turbulence. IOP Conf. Series Mater. Sci. Eng. 2018, 468, 012021. [CrossRef]
Dmitrenko, A.V. Determination of the correlation dimension of an attractor in a pipe based on the theory of stochastic equations
and equivalence of measures. . Phys. Conf. Ser. 2019, 1250, 012001. [CrossRef]

Dmitrenko, A.V. The construction of the portrait of the correlation dimension of an attractor in the boundary layer of Earth’s
atmosphere. J. Phys. Conf. Ser. 2019, 1301, 012006. [CrossRef]

Dmitrenko, A.V. The correlation dimension of an attractor determined on the base of the theory of equivalence of measures and
stochastic equations for continuum. Contin. Mech. Thermodyn. 2020, 32, 63-74. [CrossRef]

Dmitrenko, A.V. The possibility of using low-potential heat based on the organic rankine cycle and determination of hydraulic
characteristics of industrial units based on the theory of stochastic equations and equivalence of measures. JP J. Heat Mass Transf.
2020, 21, 125-132. [CrossRef]

Dmitrenko, A.V. The theoretical solution for the reynolds analogy based on the stochastic theory of turbulence. JP |. Heat Mass
Transf. 2019, 18, 463—476. [CrossRef]

Dmitrenko, A.V. Reynolds Analogy Based on the Theory of Stochastic Equations and Equivalence of Measures. J. Eng. Phys.
Thermophys. 2021, 94, 186-193. [CrossRef]

Dmitrenko, A.V. Some aspects of the formation of the spectrum of atmospheric turbulence. JP J. Heat Mass Transf. 2020, 19,
201-208. [CrossRef]

Dmitrenko, A.V. Uncertainty relation in turbulent shear flow based on stochastic equations of the continuum and the equivalence
of measures. Contin. Mech. Thermod. 2020, 32, 161-171. [CrossRef]

Dmitrenko, A.V. Formation of a Turbulence Spectrum in the Inertial Interval on the Basis of the Theory of Stochastic Equations
and Equivalence of Measures. |. Eng. Phys. Thermophys. 2020, 93, 122-127. [CrossRef]

Dmitrenko, A.V. The Spectrum of the turbulence based on theory of stochastic equations and equivalenceof measures. J. Phys.
Conf. Ser. 2020, 1705, 012021. [CrossRef]

Dmitrenko, A.V. Theoretical solutions for spectral function of the turbulent medium based on the stochastic equations and
equivalence of measures. Contin. Mech. Thermodyn. 2021, 33, 603-610. [CrossRef]

Dmitrenko, A.V. Determination of critical Reynolds number in the jet based on the theory of stochastic equations and equivalence
of measures. J. Phys. Conf. Ser. 2020, 1705, 012015. [CrossRef]

Dmitrenko, A.V. Determination of Critical Reynolds Number for the Flow Near a Rotating Disk on the Basis of the Theory of
Stochastic Equations and Equivalence of Measures. Fluids 2020, 6, 5. [CrossRef]

Dmitrenko, A.V. Analytical Estimates of Critical Taylor Number for Motion between Rotating Coaxial Cylinders Based on Theory
of Stochastic Equations and Equivalence of Measures. Fluids 2021, 6, 306. [CrossRef]

Taylor, G.I. Statistical theory of turbulence. Part 5, Effect of turbulence on boundary layer. Theoretical discussion of relationship
between scale of turbulence and critical resistance of spheres. Proc. Roy. Soc. London A 1936, 151, 307-317.

Dryden, H.L.; Kuethe, A.M. Effect of turbulence in wind-tunnel measurements. NACA Rep. 1930, 342, A929.

Dryden, H.L.; Schubauer, G.B.; Mock, W.C.; Skramstad, H.K. Measurements of intensity and scale of wind-tunnel turbulence and
their relation to the critical Reynolds-number of spheres. NACA Rep. 1937, 581, A937.

Content, C.; Houdeville, R. Application of the y—Re6 laminar-turbulent transition model in Navier—Stokes computations.
In Proceedings of the 40th Fluid Dynamics Conference and Exhibit, Chicago, IL, USA, 28 June 2010-1 July 2010. Hampton
(Paper/AIAA). [CrossRef]

Benyahia, A.; Castillon, L.; Houdeville, R. Prediction of separation-induced transition on high lift low pressure turbine blade. In
Proceedings of the ASME 2011 Turbo Expo: Turbine Technical Conference and Exposition, Vancouver, BC, Canada, 6-10 June
2011; Volume 5, pp. 1835-1846.

Goldstein, M.E. Effect of free-stream turbulence on boundary layer transition. Philos. Trans. R. Soc. A Math. Phys. Eng. Sci. 2014,
372,20130354. [CrossRef]

Lele, S.K. Compact finite difference schemes with spectral-like resolution. J. Comput. Phys. 1992, 102, 16-42. [CrossRef]

Visbal, M.R.; Gaitonde, D.V. On the use of high-order finite-difference schemes on curvilinear and deforming meshes. J. Comput.
Phys. 2002, 181, 155-185. [CrossRef]

Mardsen, O.; Bogey, C.; Bailly, C. High-order curvilinear simulations of flows around non-cartesian bodies. J. Comput. Acoustics.
2005, 13, 731-748.


http://doi.org/10.1007/s00161-016-0514-1
http://doi.org/10.1007/s00161-017-0566-x
http://doi.org/10.1007/s10891-017-1685-8
http://doi.org/10.1088/1742-6596/1009/1/012017
http://doi.org/10.1088/1757-899X/468/1/012021
http://doi.org/10.1088/1742-6596/1250/1/012001
http://doi.org/10.1088/1742-6596/1301/1/012006
http://doi.org/10.1007/s00161-019-00784-0
http://doi.org/10.17654/HM021010125
http://doi.org/10.17654/HM018020463
http://doi.org/10.1007/s10891-021-02296-8
http://doi.org/10.17654/HM019010201
http://doi.org/10.1007/s00161-019-00792-0
http://doi.org/10.1007/s10891-020-02098-4
http://doi.org/10.1088/1742-6596/1705/1/012021
http://doi.org/10.1007/s00161-020-00890-4
http://doi.org/10.1088/1742-6596/1705/1/012015
http://doi.org/10.3390/fluids6010005
http://doi.org/10.3390/fluids6090306
http://doi.org/10.2514/6.2010-4445
http://doi.org/10.1098/rsta.2013.0354
http://doi.org/10.1016/0021-9991(92)90324-R
http://doi.org/10.1006/jcph.2002.7117

Fluids 2023, 8, 81 12 0of 12

77.

78.

79.

80.

81.

82.
83.
84.

85.
86.

Tam, C.K.W.; Ju, H. Numerical simulation of the generation of airfoil tones at a moderate Reynolds number. AIAA Paper 2006, 23,
2006-2502.

Yee, H.C.; Sandham, N.D.; Djomehri, M.J. Low dissipation high order shock-capturing methods using characteristic-based filters.
J. Comput. Phys. 1999, 150, 199-238. [CrossRef]

Desquenes, G.; Terracol, M.; Sagaut, P. Numerical investigation of the tone noise mechanism over laminar airfoils. J. Fluid Mech.
2007, 591, 155-182. [CrossRef]

Boiko, A.; Ivanov, A.; Borodulin, V.; Mischenko, D. Quantification technique of transition to turbulence in boundary layers using
infrared thermography. Int. |. Heat Mass Transf. 2021, 183, 122065. [CrossRef]

Ma, Y.; Zu, ]. The simulation of canopy fabric air permeability’s effect on the round parachute during the landing process. In
Proceedings of the 2015 International Industrial Informatics and Computer Engineering Conference, Xi'an, China, 10-11 January
2015; pp. 2156-2159.

Reynolds, O. An experimental investigation of the circumstances which determine whether the motion of water shall be direct or
sinuous, and of the law of resistance in parallel channels. Philos. Trans. R. Soc. Lond. 1883, 174, 935-982.

Pfenniger, W. Transition in the inlet length of tubes at high Reynolds numbers. In Boundary Layer and Flow Control/Pergamon;
Lachman, G.V., Ed.; Pergamon: New York, NY, USA, 1961; p. 970.

Lindgren, E.R. The transition process and other phenomena in viscous flow. Arkiv Physik. 1958, 12, 1-169.

Darbyshire, A.G.; Mullin, T. Transition to turbulence in constant-mass-flux pipe flow. . Fluid Mech. 1995, 289, 83-114. [CrossRef]
Salwen, H.; Cotton, EW.; Grosch, C.E. Linear stability of Poiseuille flow in a circular pipe. J. Fluid Mech. 1980, 98, 273-284.
[CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://doi.org/10.1006/jcph.1998.6177
http://doi.org/10.1017/S0022112007007896
http://doi.org/10.1016/j.ijheatmasstransfer.2021.122065
http://doi.org/10.1017/S0022112095001248
http://doi.org/10.1017/S0022112080000146

	Introduction 
	Equations of Conservation for the Isothermal Stochastic Process 
	Stochastic Equations for Critical Reynolds Number 
	The Definition of the Critical Point 
	Results of Estimates of the Critical Taylor Number 
	Conclusions 
	References

