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1. Introduction

The Langevin equation provides a decent approach to describe the evolution of fluc-
tuating physical phenomena. Examples include anomalous diffusion [1], time evolution
of the velocity of the Brownian motion [2,3], diffusion with inertial effects [4], gait vari-
ability [5], harmonization of a many-body problem [6], financial aspects [7], etc. However,
the failure of the ordinary Langevin equation for correct description of the dynamical
systems in complex media led to its several generalizations. One such example is that of
the Langevin equation, involving fractional-order derivative operators, which provides a
more flexible model for fractal processes. For some recent results on Langevin equation,
see ([8-12]) and the references therein.

The topic of g-difference equations has evolved into an important area of research,
as such equations are always completely controllable and appear in the g-optimal control
problem [13]. Furthermore, the variational g-calculus is regarded as a generalization of
the continuous variational calculus due to the presence of an extra parameter 4 whose
nature may be physical or economical. The variational calculus on the g-uniform lattice
is concerned with the study of the g-Euler equation and its applications to commutation
equations, and isoperimetric and Lagrange problems. In other words, the g-Euler-Lagrange
equation is solved for finding the extremum of the functional involved instead of solving
the Euler-Lagrange equation [14]. There do exist g-variants of certain significant concepts,
such as g-analogues of fractional operators, g-Laplace transform, g-Taylor’s formula, etc.

Fractional-order operators are found to be of great utility in improving the mathe-
matical modeling of several real-world problems. The variational principles based on
fractional derivative operators lead to the class of fractional Euler-Lagrange equations [15].
In addition, one can find some interesting results on optimal control theories for fractional
differential systems in the articles [16-21].

The popularity of fractional calculus in the recent years led to the birth of the fractional
analogue of g-difference equations (fractional g-difference equations), for instance, see [22,23].
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One can find interesting results on nonlinear boundary value problems involving fractional
g-derivative and g-integral operators, and different kinds of boundary conditions in the ar-
ticles [24-37]. In a recent work [38], the authors studied the existence of solutions for a
nonlinear fractional g-integro-difference equation equipped with g-integral boundary condi-
tions. However, it is observed that there are a few results for coupled systems of fractional
g-integro-difference equations [39]. More recently, a coupled system of nonlinear fractional
g-integro-difference equations with g-integral coupled boundary conditions was studied in [40].

The objective of the present work is to enrich the literature on boundary value prob-
lems of coupled systems of fractional g-integro-difference equations. Keeping in mind the
importance of the fractional Langevin equation, we introduce and study a new problem
consisting of a coupled system of Langevin-type nonlinear fractional g-integro-difference
equations complemented with nonlocal multipoint boundary conditions. The proposed
problem is interesting in the sense that it enhances the literature on fractional g-variant of
Langevin equations with mixed nonlinearities in terms of the parameter 4. On the other
hand, the consideration of multipoint non-separated boundary conditions involving the
values of the unknown functions together with their g-derivatives at the end points as well
as the interior nonlocal positions of given domain extends the scope of the present work
to a more general situation (also see Section 5). For the motivation of nonlocal boundary
conditions, we recall that nonlocal multipoint boundary conditions appear in feedback con-
trols problems, optimal boundary control of (finite) string vibrations arising from interior
arbitrary positions, etc. For more details, see [41-44]. In precise terms, we investigate the
following boundary value problem:

{ ‘DI (D + A1)x(t) = ayfr(t, x(t), y(t)) +B11§1 x(Oy(), 0<t<1,
‘D (‘D + A2)y(t) = ax fo(t, x(t), (t + B2l g2 (b, x (), y(t), 0<t<1,
p1x(0) — ﬂz(f(l P2 Dy ( )’ = Z“zy ).
Hay(0) — s (11 Dgy(0) | = Zb x(11j),
)

01x(1) + 02 Dyx(1) = Z ijqy(Uj)r
=

o3y (1) +oaDgy (1) Zm Dyx (1),
=

where CDZ;" and CD,? denote the fractional g-derivative operators of the Caputo type,

O0<p,ri <1, 0<g<1, Ig'" (.) denotes Riemann-Liouville integral of order ¢; > 0,
fi, gi are given continuous functions, A; # 0,a;, B;,i = 1,2, and aj, b]-,k]-, mj,j=1,...,nare
real constants and p1, po, U3, p4,01,02,03,04 € R, 7 € 0,1),j=1,...,n

Here, one can notice that the right-hand sides of the fractional g-Langevin equations in
the system (1) involve the usual as well as g-integral-type nonlinearities. These equations
correspond to different combinations of nonlinearities, such as ordinary nonlinearities,
fi(t,x(t),y(t)) and f(t, x(t),y(t)) for B1 = 0 = By, purely g-integral-type nonlinearities,
Iglgl(t,x(t),y(t)) and I§2g2(t,x(t),y(t)) for a1 = 0 = &y, and so on.

The paper is organized as follows. In Section 2, we recall some general concepts and
results on g-calculus and fractional calculus. We then solve a linear variant of the given
problem that provides a platform to define the solution for the problem at hand. Section 3
is devoted to the main existence results, which are established with the aid of some classical
fixed-point theorems. The paper concludes with an illustrative example.

2. Preliminaries on Fractional g-Calculus

Here, we recall some basic definitions and known results on fractional g-calculus.



Fractal Fract. 2022, 6, 45

30f27

Definition 1. Let B > 0, 0 < g < 1,and f be a function defined on [0, 1]. The fractional g-integral
of the Riemann—Liouville type is (Igf) (t) = f(t) and

— gs)(B-1)
@ = [

b T,p) ) B0t 0]

where

—g)(B-1)
Fq(ﬁ):%,0<q<l

and satisfies the relation:
Tg(B+1) = [BlgTq(B), with

g —1 0 I = PR
[ﬁ]quil,(l—q) =1 (1—9) =||(1—q ), neN.
k=0

More generally, if « € R, then

o _ i+l

For 0 < g < 1, we define the g-derivative of a real valued function f as

Dyf(t) = w t #0, Dgf(0) = lim %, s #0.

—q) n—sco

For more details, see [22].

Definition 2 ([45]). The fractional q-derivative of the Riemann—Liouville type of order B > 0 is
defined by (D) f)(t) = f(t) and

(D50 = I H0), >0,

where [B] is the smallest integer greater than or equal to B.

Definition 3 ([45]). The fractional g-derivative of the Caputo type of order B > 0 is defined by
DN = U DF W), >0,

where [B] is the smallest integer greater than or equal to B.

Definition 4. (g-Beta function) For any x,y > 0,

1
Byv,y) = [ 10701 = g0 iyt
is called the q-beta function.

Recall that
Iy (x )rq (y)

B‘](x'y) - l"q(X+y) . (3)

Lemma 1 ([45]). Let B,y > 0and let f be a function defined on [0, 1]. Then
(0) (I 15£)(8) = (157 )0,
(i) (DFIF) (1) = (1),
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Lemma 2 ([45]). Let B > 0. Then the following equality holds:

Becnb At tk k
(I “Dg f)(t) = f(t) — k:ZO W(qu)(o)-

Lemma 3 ([25]). Let B > 0and n € N. Then the following equality holds:
(Bl-1 B—n+k
Byn _ pnb _ t k
UFDGAO = DA ~ & gy (PRNIO)

k=0

Lemma 4 ([46]). For B € RT, A € (=1, ), the following is valid

Bl WY LaA+D) i
Iq((x a) ) Fq(ﬁ+/\+1)(x a) , 0<a<x<b.

In particular, for A = 0,2 = 0, using g-integration by parts, we have

B B 1 x _ B 1 ¥ Dy((x —t)P))
(Iql)(x) - rq(,B)/O (x_qt)(ﬁ l)dqt - _rq(,B)/O : [ﬁ]q d‘lt
1 x 1
= T o Dol =0yt = g

In order to define the solution for the problem (1) and (2), we need the following lemma.

Lemma 5. Let A # 0and hy,hy € C([0,1],R). Then the unique solution of the following linear
system of equations:

Ty(p1+p2—1)

P1+p2-2) i (7 —au)(P2—2)
)| e i oy — A ) S x(u)dqu>

+ 03

(1—qu)r1tr2—1) 1 (1—qu)2—1
l"quzrﬁrz) hy(u)dgu — Az Jy %y(u)dqu

+ o0y

{ ‘DI (‘DP* + A)x(t) = (t), 0<t<1, "
Dy (‘D +A2)y(t) = ha(t), 0<t<1,
subject to the boundary conditions (2) is given by
x(t) = fo %hl(u)d‘au -\ t“guilzx(u)dqu
- 51<P]tp2+p5) o b rzl(?l(%yz hy(u)dqu — Az [y iy g FT(’;'Z y(“)%“)
() (o O g — ) Wx(u)dw)
() (O g g — Ag fy Oy ),
() 1 S s ) o
+ az(pStpHW)
(%%
(*%
(*%

a (122 1 1) (P2
( rq?;’ll)+rlz 1) (M)dqu M fo % (u)dqu>

a )(r1+r2 2) (1 )Vz 2)
rq‘zr”ﬁrz 7 2(u)dgu — Ay fo 7;7;‘2 0 y(u)dgu |,
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and (rp+ry=1) (rp—1)
t — rptrp— t — -
y(t) = Jp %h (u)dgu = Az [y %y(’l)dq”
12 nj (gj—qu)tr2—V nj (g—qu)2~D
_ 51<P9 +p13> < f‘OJ sz(u)dqu—/\z ’Wy(u)dqu
24 m (1 qu) (prtr2 1) 1y (—qu) 2"V
- o) ( T g — Ay fo! Sy (w)dgu
r rytry=2 ( -
_ (53<P t2+P15)< 1j (”{ﬂq(q:lllﬁz 5 (M)dqu—)\z 1j '7]r ?:‘2) 5 (u)dqu
(p1+p )(p
+ Ul<pnt2+p15> < - T‘thélﬁipzz) I (u)dqte =M fO = qur’; *()dgu ) (6)
7 (p1+p
+ UZ(Pllt 2+P15> ( (1rq‘(1;1)+;2 21> hl( )dqu M fo (1 qqu x(u)dqu>
r p1+p2-2) .
_ 54<P t2+f316 (]0’71 Oq‘q(q:l)erz 5 hl(u)dqu 7)\1 0’71 ( ‘(7;‘2 5 x(u)dqu>
1 (ry+ (1 (V
+ 0-3<p12f2+[’16>< ( rq,,b&ir; ho (u)dqu — Ay fo My(u)dﬂt)
1 (rq+r 101
+ 04<P12t2+p16>< (rq?r”])Jriz 21 hy (u)dgu — Az [y (r:(Lrlz) 1) y(u)dqu>
where
A = (6162 — papz) (o1 + 0a2[palg) (03 + 0u[ralg) — 01(816 + papalpalg) (03 + 04lralg)
+ (11430708 — 142028703 — po 40103 — 81028708 — padi10g01)[p2]4lraly (7)
—03(6205 + papalr2lg) (01 + 2[p2lg) — 13050801 [p2lg — 11860703[r2]4 + d5060103,
n n n n
= Zﬂj, by = Zb‘, b3 = Zk/, by = ij'
= i = i
- r - P2 . rp—1 p2—1
(55 = Zaﬂ]]-z, ‘56 = Zblﬂ] , (57 = Zkll’/] P (53 = Zmﬂy ,
=1 i—1 i1
p1 = —H301(03 + 04[r2]y) — (820703 + paon03) [y,
p2 = —6101(03 + 0u[r2]g) — p16703[r2] + 850103,
p3 = (uaps — 0162) (03 + 04r2)g) + p1paos(r2]g + 620503,
pa = (Map3d7 — 610207 — pady01)(r2]g — Hadson,
ps = u3(01 + 02[p2lq) (03 + 0ulra]g) + pacs[ralg(o1 + oa[p2lg) — us3d70s[palglraly + 960703 (ralg,
pe = 01(01 + 02[p2lq) (03 + 04[ra]q) — 8503 (01 + 02[p2]q) — (610708 + p2d703) [p2lg[ralg,
p7 = (0106 + pop3[p2lq) (03 + 0alra]q) + (Had1ds + popaos) [p2lq(ralg + 13dsds[p2lg — 950603, ®)

ps = (p3ds + padi[r2]g) (o1 + 02[p2ly) + papadylpalglraly + 610607 (r2]g,

p9 = —8203(01 + 02[p2lg) — 13dsor[p2lg + 60103,

p10 = —103(01 + 02[p2ly) — (20103 + 8188071 [p2]g,

p11 = (H11i30s — 010288 — 1126203) [p2]g — 110603,

p12 = (H1pis — 6102) (01 + 02 [p2ly) + papsoi[p2lg + 610607,

p13 = 6201 + 02[p2]g) (03 + 04[r2lyg) — d601 (03 + 0u[ralg) — (620788 + padsor) [p2lglralss

p14 = p1(01 + 02[p2]q) (03 + 0ulr2]g) + p201[palq (03 + oalralg) — p10708[palglraly + 950501 [p2lq,
p15 = (106 + pad2[p2lq) (03 + 0u[ralq) + papadslpalglralg + 620508[p2lg,

P16 = (6205 + papialralg) (01 + 02[p2lg) + (120207 + papacn) [p2lgr2lg + 11607[r2]q — d50607.

(CD!;Z + /\1)x(t) = Ig)lhl(t) — Co, (CDZZ + /\z)y(t) = Iglhz(t) —dy,

Proof. Applying the g-integral operators I]; ' and 1!, respectively, on the first and second
equations of (4), we obtain
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where cg and dj are arbitrary real constants. Now, applying the g-integral operators 15 2

and Igz, respectively, to both sides of the above equations, we obtain

t(t—qu)Prtr—1) E(t—qu)P2—1) P2
= - 7 — ~ 7 00000 _ - 9
*) /o Ty(pr T pa) (g Al/o T R P VR
t(t—qu)(ntr—l) E(t—qu)(2=D) #2
S Gk L0 - Uoqu” - dg— 10
V0 = [y = Az [ Sy do s 10

where c1,d; € R are arbitrary constants. By using the conditions (2), we obtain a system of
equations in the unknown constants cy, c1,dp and d; given by

H2lp2lg 85
———1 ¢y — B dy+6d =F ,
rq(szrl)Co Pl151+r( 1) 0+tody=hH
06 Ha [ ]q
————¢g + drC +7d —uszdy = B,
Fq((}’2+1) [O ] )2 ! rﬂ( 5)[0] #afa z (11)
01+ 02|p2lg 71721q
——— Vg - ——=1dy=F;,
rf(p2+1) I N A ) R
d8lp2lg (03 + 04r2]4)
co— do — o3d] = Ly,
To(pa+1) 0 Tyl +1) 0 70—
where 61, 03, J5, 06, 07, 0g are given in (8), and
_ 0y (1 — qu) Y (= qu) Y
_ w (o — qu)PreeeD (= qu®Y
(V1+rz 2) Ay — (2—-2)
_ 77] j (;7] E]M)
F = (/0 Tq o —|—r2 =) ho (u)dgu —)\2/0 —Fq(i’z ) y(u)dqu)
1 1 — qu P1+P2 1) 1 (1 — qu)(PZ_l)
—0 hi(u)dyu — A / ~— 2 — x(u)dsu
1(/0 I(p1+p2) )y "o Tq(p2) )y )
1 (1 — qu)P1tr2=2) 1(1—qu)r2)
hudu—/\/—xudu,
2(0 Fq 1+p2—1) ()q ! 0 rq(pz—l) ()q)
}7] PlJFPZ 2) 1j (;/l — qu)(pZ*Z)
F, = / hudu—)\/]—xudu
4 0 qu1+p271) 1()q 10 qu(p271) ()q)
1 _ l]u r1+r2 1) 1 (1 _ qu)(@fl)
h dau — A / -~ d
(/ Tyl o) 20 = Az Jo g () i)
(1 — qu)(ntr—2) L (1 — qu)(2—2)
‘74(/0 T (i +72— 1) ha (u)dqu /\2/0 T (2~ 1) y(u)dqu>.
Solving the system (11) for cg, c1,dp and d1, we find that
T +1 1
o = #(Plﬂ +p2F2 + p3F3 +P4F4)/ 1= X(PSFI +psF2 + p7E3 +P8F4),
T +1 1
dy = # (P9F1 +p10F2 +p11F3 +012F4>/ dy = A <P13F1 +p1ab2 + p1553 +P16F4),

where A is given by (7). Substituting the values of ¢, c1,dy and d; in (9) and (10) yields
the solution (5) and (6). By direct computation, one can obtain the converse of the lemma.
This completes the proof. [
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LetC = {x|x € C(]0,1],R

) } be the space equipped with the norm || x|| = sup,. 01] [x(£)].

Obviously, (C, ||.||) is a Banach space. Then, the product space (C x C, ||.||) is also a Banach
space with the norm || (x,y)|| = ||x]| + ||y|| for (x,y) € C x C.
In view of Lemma 5, we define an operator G : C x C — C x C by

where

gl (x/ y) (t)

Gi(xy)(t

o(x )0 = (i

t— gu)(p1tp2—-1)
%ﬁ(“ﬂ(“)/y

ot

0(1/0

(t — qu)prtp2té-1)

B , , dgu — A
T,(p1+p2+0) §1(u,x(u), y(u))dqgu 1/0

t

ﬁl/o
2 4 ni (n; — gu)(rtr=1)

51(91 P5) “2/1 (1j —qu)

A 0 Fq(rl +1’2)

5 /;1/ 77]*‘1“ )1+t —1)
o(n+r2+8)

pzfpz + pe 1j (1’/] — qu)(Vl*PZ*l)
52(T) (“1/0 Wfl(u,x(u),y(u))dqu

1 U]fqu p1+P2+§1 1)
A / Ta(p1+p2+3G1)

(u))dqu

t (t — qu)(pil)
Ty (p2)

fa(u, x(u), y(u))dgu

x(u)dqu

2 (u, x(u), y(u))dgut —

1 (1, x(u), y(u))dgu 7/\1/0 (7)

ri+ry—2)

y3 ij s — au (
53(93”’#) (az/o7 %h(u,x(u),y(u))%u

1 (1 — qu) Y(r1+r2+62-2)
ﬁ,/ l"q 1’1+7‘2+ng1)
(] — qu)(Pl*VZ’U

pstP? + p7 /
("7 >’X10 Ty(p1+p2)

1 (] — qu)(pl‘*’PZ*’él*l) 1 (1 — qu)(PZfl)
Py Tyt g S X
(1 — qu)P1tr2=2)

p3tP? + p7 /1
Uz( A ) M 0 Fq(pl—i-pz—l)

/1 (1 — qu)(prp2téi=2)
Py To(pitp2+61-1)

pat +psy (o G —qu) 2
A )<a1/0 b 1y 1 Xy

1j 7]]7qu p1+P2+§1 2)
A / Ly +p2+81—1)

(P (s ]

/1 (1 — qu)ltr2+é-1)
/32‘ o Ta(ri+rn+&)

(74( P4tV2A + p8> <a2 /01

1 (1 — qu)(ntrti-2) 1(1—qu)2=2)
152‘/0 Wgz(”rx(”)ry(”))dq” )\2/0 my(”)dqu ’

2, x(u),y(u))dgut —

filon x(u), y () g

x(u)d,ﬂ)

fulon x(u), y () dgu

— au)(P2—2)
g1(u, x(u),y(u))dgu — A /01 Mw)zx(u)dqu>

11,0, y(0))dgu = Ay [

(] — qu)(71+72_1)

rq("l +}’2) fz(“/x(“)/]/(“))dq“

1(1—qu)(2=D y(u)d,,u)

g2 (u,x(u),y(u))dgu — Az '/0 T,(r2)

(1—qu) (ry+r2-2)

To(ri+r2—1) fau,x(u), y(u))dqu

12)
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bt — (r1+r—-1)
Go(x,y)(t) = “2/{)%

rt (t—qu)(’1+fz+€2—1) " (t—qu)<’2—1)
U —qu)itm=r=2"" B (t—qu
i ﬁz/ﬁ Ty(ri+r2+G2) g2 x(1), y(u))dgu Az/o Tq(r2) y(u)dgu

pot™ + p13 (g —qu)n Y
- (T) (az /o Ty(r1+712) falou )y

fa(u,x(u), y(u))dqu

vh - —agu (r2-1)
820500,y )y~ 3 [ %y(u)dqu>

P10t + p14 (1 = qu)rirh
_ (52(#) <D¢1 /0 rq(p1+]92) f1(u,x(u),y(u))dqu

1 ;7] _qu P1+p2+§1 1) 1j (qj_qu)V’Z*l)
+ / u,x(u), uduf/\/ixudu
B1 T,(p1+p2+ 1) g1(u,x(u),y(u))dg 1 (u)dq

7 . L (r14r2—-2)
2+ U u
_ 5%%) <0¢2 /0 7 %fz(u,x(u),y(u))dqu

Lo /qj (nj— qu)(ritr2té-1)
2o Ty(ri+r+E)

Fq(rl + 71— 1)

ni (1 — qu) A2 /"h‘ (7 — qu)>"?
_ M AT T a0d
+ 5/ Ty(n+rnté-1) g2, x(u), y(u))dgu = Az | y(u)dgu

out tos) ([ A—guirernt) P
" al( A )<0¢1‘0 Ty(p1 + p2) fulow x() y(u))dgu

(1= qu)rrra ey 1 (1= qu)r2D)
o e ),y = | %x(u)d,,u>

ot o) (o [ (A= qu)rren=?
" (72< A )<041 o To(pr+p2—1) ful x) y(e))dgu

v B / (1—qu) Y(prtp2tér— )g (a3 (0) y () gt — A /0‘1 (1—qu)(lﬂ22)x(u)dqu>

Ty(p1+p2+a1—1) Fy(p2 =1)
(PRt Ee (M s %ﬁ(w(uw(umu

e rﬂq];lqi p’; ljrp;ril1))81(M,x(u),y(u))d,,uf/\l I Wx(u)dqu)
b (Pt < [ “;;(37(;)) folut 1(u) y(0) g

1 (1 — gy)(rntr2t+é-1) 1(1 = gy)(2-D
b ) st ),y — o | (rf’,‘(’r’z)yw)dqu)

+ 04( A )<1ch b To(ntr2—1) folu, x(u),y(u))dgu

_ V1+'z+§z 2) 1(1— (r2-2)
ﬁ/ I, qu) )gz(u,x(u),y(u))dquf)\z/o uom)y(u)dqu)

+

rira+d—1 Ty(r2—1)

3. Existence and Uniqueness Results

In the sequel, we set the notation

¥, = Fq(p1|i1;lz+1) + \al\(mlﬂz), ¥, — |“2|("YX""74),1P’3 _ ‘“1‘(7‘1/?“"714)’

¥, = Fq(rl‘izr‘ﬁl) + \“2\(7|X‘+716),q)1 _ Tq(P1+|521‘+§1+1) + \ﬁl\(&ir%),

O, = \ﬂz\(xrﬂs), Oy = \ﬁll(“rlxrr%s)l O, = rq(ﬁ{_\izl@ﬂ) + |52|(7‘er720), (13)
0, = Fq(‘;\zl—lkl) + |?L1|(“‘r;9\"i'710) + |A2\(“rlx|+“rlz),

@, = \All(’Y‘i“*"Yzz) + Fq(‘;\zz—l-l) + |A2|(“r‘§€|+724)’
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162102+ psl]" " + |1 |03 + 7] 18allos + psl! 72" + |oallos + |
" Ty(pa + pa 1) CT Ty (1 + p2) '
[61/lp1 + ps |7 " + o [pa + ps] 1831103 + p7 |17 7" + oulpa + ps|
= Ly(r+m+1) r = Ty(r1+712) !
1821102 + ool 741 + o los + 7] 18allos + ps 1! 72! + oo Ips + o
b Lptpra+r) 700 y(p1 tp2 +81) '
161][01 + ps |77 7212 + o[y + ps] 183103 + p7 722+ a0 + ps|
7= Ly(rn+n+i+1) » 1= Ty(r1+r2+E2) !
021102 + psnf* + |o1lps + p7] |64ll04 + ps[7!> ™" + |2 03 + 7]
Y= T,(p2+1) A U T, (p2) ,
|011lp1 + ps|7;* + [o3]lps + ps| 163103 + p71> ™" + loallpa + ps|
= Ty(r2 +1) pome= T, (r2) ’ 14
162lp10 + pral] % + | [low + pus| [8llor2 + 17! 72 + |zl o + pis|
o Ty(p1 - p2 1) CmT Ty (1 + p2) '
[61llpo + prsl ] 2 + loslorz + prg| [83llo11 + pasly "2 + loullpaz + el
Y15 = T (ri+r2+1) ;Y6 = T,(r1 +12) ,
1821110 + pral P + oo + pus| 18allor2 + prel ! P + ooy + pus|
we Ty(pi+ P2+ +1) e Ty p2+80) ’
191119 +P13\’1}1+r2+§2 + losllp12 + P16l 193/l11 +P15\'7;1+r2+§2_1 + |oallpr2 + p1el
o= Li(ri+rn+d+1) $T0 = Ty(r1 +712+2) ’
1921010 + p1al/* + o1 [lp11 + p1s| [8llo12 + P16l " + le2llon + prs|
1= T,(p2+1) ;Y22 = T, (p2) ,
a1llpg + psly; + losllprz + pis| 1&sllon + sty + loallorz + el
Y23 = T (r,+1) s 24 = T,(r2) :

In the following theorem, we prove the existence of a unique solution to the system
(1) and (2) by applying the Banach contraction mapping principle [47].

Theorem 1. Let f1,f, : [0,1] x RxR — R, g1,92 : [0,1] x R x R — R be continuous
functions satisfying the following conditions:

(A1) There exist positive constants 11, 1y such that for each t € [0,1] and x;,y; € R, i =1,2,
|t x1,y1) — fi(t x2,y2)| < allx — x2f + [y1 — v2l),

|f2(t, x1,y1) — fa(t, x2,y2)| < 2(]x1 — x2] + |y1 — y2|)-
(Ayp) There exist positive constants xq,x, such that for each t € [0,1] and x;,y; € R, i =1,2,

1g1(t, x1, 1) — g1(t, x2,y2)| < w1 (|x1 — x2| + [y1 — v2|),

182(, x1,51) = &2(t, x2,¥2)| < w2 (|31 — x2| + [y1 = v2)-
Then the system (1) and (2) has a unique solution on [0, 1], provided that

Y=(¥1+Y¥3)u+ (Y2 +¥a)ip + (P + P3)icy + (Do + Py)ir +O1 + O, < 1. (15)
where Y1,¥Y2, Y3, ¥4, D1, P, D3, Oy, ©1, O3 are given in (13).
Proof. Let N7, N>, M1, M5 be finite numbers such that

Ny = SUPicio,1] |f1(£,0,0), Np = SUP;e(0,1) |f2(t,0,0)],

16
My = supyiosI81(6,0,0)], Mz = supyc gy, Ig2(£,0,0)]. (16)
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Now we show that GB, C B,, where B, = {(x,y) € G x G : ||(x,y)|| < o} with

(Y1 +¥3)Ny + (Y2 + ¥a) Ny + (D1 + P3) My + (P + Dy) My
0= 1—Y '

where Y is given in (15). For any (x,y) € By, t € [0,1], using (A1), we have

flt,x(),y®)) <[t x(t),y(t) — f1(t,0,0)] +|f1(t,0,0)]
< ([x(t )| + ly(H)]) + [ f1(t,0,0)]
< a(|lx[| + llyll) + Na
<10+ Nj.

Similarly, we can find that

[fa(t,x(8),y(8))] < 120+ Na, |g(£,x(8),y(8))] < w1e+ M, |ga(t x(t),y(£))| < K20+ Ma.

Then we have

161(xw)]
< sup {lo [/ ST )t

gl [ IS sty ] [ P )
51|Plt”2+P5< ) [0 1;2 ot () ) g

bl [ B R )\gz(u )yl + 1l [ _”’”r’z())w(u)dqu)
lepzlt[’\’2|+pe< ‘/’7] ’hrq o f;:z )|f1(u,x(u),y(u))|dqu

+|p1 ‘/’7] Fq_pl :;:T_Zl) >\81(“ x(u),y(u))|dg ”+|A1|/ ;2()1)|x(”)d4”>
+§3lp3|i2|+p7< ‘/”f . rﬁ:fl )\fz(u,x(u),y(u))\dqu

Hpal [ Wt + il [ Qfl)”w)dqu)
al|p3ItAﬂz|+p7< A [ 1;qq;1il;zz Vf1 Gt ),y 1)) g

Hpl [ O oyt [ ))x<u>|dqu>
azlpslt[zz'+p7< ‘/ ;}Tﬁ:pz )\fl(u,x(u),y(u))\dqu

(1 — qu)(Prtpr2téi=2) (1 — qu)r2=2)
el [ 4 I e (), s ldgu+ (| [ ‘771” (u)dqu>

|04]|04tP2 + pg] /7/ (j — qu)(P1+r2=2)
T AT [A] aq P1+P2*1) |f1(u, x(u),y(u))|dgu

7j ]7/ qu)(pl+}"2+5l 2) 7j ;7] _qu (P -2)
d A — d
B T s et 1y 80 )y e [P

\03Hp4t’72+ps\ / (1—gqu)ntr-l)
az| T,(n+72) Ifz(u,x(u),y(u))ldqu
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qu)(r2—1)

l—qu r1+r2+§2 1) i A "1 (1_ i
w0yl e[S

N _ r1 9 —2)
|¢74|\p4t” +p8< |/ (1 —qu)"n™ )|f2(u x(u),y(u))|dgu

|A| g(r1+r2—
l—qu 71+Vz+€72 2) 1—qu)< -2)
1Bl gy et g+ [ U B
(t —qu)prtee |@1[192|p2t" + pe|
< (nr+ Njp) su o / dou +
t ! te[opl]{ ! To(pi+p2) ' |A]
i (n; — gu)Prtp2—1) P 1 (1 — gu)(P1+p2—1)
X// (nj —qu)'” dyu + laa||on|lpstP? + p7| [ (1 —qu)Pir2 u
o Ty(pr+p2) |A] 0o Ty(pr+p2)
lllallst ol F OO el )
Al o Ly(pr+pa—-1) 7 Al Tg(pr+p2—1) '
(t—qu)Prtrta— 1B11192[|p2t7> + pe|
+(x17 + M) su / dgu +
(%1 1 te[gf;]{'ﬁl T, (p1+p2+21) a4 IA]

|Bllon|lost?? +p7| (1 (1 —qu)lritrztan=D)

y /qj (nj— qu)(prpatéi=1)
0

dou + u
Tq(P1+P2+Cl) I |A| o Tglprt+paté) 7
Iﬁl\ltle\pst”z a1 AUt Bl leat + sl
Fq (m+p+ia-1)"7 [A]
n ;= qu)(pﬁpﬁgﬁ : |aa|[01]lp1£P2 + ps|

X / dou p + (or + Np) su -

o Tg(pr+pat+é—-1)"7 (1 Z)te[ol,)l] Al
» /’7f (7 — qu)tr2h) dou + |aa|65][ost?2 + p7| 1 (j — qu) 1tz dyu

0 Ty(r1 +12) [A| 0o Ty(rm+mn-1)

+

allosllpst™ +ps| 1 (1—qu) 2D Jealloallpst el (1 qun
A] 0 TnAm) AT b TLntnoD)

Balldrllont” +ps| 1 (= q) D ol oat? + g
Al 0 Ty(r+n+é) 7 [A|

+(x2r + My) sup {

te[0,1]

|Ballo|loat?? +ps| 1 (1 — qu)lritratéa—l)
|A] Jo Tg(r+r2+¢2)

dgu +

. L (r1+ra+62—-2)
y /m (nj — qu) ot
0

l"q(rl + 7 +Cz — 1)

P 1 (1 — gy)(ntr2+62-2) — gy)(p2—1)
o [Balloslloat? +ps| ' (1= gD }Nsup{h/ (= m®y,

[A] 0 Tg(rn+n+&-1)"1 te0,1] Ty(p2)
allllnt +ps| i (= aw) 2D Mgl leat? +po| i G —qu)2 7Y
[A] Jo Ty(r2) I |A] J0 Ty(p2) i
L 1alldsllpst? + 7| (1 *W)(’rz)d o 4 Malloullost? +p7| 1 (1—qu)tr2—V "
[A] o Tgln—1) ™ [A] 0 Ty(p2) I
pLallellnt +pr] O D e e O g 2
(A Ty(pa—1) 7 [A| o Ty(pa—-1) 1
L Rallosllpat? +ps| (1 (1 *W)(’rl)d 4 [P2lloallpst? + ps| / (1 *qu )22 du
[A] 0 Ty(r2) i |A| (rn—1)
< (1o + N1)¥1 + (20 + N2)¥a + (k10 + My )P1 + (k20 + Ma) P2 + Q®1r
where ¥1, ¥,, &1, $,, O are given in (13).
Furthermore, we obtain
G2 (x, )|
< sup Heal [ LI ),y
su o | fo(u,x(u),y(u u
te Opl ? Ty(rn+r2) 2 / !
tfqu Y(rtratée-1) 2—1)
+|/52|/ Tontnia) |2 (1, x (), y(u))|dg H+|/\z\/ 7@(””%”
q
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r1+r2 1)

|51|\P9f 2 +p13\ i (
o [ e st ), o)

,]] qu)(r1tr2+é-1) 1 (1 —qu)(r2=1)
B2y Ise ),y g gl [ Iyt
L 192llp10t™ + pra| i ( )Pty
Al o [ ), )
i (; — qu)(Prpaté=1) p N u)(r2=1) p
el [ mmm) 91200,y () ldgu + 1] [ Tu(u)\ e
5 2 4 7 ;7 rl+’2 2)
|3|\P11|A| P15|< ‘// AN/ Lo r1+rz 5 fa (u, x(u), y(u)) |dqu
m (1 — qu)(r1tr2+8-2) qu)(r2=2)
2l [ o gy 18200 )y wt ol [ Ty vl

|¢71|\P11t’2+p15| / 1_qu p1+pz 1)
u,x u))|d,u
[A] aal | gy X y(0)ldg

_ 1+p2+61—1) )
Hpl B sty [ q”)xw)mqu)

o 2 + (1- P1+nz 2)
Jr| 2| lp11 P15|< |/ (1 —qu)trtra—2) : Lfo (o x(00), y (u0)) g

[A] Ly(pr+p2—1

_ 1+p2+81-2) — 2)
A e e N R RR T W”)x(undqu)

Th(pr+p2+3éi—1 (pp—1
 18illprat™ + prel /m —qu)" Y
_ w,x(u),y(u))|du
A o I, p1+p2 1 f (u, x(u), y(u))1dg
i (; — qu)(Prpatéi=2) u)(r2=2)
el [ 1+p2+€1_1) 9120 0), y () ldgu + ] [ Tl)|x<u>\dqu
03|12t + (1 — qu)(rtr2=1)
| 3|\912|A| P16|< |/ qu+r2 | f2 (, x (), y(u))|dgu
17qu ) (1t —1) p N 2—1) p
+|ﬁz\/ Tninia) 82 (u, x(u),y(u))|dqu + | zl/ 7\y(u)| qit
|og||p12t" + p16| / (1—qu)(ntr=2)
7 |A| | rq 7‘1+1’271) \fz(urx(”)ry(”)”dq”
,qu ’1+72+§2 2) / 1fqu -2)
+|ﬁ2\/ ) g2 (u, x(u),y(u))|dqu + |A2] 7@—1) |y () |dgu
|t |82 lo10t2 + p1a| 1 (7 — qu)PrP2—1)
< (nr+ Np) su dou
(1 1) te[Opl] { N 0 Ty(pi+pa) '
|t’41\|£71|\P11t’2 +p15] 1 (1 —Glu)("””z’l)d "y | [[oa]lo11#2 + p1s| 1 (1 — qu)(ritp2—2)
[A] o Tglpitp) 7 [A] o Te(prtp2—1)
1o l19a]lp12t™ + pro| nj (7 — qu)Prre—2 1B111621]p10t" + p14]
dau p + (kv + M) su -
|A] 0 Tq(PH'Pz—l) ! b 1)te[o?l] Al
y /:1/- (1] 7qu)(P1+Pz+é1fl)d . |B1llo1] o112 + 15| 1 (1 — qu)Prtpatii=1) .
o Typr+p2+é) 7 [A] o Ty(pr+p2+é) 7
LBillezllont™ +pis| ft (1 - qu) Prrate—2) dyu 4 [Bulldallorat™ + pio|
[A| Jo Ty(pr+p2+&—1) 7 [A]

i (nj — qu)(Pripeté=2) (t — qu)(n+r=1)
X dgu ¢ + (12r + N2) su « / 711 u
I i g 1) (N sup el [ SRy



Fractal Fract. 2022, 6, 45 13 of 27

|”‘2H51||P9’»”2 +p13] (1 () ’J”)(rﬁrrl)d ut laa|03]|011t™2 + o15] [ () —‘1”)“1“272)‘1 "
|A| Jo Tg(r1 +12) i |A| Jo Ty(ri+r-1) 1
+|0<2\|03|\P12t'2 +pl 1 (1 —W)(””Z_l)d "y laz||ogllp12t? + p16| 1 (1 —ﬂiu)(’”“_z)d u
[A] 0o Teritr) 7 |A] 0o Ly(ri+r—1)
(t—qu)(ntrati) |B21]01lp9t™ + p13]
+ (11 + M) til[;pl] {|ﬁ2 / Lninid) dgu + A
" /”f (1 *‘1“)(”“2%271)11 "y |B2l|83] |11t + p1s| (1 (1 qu)(”“ﬁérz)d ;
0 Tyn+nrn+d) 1 Al 0 rq(”l +r+eh-1) !
|ﬁ2\|£73|\P12t’2 +p16| 1 (1 —qu)ntrti-l) P |B2|]04||p12£" + p16]
[A] o Tyn+n+g) 7 [A

1 o (r+ra+82—2) _ (ra—1)
< (-guoned }+qup {M/ %W

Tyri+rn+&H-1)1 tefo,1] Ty(r2)

|)\2H<51HP91?’2 +p1s| i (g — qu)2” l)d |A1l[62]l01082 + pua| f1i (mj — qu)P2= V)

+ d
Al o Ty Al o T
|)\2|\53HF’11V2 +P15| 1j () — qu) 22 dgu + |A1]|o o112 + p1s| 1 (1 — qu)tP2—1) gl
[A] rq r—1) |A] 0 rq(PZ)
Jr|)tl|\t72\|Pnf'Z +P15\ 1 (1= qu)(r2—2) et \M|84] 012t + prg| i (1 — qu) P22 dyu
[Al 0o Telp2—1) |A| 0 Ty(p2—1)
JPallosllonat® +pnel 1 A= qu)=D L Pallaallont +ew| A -q) =
[A] Jo Tg(r2) 1 |A] 0o Ty(n—1) 7

< (1@ + N1)¥3 + (20 + N2 )y + (110 + M1) D3 + (k20 + M) Dy + 0O,

where ¥3, ¥4, &3, P4, O, are given in (13).
From the foregoing inequalities, it follows that

1G(x,y)|| < Yo+ (¥1+¥3)Ni + (Y2 + ¥a) Ny + (D1 + P3) My + (P + Dy) My,

which implies that gBQ C By. Next we show that the operator G is a contraction. Using
conditions (A1) and (Ay), for any (x1,y1), (x2,y2) € C x C,t € [0,1], we obtain

1G1 (x1, 1) — Gi(x2,12) |

= | |/ frquil’l - 1)| ( (u),y1(u)) — fu( (u),y2(u))|d
u o u,x1(u),y1(u u,x2(u),yo(u u
'Z OP] 1 (1 p2) f1 1 Y1 f1 2 Y2 q

tfqu p1t+p2+ii—1) p
] ) 30,33 0) = 0 ), )

t—qu pz 1) |51HP1tp2+P5| 11/ 7qu r1+r2 1)
Ml ek el
+A] 1 () = x2 (1) |dgu + | GO
7 ( ﬂ],qu)(fﬁ’ﬁ@z 1)
Ly(ri+1r2+ )
u)(2=1)

X[ (1, x1 (1), 1 (1)) = 21, %2 1),y () g + ] [ %m(u) —yz(“)|dq”>

x|l 01 () 1 () = fa ot 2 (0), 2 ) g+ Bl |

|52\|P2t”2 + 06| 15 ( )(prtp21)
( |/ rq p1+p2) |f1(u,x1(u)/y1(u)) *f](M,XZ(M),yZ(u))‘dqu
(p1+p2+é1-1)
i |/ Fq p1+pz+él) 18 (1 x1.(0), 1 () = @ (1t x2 (), 2 () dlgu

o ;= qu) 72D |53\|pstr’2+p7| i (o —qu)
] [ S ) — )l el [
]_qu)(71+’2+§2 2)

Ty(ri+r24+82—1)

1ol 32(0), 2 0) — oo 220, a0 g+ o] [



Fractal Fract. 2022, 6, 45 14 of 27

x|g2(u, x1 (), y1 (1)) — g2(u, x2(u), ya (u )ldq“+|/\2\/ 27)\% u) — yz(l¢)|dqu>

|‘7 [|o3tP2 + p7] lfqu F’lﬂ’z 1)
AT ( ol a0 30 00) = o520, )

(1—qu)tPtrta-1 Y (prtp2tér—1)
+|/51|/ Ign (e, x1 (), y1(w)) — g1 (w, x2 (1), ya (u)) |dgu

La(pr+p2+¢61)
1*qu )2~ |o2[p3t"2 + o7 1 (1—qu)ntr=2)
+|/\1|/ |1 (u )_x2(”)|dqu> A ( |/ T, +p—1)
_ 1+p2+61-2)
a0 7300,00) = oo )yl + ][ LB
_ (p2-2)
x| g1 (u, x1 (), y1(u)) — g1 (u, x2(10), y2 (1t )quu+|/\1\/ 1qz)pl)|X1(u)362(14)|dqu>
o 19alloat? + ps| i ( )ritr?)
Al ( |/ l"q p1+pz—1) | f1 (w21 (), y1 () — fr(u, x2(u), y2(u)) | dqu

i (177 — qu) (p1+p2+é1-2)
B ey 100,31 00) = 10 )32 0)

o (g = qu)r= . loslloat? +ps| A—gu)ntel
+|A / 7x u) —xp(u)|dsu /
| 1| p271) | 1( ) 2( )‘ q ‘A‘ | rq r1+r2
J 1 — qu 71 +r2+8—1)
x| fa (1, x1 (), y1 () — fa(u, x2(u), y2(u))| q”+‘l32|/ m

—qu)(2
g2 000,30 = 820 320),y2 )l + ] [ “’}‘jz)m(u)yz(u)dqu)

0 2 —aqu "1 1-2)
'4'94;”“’8'( o G a3 0) = ol ),y

_ r1+r +6-2)
Bl [ ey a1 0,33 0) = g 52,920

—gu)(r2=2)
+|/\2|/0 %Wl(@ yz(“)dq”>}

f*qu)(’“*’”z Ud w4 J2llo2|lpat? + pe|
(11 +p2) 1 |A]

<l =2+ ~3al) sup {m/

/'7]' O —qu) P27l lallellest +pr| 1 (1= g
0 Ly(pr+p) 1 |A| o Tglprtp) 7

slmllelipar pr] =g el sl g (g0,
N o To(pr+p2—1) [A] I, P1+Pz—1) !

e ([lx1 = %2l + llyr — y2ll) Sl[lp
te|0,
(ns— (p1+pa+é1-1) p _ p +pa+81-1)
X/”f (7 — qu) dyu+ |B1ln|lost 2JrP7|/ (1 W L
o Ty(pr+p2+¢1) [A] 7(p1+p2+31)
4 |Bullozllpst? + p7| U (1= qu)lrptei—2) dyi + |Bull0allpat?2 + ps| [ (7 — qu)Prratéis )d
|A| o Ty(pr+p2+a-1)"7 [A] 0 rq(Pl+P2+§l*1)

(t=qu)Prp D 616l + pl
dgu +
{ﬁl/ 1+p2+§1) q A‘

laa||01]|o1tP2 +p5| 1 (mj — y(rtr2=1)

Fia(ljxr —x2fl + ly1 — y2ll) su / iy
(I [+l —v I)te[oli]{ IA] rq r1+,2) g

|aa|os|loat?? + ps| [ (1—qu)ntra—D

Jw2llBslost?2 +pr| i (= qu) itz u
A 0 Tyn+r)

[A] o Ty(ri4+r-1)

|az||oa|[04tP2 + o] [T (1 —qu)(1tr2—2)
‘A‘ 0 Fq(rl +72—1)

Jr

dgu +

+ dqu}+K2(|xl—lel+lly1—yz|)
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olles” +psl 1 (0= )y Balllest? + g7l
X sup A u—+
te0,1] [A] g(r1 +12+82) |A]

i (1 — qu) e |Ballosllpat? +ps| 1 (1— qu)ritrattaD)
X d dgu
0

u+
Fq(r1+r2+§271) 1 |A| l“q 7’1+7’2+§2)

‘.32||‘74|‘P4tp2+p8\/ —qu ’1**2*@2 )d
Iy 7’1+’”2+§2—1)

}+(X1 —x2|[ + llyr — w21l

[A|
_ Pz 1) P2 i — ’2 1)
X sup |)\1\/ (t—qu) dgu + \/\2H(51Hp1t +,05|/f qu) dgu
tef0,1] Tg(p2) T4(r2)
allalloatrz +ps| i (= g2V Mallsllest +pp| i (= qu) 2P
1Al 0 Ty(p2) i |A| 0 Ty(ra—1) 7
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where Y1, ¥y, @1, $,, O are given in (13).
Similarly, one can obtain
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(t — qu)itr2=1)
< sup ool [ LI o0 0, (0) = ol a0, o 0)
te01] (r1+1)
t_qu 71+72+§2 1) p
Bl | s sa( 310, 3100) = g2, ), )
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31,31 0), 43 (1) = 8200 32(0), o 0)) e + ] [ %wm —yz(u)dqu>

2 I p1+p2— 1)
52P10|j\+P14|< |/v - p1+P:) L (1, 21 (), () — f (1, x2(0), y2 (1)) | dge

g (u, x1 (), y1 (1)) — g1 (1, X2 (1), y2 (1) ) |dgu

+"B |/11/ Uiju p1+p2+fl 1)
rq p1+p2+61)

" —qu)(P2=1) 5 2 U —qu)
TNy oL Xl(”)—xz(“)WqH) + lsllent ol (1, o (00 22
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1 — qu p1+P2+'§1 2)
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(¢ —qu)2 D
(=2l + by = w2l sup S a2l [ S — g
tef0,1] 0 Tg(r) 1

i |A2]]61lpot™ + pra| [ (7 — q”)(rz_l)d - [A1]182]|o10t"2 + p1a| [ (1) _qu)(r’z—l)d "

[A] Jo Ty(r2) I [A] Jo Tq(p2) i
L allgsllont +pus| 1 (g —q) 272 Al lont +ps| [t (L g2V

[A] Jo Ta(r2—1) i |A| J0 Ty(p2) i
L Mlleallout™ + pis| 1(1 fqu)(F’Z*z)d . Palléallont +pu| 7 (n; fqu)(f’rz)d .

Jo p2 — Jo P2 —

(A Ty( n |A| Ty( n
n |Aal|os||o12t™ + pre| [T (1 —qu)t2~D dut A2l|ogllo12t" + pre| [T (1 —qu)t2—2) i

A 0 T,(ry 1 A o TLhrn—-1) 1

q q

< (0¥3 + 0¥ + K1P3 + 1P + @) (|31 — x| + ly1 — v21)),
where Y3, Y4, @3, P4, O, are given in (13). Consequently, we obtain
1G (x1,y1) = G(x2,y2) | < Y([lxn = %2l + [[y1 = v2l]).-

AsY < 1by (15), therefore G is a contraction. Hence, we deduce by the conclusion of the
Banach contraction mapping principle that the operator G has a unique fixed point, which
is indeed the unique solution of the problem (1) and (2). The proof is completed. O

Next, we present an existence result for the problem (1) and (2) which is proved by
means of the Leray—Schauder nonlinear alternative [48].

Theorem 2. Assume that

(A3) f1, f2,81,82 : [0,1] X R x R — R are continuous functions and that there exist real constants
T, T, €,€ >0, (i =1,2) and 19, Ty, €0, €9 > 0 such that, Vx,y € R,

it x,y)| <o +Tlxl+lyl, |f2(txy)] < T+ Tlx| + 20yl

81t x,y)| < eo+erlx| +ealyl, [g2(tx,y)] < €+ &lx| + &y,
Then the system (1) and (2) has at least one solution on [0, 1] provided that

(P14+¥3)1 + (Yo +¥9)T + (P + P3)er + (P + Py)é1 + 17 < 1,

(T1+¥3)n+ (T2 + ¥ + (P + P3)e2 + (P2 + Py)éx + 02 < 1,
where ¥;, ®;, i =1,2,3,4 are given by (13) and

1 79 + 710 |, 721 + 722
v1 =M + + ,
| '(Fq<pz+1> Al A

1 711 +712] | 723 + 724
p— A .
v 2'<rq<rz+1> M YR VY

Proof. In the first step, it will be shown that the operator G : C x C — C x C is com-
pletely continuous. Notice that the operator G is continuous in view of the continu-
ity of the functions f1, f»,81,$2. Let Y C C x C be bounded. Then, for all (x,y) € Y,
there exist constants 711,71y, @1, @, such that |f1(t, x(t),y(t))| < hy,|fa(t,x(t),y(t))] <
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o, |g1(t x(t),y(t)| < @1, [g2(t,x(t),y(t))| < @,. Let (x,y) € V. Then there exists ¢
such that || (x, y)| = [|x|| + |ly|| < ¢, and for any (x,y) € Y, we have

|
161 (x

(t— qu P1+P2 1)
< sup J o] [ [, () y ) g
tefo1] p1+p2)

(t — qu)Prip2te) Y (prtpetéi—1) t—qu 2-1)
sl [ s s (@ )+ [ ey el

5 t”2+ i qu rl+r2 1)
+1alle p*"( A1 oo x(a) () g

1’]+I’2)
i ;7/ qu)(ritr2té-1) qu)(2=1)
el [ lgat ) g+ el [ I
) tp2+ n u P1+V2 1)
e I i (), y )l
C L(pitp2)
i (i — qu) Y (prtp2+éi=1) qu) (P2 1)
d A —_ d
e o xtu), )l a] [ E aaa
5 2 4 " K]ll r1+r2 2)
\ 3|\P3|A| P7< ‘// i \fa (i, x(u), y(u))|dgu
1 (1 — qu)(71+72+§2*) qu)(r2=2)
Heel [ gy s e,y w)ldgu-+ ol [ 1y Wl
s thr 4 (1 —qu)Prtpa— 1)
\1\|93|A| p7< ‘/ qp1+p2 Lo, (), () g1
(1= qu)mtrata-n) Y(prtpatér=1) 1_qu -1)
)|d, A — d
1] e ) g+ [ U ol
o tpz+ 1, u) P1+Pz 2)
sl rerl (g, 7 02 0, 2(0), y(00) g
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1B g ),y g+ ] G
Py th2 7 17 P1+P2 -2)
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d A —_ d
il [ 1 1+p2+§1_1) 0 ),y g+ 1| [ 1y
03] |patP? + (1 — qu)(n+r2-1)
n 3HP4|A| P8< ‘/ r:ﬁ+yz fa (1, x(u), y(u)) |dgu
(1 —gqu)lntrte-l) Y(rtr+-1) 1—qu)( 1)
)|d A ~— d
lpal | b ), g+ i [ S e
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sl [ G Ty ey
— qu)(n+r2+i-2) (1 —qu)(2=2)
Hgal [ [ e N RS y)ldg+ ol [ Syl

<Yy + ¥ + @D + @22 + 9O
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where ¥, ¥,, &1, ,, O are given in (13). Similarly, we can find that
G2 (x, )
r1+r2 1)

gsup{az B )0

te[0,1]

(t—qu)(ntrate-l) Y1+t —1) -
gl [ LB et o+ el [ P

\51|\P9t2+,013\ nj (i — qu) 1t
el [ ey Ve x (.

(r+rp+82-1) i (r2=1)
el [ a0 g+ 2l [ q”’|y<u>dqu>

5 24 7 y(prtpz=1)
L 12llpwo P14|< |// V1t x(00) y ()

1Al rq Pl - Ty(p+p2)

i (; — qu)(Prtpatéi=1) _qu)(lﬂz*l)
oo o)+ ] [ I

71+r2 2)

\§3|\P11t’2 +P15|< |/m r1+rz B CET— [ f2(u, x(u), y(u))|dqu

(r1+r2+82-2) (r2=2)
gl [ 20 g2,y g+ el [ ’_|y<u>dqu>

r1+r2+§2—1 1)

o 2 4 (1—qu Plﬂ’z 1)
+\ 1HP11|A‘ P15|< |/ quleer [f1(u, x (), y(u)) |dqu

1_qu p1+P2+‘:1 1) 1_qu
1B ) el ) ()l + )y

‘UZHPHfrZJrPlsl / (1= qu)(ntr-2)
u,x(u),y(u))ldgu
myN e L M v G ORICHLE

(1 — qu)(Prtpr2téi=2) )
el [ o ey ), s ldgu+ ] [0 1)|x<u>dqu>

\54Hput’2+p16| /r/, (g — qu)r7 2
u,x(u u))|d,u
R Mpz oy o x(u) () g

qu P1+P2+51* ) )(PZ*Z)

e o x) )+ a] [ _1)|x(u>dqu)

I 2 4 (1 — qu)tr+r2=1)
+\ 3H912|A‘ P16|< |/ rqquJrrz | fo (o, (1), y () | dgue

(1= qu)(ntrate-l) Y(rtratte-1) 1 ( -
Hpal [ F e gy Ryl el [T )y

\(74\|put’2+p16| / 17% )(ri+12-2)
Iy Vel Ll S o v AR ORI

(1= qu)(ntrte-2) Y(rtr+62-2) p N 11— qu)(rz—z) p
1Bl gy e ), g+ i [ U B e
< Y3+ h¥y + 0193 + @0,P4 + q)@z,
where Y3, ¥4, @3, Py, O, are given in (13).
Consequently, we obtain

1G(x, )|l < (Y1 +¥3) + (Y2 + Ya)liz + (D1 + P3)@1 + (P2 + Py)02 + (O1 + O2) .
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Therefore, the operator G is uniformly bounded. Next, we show that the operator G is
equicontinuous. Let t1, f; € [0,1] with t; < f. Then we have

1G1(x(t2), y(t2)) — G1(x(t1), y(t))]

Jovy |71g /1 ( 1 - f2 -
< AR ty — gu)P1tr2=1) _ (g gy (pitp2=1)1g u+/ ty — gu)P1tr2=1 g 4
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o 7} 2y By 7 oy My
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@ A |k @ A
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LA it A
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A
[atta =yt g re s U o e 2

Ty(p2+1
1
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Al T T2+ D) Ty(p1 + p2)
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1
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! Ty(p2+1) Ty(p2)
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+ |ou || o4l )
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which tends to zero as t, — t; — 0 independent of (x, y). Analogously, we can obtain

|G2(x(t2), y(t2)) — Ga(x(t1), y(t1))]

|| By [ Ftry o e it |B2|@2
2t —t 1 2+ tl 2_t1 2 } +
- rq(i’1+1’2+1) (2 1) |2 1 | l"q(r1+r2+§2+1)

_ ri+r+& ri+ra+Gy  r1trat+ée |)‘2|(P _ s r_4n
x[2(t2— 1) + Ity A g (2 - 1 -
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+ tpa1
\t“ — 17| {M " ( Sllowln! " +lenllenl  [dallowaly!™ " + |t72||P11>
11"

_|_
Al Fq(m +p2+1) Fq(m + p2)
al |f51||P9|77;1+r2 + |o3]|p12] N |(53|\P11|77V1+r2 A
4
2I™2 Lh(r14+m+1) Fq(rl +17)

p1+p2+3

162l o0l +lorllen | [8allonaly! I oo lon |
+|B1]@1 +
Ty(pr+p2+3Gi+1) La(pr+p2+ 1)

ri+r2+G— 1

L [ 4 s ona | . 1allenly + [oul o1z
P2 Ty(r1+r+6+1) r(71+72+é’2)

-1
162llor0ln?” + |erllon]  18allor2ln?* ™ + |ozllp1a] 6111097 + 03] p12]
+o| 1ml( ] ] )+ 1l ]
Ty(p2+1) Ty(p2) T(ra+1)
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Jr

+ |oy] |P12|)
rq(”z) ’

Note that the right-hand side of the above inequality tends to zero as t; — f; — 0 inde-
pendent of (x,y). Thus the operator G(x,y) is equicontinuous. In view of the foregoing
arguments, we deduce that the operator G(x, y) is completely continuous.

Finally, we show that QO = {(x,y) € C x C|(x,y) = {G(x,y),0 < { < 1} is bounded.

Let (x,y) € Q, with (x,y) = {G(x,y)(t) and for any t € [0, 1], we have

x(t) = ¢G1(x,y)(t), y(t) = LGa(x,y)(b).

In view of condition (Aj3), we can find that
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IN o Tg(p+p—-1) 7
(t = qu)1+r2-Y o161 pot™ +pas| i (1 — qu) 1+
+(To+T|x|+ 7 o / dou + dou
(T +7lx[+2ly]) {| 2| Tt N Jo T Tynam)
Jeelldsllont™ + pis| 7 (1 *W)(”m*z)d o 4 ellosllprat™ + pis 11— qu)tntr—l) "
[A] 0o Tg(rn+r—-1) 1 |A| o Tyritr) 7
n |az||og||p12t™ + p16| (1 (1= qu)tntra—2) du
[A] 0o Ta(ri+r—-1)

Ballallort™ +pul 1 (= qwnra D
|A] Jo Tylprtpti) T

\ﬂlll(ﬁl\pnlf’2 +pisl 1 (1= qu)PrFrta-D dut |B1llo2||p11t" + p1s|

+(€o + €1]x]| + e2ly]) {

[A] o Tglprt+paté) 7 |A|
></ (1— qu)lrtrata—2) dgu |/51|\<54H1012t 2 41| 1 (1) qu)(p1+p2+§1—2)d y
o Tg(pr+pa+i—-1)7"1 |A| 0 rq(P1+P2+le1) I

(t — qu)(rtr2+é2=1) dut |Ba2161]]p9t™ + p13]
l“q 71+7’2+€2) q |A|

+@+qﬂ+@y{mv

y /"7 (1 _q”)(rﬁrﬁéz_l)d _— |B2l183]lont™ + p1s| [ (1 _qu)(r1+r2+§2—2)d "
0 rq(71+7’2+gz) 1 |A‘ 0 rq(7’1+7’2+§2—1) q
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In consequence, we obtain

lxll - < (o+alxl+wlyl)¥: + (o + Allxl + 2llyl) Y2
+(eo + erllx]| + e2llyl) @1 + (€0 + €1 ]|x]| + & lyl)) 2

1 (79 +710) [A2|(v11 + 712)
Hl(p gy A I+ SR

= 0¥ + %2 + eo®y + &P

+mY +0¥2 +e1P1 + Do) x|l

+(m¥1 +B¥2 + e + 6P|y

(79 +710)>HXH + [A2l(711 +712)

Ml (g + Iyl
1 7
Tg(p2+1) |A] |A]
and
llyll < (w0 + x| + llyl)¥s + (T + Tallx[| + Ryl ) ¥a
+(eo +e1][x]| + e2lly ) D3 + (€0 + €1]|x]| + Ely|) Ps
[A1](721 +722) 1 (723 +724)
— A
+ |A| HXH+| 2|(1—~q(},2+1)+ ‘A‘ )Hy”
=1¥3 + %Y1 + €0P3 + €04
+(m¥s +T1¥s + e1P3 + E1Dy) || x|
+(n¥s + %Y1 + e2P5 + &P4) ||y
[A1](721 +722) 1 (723 +724)
1ATIV21 T 22 A ,
+ |A| HXH+| 2|(1—~q(},2+1)+ ‘A‘ )HyH
which imply that

IN

(F14+¥3)0 + (Y2 + ¥4)T0 + (P1 + P3)ep + (P2 + Py )eo
|:(‘Y1 +‘Y3)T1 -+ (IPZ +IP4)%1 + (@1 =+ (1)3)61 + (q)z + @4)§1 + U1:| HXH

x| + flyll
+
+ [(‘Iﬁ +Y¥3)m + (Y2 +Ya) T + (D1 + P3)ea + (P2 + Py)&r + Uz] llyll-

Thus we have

I (x, )| < (F1+Y¥3)10+ (Y2 +¥a)T0 + (P71 + D3)eg + (P2 + Py)ép
7 iy HO ,

where

Hy = min{l—[(Y1+Y¥3)t + (¥2+¥4)T + (P17 + P3)er + (P + $y)€1 + v1],
1= [(Y1+¥3)n + (Y2 + ¥a)To + (@1 + P3)er + (P2 + Py)ér + v2]},

which establishes that the set () is bounded. Thus, by Leray-Schauder nonlinear alterna-
tive [48], there exists a solution of the system (1)—(2) on [0, 1]. The proof is complete. [

4. Examples

I. Ilustration of Theorem 1

Example 1. Let us consider a nonlinear system of coupled fractional g-integro-difference equations:
‘DY (‘DYP +0.02)x(t) = 0.09f1 (t, x(t), y(t)) + 0.0310F g1 (£, x (1), y(t)), 0<t <1,

17)
DYF (‘DFF +0.06)y () = 0.08f>(t, x(t), y(t)) + 0.0710F g2 (t,x(), y(1)), 0<t <1,
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supplemented with four-point coupled boundary conditions

0.4x(0) —
0.4y(0) —
0.1x(1) 4 0.2D,x(1)

0.1y(1) 4 0.2Dgy(1)

0.2(H100) D x (1)) L:O =

=) bx(n;),

2
= ijqu(m),
]

ZmJDq’C 1),
=

0.2 (t(1’0'35) qu(t)) ‘t:O

(18)

where py = pp = 0.05,q = 0.5, r1 = ry = 035, a7 = 0.09, a; = 0.08, 51 = 0.03,

By = 007, & = & = 025,

Ap =0.02,Ap =0.06, y3 = p3 = 04, up = pg = 0.2,

0] =03 = 0.1, O) = 03 = 0.2, a; = 0.35,&12 = 0.3, bl = 0.2, bz = 0.25, k1 = 0.7,

k2 =0.1, my = 0.6, myp = 0.8,

Then 11 =1/196,1, = 1/120,

[fr(t, x1(t),y1(t))

| f2(t, %1 (), ya (1))
g1 (t, x1(t),y1(t))

1g2(t, x1(t),y1(t))

71 =045, 1, = 0.65, t € [0,1] and

_ 1 x(®)

arctan y/(t)
= 196 T+[x(b) —10t,

T P19y

m( x(t) + cosy(t)), 19)

= m (sinx(t) + arctany(t) — cos2f),
. t -
= wvizpsinx(t) + 14|-y|(y()t|)|) +16e”.

K1 =1/144,xp, = 1/140 as

= filt,x2(8), y2())] = 196(|Jf1—962\+|y1 v2l),
~ alt (1), y2(1))| = 35 (11— 2l + s — wal),
— 1(622(0), 12(0)] = 15 (10— 2] + 1~ ),
— 82l 32(0) 92 (1)) = 15 (11— 2l + 31 3.

Using the given data, it is found that ¥1 = 0.393067, Y, = 0.476841, Y3 = 0.356139,

¥, = 0.451896, P,
0, = 0.359396, O,

= (0.248188, P, = 0.414528, o3 = 0.271996, P, = 0.383275,
= 0.363914, and Y =

0.744182 < 1. Clearly the hypothesis of

Theorem 1 holds true. So, by the conclusion of Theorem 1, the system (17) and (18) has a

unique solution on [0, 1].

II. Illustration of Theorem 2

Example 2. Let us consider the system (17) and (18) with nonlinearities:

7(601#) + % (t) sin(t) + % arctany(f),
1
cosx() + sy

1
2vaseri Cosy(t),
+ oo x (1) + 135(1).

5\/1600
122\/ + @ x(t) +

5sint
(3+126)

(t3+9) 20)
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Notice that the condition (Az) holds true as
ALXE )] € =+ = [x(t)] + = ly(B)], [falt,x(0), y(1)] € = + —=[x(8)] + =o]y(0)]
AlbxOy®)l = G+ 5e3lx 170 VOl LAt x(0),y(1)] < 55 + 755 |x 22 YWl

References

1 2 1 5 1 2
XY £ o+ s KO+ 15 (0] 820618, y(O)] < 1 + 5o KD+ 1= (D),
with 1y = 1/60,11 = 1/263, = 1/170,% = 1/200,7 = 1/162,% = 1/242,
€0 =1/122,€; = 2/139,6; = 1/192,&, = 5/126,& = 1/280,&, = 2/153. Moreover,

(‘I’r1 +‘P3)T1 + (‘fz +‘Y4):L:1 + (q)1 + c133)61 + (q)z + @4)51 +v1 =~ 0.138309 < 1,

(P14+9¥3)m+ (P2 +¥4)To + (P71 + P3)ep + (D + Dy)€ + v &2 0625299 < 1.

Thus, all the assumptions of Theorem 2 are satisfied. Therefore, the conclusion of Theorem 2
applies and hence the system (17) and (18) with the nonlinearities (20) has at least one
solution on [0,1].

5. Conclusions

We have studied a new class of nonlocal multipoint boundary value problems of
Langevin-type nonlinear coupled g-fractional integro-difference equations. First of all, the
given problem was converted into an equivalent fixed-point problem. Then, we proved an
existence and uniqueness result for the problem at hand by applying the Banach contraction
mapping principle. In our second result, we presented the criteria ensuring the existence
of a solution for the given problem. We also demonstrated the application of the obtained
results by solving some particular problems. We emphasize that our results are new and
contribute significantly to the literature on nonlocal multipoint boundary value problems
of nonlinear coupled g-fractional integro-difference equations. It is imperative to note
that our results correspond to the non-coupled separated boundary conditions for all
aj =0, bj =0, kj =0mj=0,j=1,...,n, which are indeed new in the given configuration.
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