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Abstract: The present paper provides several corrected dual-Simpson-type inequalities for functions
whose local fractional derivatives are generalized convex. To that end, we derive a new local
fractional integral identity as an auxiliary result. Using this new identity along with generalized
Hölder’s inequality and generalized power mean inequality, we establish some new variants of fractal
corrected dual-Simpson-type integral inequalities. Furthermore, some applications for error estimates
of quadrature formulas as well as some special means involving arithmetic and p-logarithmic mean
are offered to demonstrate the efficacy of our findings.
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1. Introduction

Numerous branches of mathematics and related disciplines, including economics,
finance, and biology, heavily rely on the notion of convexity, which represents a potent
technique for investigating a diverse range of unconnected topics in pure and applied
sciences. This concept is strongly related to the development of the theory of inequalities
which serves as an essential tool for studying certain properties of differential equation
solutions and the error estimates of quadrature formulas.

In recent years, fractal analysis has led to a lot of new research. Gao-Yang-Kang’s in-
novative and interesting idea of local fractional differentiation and integration has received
a lot of attention from researchers. This idea has grown quickly because it can be used in
many different ways, not just in mathematics but also in other fields of science. Ref. [1]
looked into the local fractional-wave equation that is defined on Cantor sets. In [2], the
heat-conduction equation in Cantor sets was given. Ref. [3] gives the perturbation solution
for the oscillator with free-damped vibrations. In [4], the elliptic, hyperbolic, and parabolic
fractional PDEs were looked at.

Regarding the integral inequalities in the fractal set via different kinds of generalized
convexity, we mention: Hölder inequality [5], Hilbert inequality [6], Grüss inequality [7],
Pompeiu inequality [8], Simpson’s first formula [9,10], Simpson’s second formula [11],
Hermite–Hadamard type inequalities [9,12], Ostrowski’s inequality [13–15], trapezium
type inequality [12], generalized trapezium inequality [16], Féjer–Simpson inequality [17],
Féjer inequalities [18], and Maclaurin type inequalities [19]. For more inequalities for
generalized s-convex functions on fractal sets, see [20].

In this paper, we are concerned with three-point Newton-cotes formulas, of which the
works listed below are examples.

The most renowned Newton–Cotes inequality involving three points is that of Simp-
son, which can be stated as follows:
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∥∥∥

∞
= sup

x∈(a,b)

∣∣∣h(4)(x)
∣∣∣.

The aforementioned inequality is widely applied in the error estimation of Simpson’s
quadrature rule. More importantly, it is highly valued and studied by researchers.

In [21], Set et al. provided the following Simpson-type inequality for generalized quasi
convex functions

Theorem 1. Let I ⊆ R be an interval, h : I◦ ⊆ R → Rα (I◦ is the interior of I) such that
h ∈ Dα(I◦) and h(α) ∈ Cα[a, b] for a, b ∈ I◦ with a < b . If

∣∣∣h(α)∣∣∣ is a generalized quasi-convex
function, then we have the inequality∣∣∣∣(1

6

)α(
h(a) + 4αh

(
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2

)
+ h(b)

)
− Γ(α + 1)

(b− a)α .a I(α)b h(x)
∣∣∣∣
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(

5
18

)α Γ(1 + α)

Γ(1 + 2α)
sup

{∣∣∣h(α)(a)
∣∣∣, ∣∣∣h(α)(b)∣∣∣}.

Moreover, Sarikaya et al. [10] presented the following Simpson-type inequality for
generalized convex functions

Theorem 2. Let I ⊆ R be an interval, h : I◦ ⊆ R → Rα (I◦ is the interior of I) such that
h ∈ Dα(I◦) and h(α) ∈ Cα[a, b] for a, b ∈ I◦ with a < b . If

∣∣∣h(α)∣∣∣ is a generalized convex function,
then we have ∣∣∣∣(1

6

)α(
h(a) + 4αh

(
a + b

2

)
+ h(b)

)
− Γ(α + 1)

(b− a)α .a I(α)b h(x)
∣∣∣∣

≤ (b− a)α

12α

(
Γ(1 + α)

Γ(1 + 2α)
+

Γ(1 + 2α)

Γ(1 + 3α)

)(∣∣∣h(α)(a)
∣∣∣+ ∣∣∣h(α)(b)∣∣∣).

More importantly, Abdeljawad et al. [9] generalized the result obtained in [10] involv-
ing the generalized (s, m)-convexity

Theorem 3. For s, m ∈ (0, 1], let h : I◦ → Rα be a differentiable function on I◦ such that
h(α) ∈ Cα[a, mb] for a, b ∈ I◦ with a < b. If

∣∣∣h(α)∣∣∣ is generalized (s, m)-convex on I, then we have

∣∣∣∣(1
6

)α(
h(a) + 4αh

(
a + mb

2

)
+ h(mb)

)
− Γ(α + 1)

(mb− a)α .a I(α)mb h(x)
∣∣∣∣

≤(mb− a)α

2α
(

5(s+2)α − 3(s+1)α
)
− 5α

(
6(s+1)α + 3(s+1)α

)
6(s+2)α


×
(

Γ(1 + sα)

Γ(1 + (s + 1)α)
+

Γ(1 + (s + 1)α)
Γ(1 + (s + 2)α)

)(∣∣∣h(α)(a)
∣∣∣+ m

∣∣∣h(α)(b)∣∣∣).

Furthermore, Du et al. [17] presented the following Simpson-like type inequality via
generalized m-convexity
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Theorem 4. Let h : I◦ → Rα be local fractional continuous such that h(α) ∈ Cα[a, b] with
0 ≤ a < mb. If the mapping |h(α)|q for q ≥ 1 is generalized m-convex on [0, b] along with certain
fixed m ∈ (0, 1], then the local fractional integral inequality stated below holds.∣∣∣∣(1

8

)α(
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)
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)
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∣∣∣∣
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4

)α((5
8
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×
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5
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)∣∣∣h(α)(a)
∣∣∣q
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((
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+

(
17
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(
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64
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q

.

Otherwise, in [22], the authors gave the so-called corrected dual-Simpson formula
as follows

b∫
a

h(x)dx = S(h) + R(h),

where

S(h) =(b− a)
15

(
8h
(

3a + b
4

)
− h
(

a + b
2

)
+ 8h

(
a + 3b

4

))
and R(h) denotes the associated approximation error.

Motivated by the above cited papers, in this work, we will discuss the corrected dual
Simpson’s formula given in [22] via local fractional integrals. To do so, we first establish a
new integral identity. On the basis of this equality, we derive some corrected dual-Simpson-
type inequalities for functions whose local fractional derivatives are generalized convex. In
conclusion, some applications are provided.

2. Preliminaries

In this section, we recall some fractal theory concepts. For 0 < α ≤ 1, we have the
following α-type sets:

The α-type set of integer is defined as:

Zα := {0α,±1α,±2α, . . . ,±nα, . . . }.

The definition of the α-type set of rational numbers is:

Qα :=
{

aα =

(
b
c

)α

: b, c ∈ Z and c 6= 0
}

.

The α-type irrational number set is defined as:

Jα :=
{

aα 6=
(

b
c

)α

: b, c ∈ Z and c 6= 0
}

.
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The α-type set of the real line numbers is defined as:

Rα := Qα ∪ Jα.

If the real line number set Rα includes uα, vα, and wα, then we have

• uα + vα and uαvα belongs the set Rα.
• uα + vα = vα + uα = (u + v)α = (v + u)α.
• uα + (vα + wα) = (u + v)α + wα.
• uαvα = vαuα = (uv)α = (vu)α.
• uα(vαwα) = (uαvα)wα.
• uα(vα + wα) = uαvα + uαwα.
• uα + 0α = 0α + uα = uα and uα1α = 1αuα = uα.

Gao-Yang-Kang [23,24] introduced the idea of the local fractional derivative and local
fractional integral.

Definition 1 ([23]). A non-differentiable function h : R → Rα is local fractional continuous at
x0, if

∀ε > 0, ∃δ > 0 : |h(x)− h(x0)| < εα

holds for |x− x0| < δ, where ε, δ ∈ R.
Cα(a, b) denotes the set of all locally fractional continuous functions on (a, b).

Definition 2 ([23]). At x = x0, the local fractional derivative of h(x) of order α is defined
as follows:

h(α)(x0) =
dαh(x)

dxα

∣∣∣∣
x=x0

= lim
x→x0

∆α(h(x)− h(x0))

(x− x0)
α ,

where ∆α(h(x)− h(x0)) ∼= Γ(α + 1)(h(x)− h(x0)).

If h(k+1)α(x) =

(k+1) times︷ ︸︸ ︷
DαDα. . .Dαh(x) exists for any x ∈ I ⊆ R, then we say that h ∈ D(k+1)α(I),

where k = 0, 1, 2, 3, . . .

Definition 3 ([23]). Consider h(x) ∈ Cα[a, b]. The local fractional integral is therefore defined as

a Iα
b h(x) =

1
Γ(α + 1)

b∫
a

h(x)(dx)α =
1

Γ(α + 1)
lim

∆x→0

N−1

∑
j=0

h
(
xj
)(

∆xj
)α

with ∆xj = xj+1− xj and ∆x = max{∆x1, ∆x2, . . . , ∆xN−1}, where
[
xj, xj+1

]
, j = 0, 1, . . . , N−

1 and a = x0 < x1 < · · · < xN = b is a partition of interval [a, b].

Here, it follows that a Iα
b h(x) = 0 if a = b and a Iα

b h(x) = −b Iα
a h(x) if a < b. If for any

x ∈ [a, b], there exists a Iα
b h(x), then we denoted by h(x) ∈ Iα

x [a, b].

Lemma 1 ([23]). Local fractional integration is anti-differentiation: Assume h(x) = k(α)(x)
∈ Cα[a, b], so we have

a Iα
b h(x) = k(b)− k(a).

Local fractional integration by parts: Assuming h, k ∈ Dα[a, b] and h(α)(x), k(α)(x) ∈
Cα[a, b], we obtain

a Iα
b h(x)k(α)(x) = h(x)k(x)|ba − .a Iα

b h(α)(x)k(x).
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Lemma 2 ([23]). For h(x) = xkα , we have for all , k ∈ R

dαh(x)
dxα

=
Γ(1 + kα)

Γ(1 + (k− 1)α)
x(k−1)α,

1
Γ(1 + α)

b∫
a

h(x)(dx)α =
Γ(1 + kα)

Γ(1 + (k + 1)α)

(
b(k+1)α − a(k+1)α

)
.

Lemma 3 (Generalized Hölder’s inequality [5]). Let h, k ∈ Cα[a, b], p, q > 1 with 1
p + 1

q = 1,
then

1
Γ(1 + α)

b∫
a

|h(x)k(x)|(dx)α

≤

 1
Γ(1 + α)

b∫
a

|h(x)|p(dx)α


1
p
 1

Γ(1 + α)

b∫
a

|k(x)|q(dx)α


1
q

.

Definition 4 (Generalized convex function [23]). Let h : I ⊆ R→ Rα. For any x1, x2 ∈ I and
λ ∈ [0, 1], if

h(λx1 + (1− λ)x2) ≤ λαh(x1) + (1− λ)αh(x2)

holds, then h is a generalized convex function on I.

The following are two simple examples of generalized convex functions:

1. h(x) = xαp, x ≥ 0, p > 1.

2. h(x) = Eα(xα), x ∈ R where Eα(xα) =
∞
∑

k=0

xαk

Γ(1+kα)
denotes the Mittag–Leffler function.

3. Main Results

In order to prove our results, we need the following lemma

Lemma 4. Let h : I → Rα be a differentiable function on I◦, a, b ∈ I◦ with a < b, and
h(α) ∈ Cα[a, b], then the following equality holds

1
(15)α

(
8αh
(

3a + b
4

)
− h
(

a + b
2

)
+ 8αh

(
a + 3b

4

))
− Γ(α + 1)

(b− a)α .a Iα
b h(x)

=
(b− a)α

(16)α

 1
Γ(α + 1)

1∫
0

xαh(α)
(
(1− x)a + x

3a + b
4

)
(dx)α

+
1

Γ(α + 1)

1∫
0

(
x− 17

15

)α

h(α)
(
(1− x)

3a + b
4

+ x
a + b

2

)
(dx)α

+
1

Γ(α + 1)

1∫
0

(
x +

2
15

)α

h(α)
(
(1− x)

a + b
2

+ x
a + 3b

4

)
(dx)α

+
1

Γ(α + 1)

1∫
0

(x− 1)αh(α)
(
(1− x)

a + 3b
4

+ xb
)
(dx)α

.
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Proof. Let

I1 =
1

Γ(α + 1)

1∫
0

xαh(α)
(
(1− x)a + x

3a + b
4

)
(dx)α,

I2 =
1

Γ(α + 1)

1∫
0

(
x− 17

15

)α

h(α)
(
(1− x)

3a + b
4

+ x
a + b

2

)
(dx)α,

I3 =
1

Γ(α + 1)

1∫
0

(
x +

2
15

)α

h(α)
(
(1− x)

a + b
2

+ x
a + 3b

4

)
(dx)α

and

I4 =
1

Γ(α + 1)

1∫
0

(x− 1)αh(α)
(
(1− x)

a + 3b
4

+ xb
)
(dx)α.

Using the local fractional integration by parts, we obtain

I1 =
4α

(b− a)α xαh
(
(1− x)a + x

3a + b
4

)∣∣∣∣x=1

x=0
− 4αΓ(α + 1)

(b− a)α

1∫
0

h
(
(1− x)a + x

3a + b
4

)
(dx)α

=
4α

(b− a)α h
(

3a + b
4

)
− 4αΓ(α + 1)

(b− a)α

1∫
0

h
(
(1− x)a + x

3a + b
4

)
(dx)α (1)

=
4α

(b− a)α h
(

3a + b
4

)
− (16)αΓ(α + 1)

(b− a)2αΓ(α + 1)

3a+b
4∫
a

h(u)(du)α.

Similarly, we obtain

I2 =
4α

(b− a)α

(
x− 17

15

)α

h
(
(1− x)

3a + b
4

+ x
a + b

2

)∣∣∣∣x=1

x=0

− 4αΓ(α + 1)
(b− a)α

1∫
0

h
(
(1− x)

3a + b
4

+ x
a + b

2

)
(dx)α

=
(−8)α

(15)α(b− a)α h
(

a + b
2

)
− (−68)α

(15)α(b− a)α h
(

3a + b
4

)
(2)

− 4αΓ(α + 1)
(b− a)α

1∫
0

h
(
(1− x)

3a + b
4

+ x
a + b

2

)
(dx)α

=− 8α

(15)α(b− a)α h
(

a + b
2

)
+

(68)α

(15)α(b− a)α h
(

3a + b
4

)

− (16)αΓ(α + 1)

(b− a)2αΓ(α + 1)

a+b
2∫

3a+b
4

h(u)(du)α ,

I3 =
4α

(b− a)α

(
x +

2
15

)α

h
(
(1− x)

a + b
2

+ x
a + 3b

4

)∣∣∣∣x=1

x=0

− 4αΓ(α + 1)
(b− a)α

1∫
0

h
(
(1− x)

a + b
2

+ x
a + 3b

4

)
(dx)α
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=
(68)α

(15)α(b− a)α h
(

a + 3b
4

)
− 8α

(15)α(b− a)α h
(

a + b
2

)

− 4αΓ(α + 1)
(b− a)α

1∫
0

h
(
(1− x)

a + b
2

+ x
a + 3b

4

)
(dx)α (3)

=
(68)α

(15)α(b− a)α h
(

a + 3b
4

)
− 8α

(15)α(b− a)α h
(

a + b
2

)

− (16)αΓ(α + 1)

(b− a)2αΓ(α + 1)

a+3b
4∫

a+b
2

h(u)(du)α

and

I4 =
4α

(b− a)α (x− 1)h
(
(1− x)

a + 3b
4

+ xb
)∣∣∣∣x=1

x=0

− 4αΓ(α + 1)
(b− a)α

1∫
0

h
(
(1− x)

a + 3b
4

+ xb
)
(dx)α (4)

=
4α

(b− a)α h
(

a + 3b
4

)
− 4αΓ(α + 1)

(b− a)α

1∫
0

h
(
(1− x)

a + 3b
4

+ xb
)
(dx)α

=
4α

(b− a)α h
(

a + 3b
4

)
− (16)αΓ(α + 1)

(b− a)2αΓ(α + 1)

b∫
a+3b

4

h(u)(du)α.

Summing (1)–(4), and then multiplying the resulting equality by
(

b−a
16

)α
, we obtain the

desired result.

Theorem 5. Let h : [a, b]→ Rα be a differentiable function on (a, b) such that h ∈ Dα[a, b] and
h(α) ∈ Cα[a, b] with 0 ≤ a < b. If

∣∣∣h(α)∣∣∣ is generalized convex on [a, b], then we have∣∣∣∣ 1
(15)α

(
8αh
(

3a + b
4

)
− h
(

a + b
2

)
+ 8αh

(
a + 3b

4

))
− Γ(α + 1)

(b− a)α .a Iα
b h(x)

∣∣∣∣
≤ (b− a)α

(16)α

((
Γ(1 + α)

Γ(1 + 2α)
− Γ(1 + 2α)

Γ(1 + 3α)

)(∣∣∣h(α)(a)
∣∣∣+ ∣∣∣h(α)(b)∣∣∣)

+

((
2

15

)α Γ(1 + α)

Γ(1 + 2α)
+ 2α Γ(1 + 2α)

Γ(1 + 3α)

)(∣∣∣∣h(α)(3a + b
4

)∣∣∣∣+ ∣∣∣∣h(α)( a + 3b
4

)∣∣∣∣)
+

((
34
15

)α Γ(1 + α)

Γ(1 + 2α)
− 2α Γ(1 + 2α)

Γ(1 + 3α)

)∣∣∣∣h(α)( a + b
2

)∣∣∣∣).

Proof. From Lemma 4, the properties of the modulus, and the generalized convexity of∣∣∣h(α)∣∣∣, we have∣∣∣∣ 1
(15)α

(
8αh
(

3a + b
4

)
− h
(

a + b
2

)
+ 8αh

(
a + 3b

4

))
− Γ(α + 1)

(b− a)α .a Iα
b h(x)

∣∣∣∣
≤ (b− a)α

(16)α

 1
Γ(α + 1)

1∫
0

xα

∣∣∣∣h(α)((1− x)a + x
3a + b

4

)∣∣∣∣(dx)α
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+
1

Γ(α + 1)

1∫
0

∣∣∣∣x− 17
15

∣∣∣∣α∣∣∣∣h(α)((1− x)
3a + b

4
+ x

a + b
2

)∣∣∣∣(dx)α

+
1

Γ(α + 1)

1∫
0

∣∣∣∣x +
2

15

∣∣∣∣α∣∣∣∣h(α)((1− x)
a + b

2
+ x

a + 3b
4

)∣∣∣∣(dx)α

+
1

Γ(α + 1)

1∫
0

|x− 1|α
∣∣∣∣h(α)((1− x)

a + 3b
4

+ xb
)∣∣∣∣(dx)α


≤ (b− a)α

(16)α

 1
Γ(α + 1)

1∫
0

xα

(
(1− x)α

∣∣∣h(α)(a)
∣∣∣+ xα

∣∣∣∣h(α)(3a + b
4

)∣∣∣∣)(dx)α

+
1

Γ(α + 1)

1∫
0

(
17
15
− x
)α(

(1− x)α

∣∣∣∣h(α)(3a + b
4

)∣∣∣∣+ xα

∣∣∣∣h(α)( a + b
2

)∣∣∣∣)(dx)α (5)

+
1

Γ(α + 1)

1∫
0

(
x +

2
15

)α(
(1− x)α

∣∣∣∣h(α)( a + b
2

)∣∣∣∣+ xα

∣∣∣∣h(α)( a + 3b
4

)∣∣∣∣)(dx)α

+
1

Γ(α + 1)

1∫
0

(1− x)α
(
(1− x)α

∣∣∣∣h(α)( a + 3b
4

)∣∣∣∣+ xα
∣∣∣h(α)(b)∣∣∣)(dx)α


=

(b− a)α

(16)αΓ(α + 1)

∣∣∣h(α)(a)
∣∣∣ 1∫

0

xα(1− x)α(dx)α

+

∣∣∣∣h(α)(3a + b
4

)∣∣∣∣
 1∫

0

x2α(dx)α +

1∫
0

(
17
15
− x
)α

(1− x)α(dx)α


+

∣∣∣∣h(α)( a + b
2

)∣∣∣∣
 1∫

0

(
17
15
− x
)α

xα(dx)α +

1∫
0

(
x +

2
15

)α

(1− x)α(dx)α


+

∣∣∣∣h(α)( a + 3b
4

)∣∣∣∣
 1∫

0

(
x +

2
15

)α

xα(dx)α +

1∫
0

(1− x)2α(dx)α


+

1∫
0

(1− x)αxα
∣∣∣h(α)(b)∣∣∣(dx)α

.

Using a change of variable and Lemma 2, we easily find

1
Γ(α + 1)

1∫
0

xα(1− x)α(dx)α =
Γ(1 + α)

Γ(1 + 2α)
− Γ(1 + 2α)

Γ(1 + 3α)
, (6)

1
Γ(α + 1)

1∫
0

x2α(dx)α =

1∫
0

(1− x)2α(dx)α =
Γ(1 + 2α)

Γ(1 + 3α)
, (7)

1
Γ(α + 1)

1∫
0

(
17
15
− x
)α

(1− x)α(dx)α =
1

Γ(α + 1)

1∫
0

(
x +

2
15

)α

xα(dx)α

=

(
2
15

)α Γ(1 + α)

Γ(1 + 2α)
+

Γ(1 + 2α)

Γ(1 + 3α)
(8)
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and

1
Γ(α + 1)

1∫
0

(
17
15
− x
)α

xα(dx)α =
1

Γ(α + 1)

1∫
0

(
x +

2
15

)α

(1− x)α(dx)α

=

(
17
15

)α Γ(1 + α)

Γ(1 + 2α)
− Γ(1 + 2α)

Γ(1 + 3α)
. (9)

Using (6)–(9) in (5), we obtain∣∣∣∣ 1
(15)α

(
8αh
(

3a + b
4

)
− h
(

a + b
2

)
+ 8αh

(
a + 3b

4

))
− Γ(α + 1)

(b− a)α .a Iα
b h(x)

∣∣∣∣
≤ (b− a)α

(16)α

((
Γ(1 + α)

Γ(1 + 2α)
− Γ(1 + 2α)

Γ(1 + 3α)

)(∣∣∣h(α)(a)
∣∣∣+ ∣∣∣h(α)(b)∣∣∣)

+

((
2

15

)α Γ(1 + α)

Γ(1 + 2α)
+ 2α Γ(1 + 2α)

Γ(1 + 3α)

)(∣∣∣∣h(α)(3a + b
4

)∣∣∣∣+ ∣∣∣∣h(α)( a + 3b
4

)∣∣∣∣)
+

((
34
15

)α Γ(1 + α)

Γ(1 + 2α)
− 2α Γ(1 + 2α)

Γ(1 + 3α)

)∣∣∣∣h(α)( a + b
2

)∣∣∣∣),

which is the result. The proof is completed.

Theorem 6. Let h : I → Rα be a differentiable function on I◦, a, b ∈ I◦ with a < b, such that

h ∈ Dα[a, b] and h(α) ∈ Cα[a, b]. If
∣∣∣h(α)∣∣∣q is a generalized convex on [a, b], where q > 1 with

1
p + 1

q = 1, then we have∣∣∣∣ 1
(15)α

(
8αh
(

3a + b
4

)
− h
(

a + b
2

)
+ 8αh

(
a + 3b

4

))
− Γ(α + 1)

(b− a)α .a Iα
b h(x)

∣∣∣∣
≤ (b− a)α

(16)α

(
Γ(1 + α)

Γ(1 + 2α)

) 1
q
(

Γ(1 + pα)

Γ(1 + (p + 1)α)

) 1
p

(∣∣∣h(α)(a)
∣∣∣q + ∣∣∣∣h(α)(3a + b

4

)∣∣∣∣q)
1
q

+

(
(17)p+1 − 2p+1

(15)p+1

)α 1
p(∣∣∣∣h(α)(3a + b

4

)∣∣∣∣q + ∣∣∣∣h(α)( a + b
2

)∣∣∣∣q)
1
q

+

(
(17)p+1 − 2p+1

(15)p+1

)α 1
p(∣∣∣∣h(α)( a + b

2

)∣∣∣∣q + ∣∣∣∣h(α)( a + 3b
4

)∣∣∣∣q)
1
q

+

(∣∣∣∣h(α)( a + 3b
4

)∣∣∣∣q + ∣∣∣h(α)(b)∣∣∣q)
1
q

.

Proof. From Lemma 4, the properties of modulus, generalized Hölder’s inequality and

generalized convexity of
∣∣∣h(α)∣∣∣q, we have

∣∣∣∣ 1
(15)α

(
8αh
(

3a + b
4

)
− h
(

a + b
2

)
+ 8αh

(
a + 3b

4

))
− Γ(α + 1)

(b− a)α .a Iα
b h(x)

∣∣∣∣
≤ (b− a)α

(16)α


 1

Γ(α + 1)

1∫
0

xpα(dx)α


1
p
 1

Γ(α + 1)

1∫
0

∣∣∣∣h(α)((1− x)a + x
3a + b

4

)∣∣∣∣q(dx)α


1
q

+

 1
Γ(α + 1)

1∫
0

(
17
15
− x
)pα

(dx)α


1
p
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×

 1
Γ(α + 1)

1∫
0

∣∣∣∣h(α)((1− x)
3a + b

4
+ x

a + b
2

)∣∣∣∣q(dx)α


1
q

+

 1
Γ(α + 1)

1∫
0

(
x +

2
15

)pα

(dx)α


1
p

×

 1
Γ(α + 1)

1∫
0

∣∣∣∣h(α)((1− x)
a + b

2
+ x

a + 3b
4

)∣∣∣∣q(dx)α


1
q

+

 1
Γ(α + 1)

1∫
0

(1− x)pα(dx)α


1
p
 1

Γ(α + 1)

1∫
0

∣∣∣∣h(α)((1− x)
a + 3b

4
+ xb

)∣∣∣∣q(dx)α


1
q


≤ (b− a)α

(16)α


 1

Γ(α + 1)

1∫
0

xpα(dx)α


1
p

×

 1
Γ(α + 1)

1∫
0

(
(1− x)α

∣∣∣h(α)(a)
∣∣∣q + xα

∣∣∣∣h(α)(3a + b
4

)∣∣∣∣q)(dx)α


1
q

(10)

+

 1
Γ(α + 1)

1∫
0

(
17
15
− x
)pα

(dx)α


1
p

×

 1
Γ(α + 1)

1∫
0

(
(1− x)α

∣∣∣∣h(α)(3a + b
4

)∣∣∣∣q + xα

∣∣∣∣h(α)( a + b
2

)∣∣∣∣q)(dx)α


1
q

+

 1
Γ(α + 1)

1∫
0

(
x +

2
15

)pα

(dx)α


1
p

×

 1
Γ(α + 1)

1∫
0

(
(1− x)α

∣∣∣∣h(α)( a + b
2

)∣∣∣∣q + xα

∣∣∣∣h(α)( a + 3b
4

)∣∣∣∣q)(dx)α


1
q

+

 1
Γ(α + 1)

1∫
0

(1− x)pα(dx)α


1
p

×

 1
Γ(α + 1)

1∫
0

(
(1− x)α

∣∣∣∣h(α)( a + 3b
4

)∣∣∣∣q + xα
∣∣∣h(α)(b)∣∣∣q)(dx)α


1
q
.

Using a change of variable, we have

1
Γ(α + 1)

1∫
0

xpα(dx)α =
1

Γ(α + 1)

1∫
0

(1− x)pα(dx)α (11)

and
1

Γ(α + 1)

1∫
0

(
17
15
− x
)pα

(dx)α =
1

Γ(α + 1)

1∫
0

(
2

15
+ x
)pα

(dx)α. (12)
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Using Lemma 2, we obtain

1
Γ(α + 1)

1∫
0

xpα(dx)α =
Γ(1 + pα)

Γ(1 + (p + 1)α)
, (13)

1
Γ(α + 1)

1∫
0

(1− x)α(dx)α =
1

Γ(α + 1)

1∫
0

xα(dx)α =
Γ(1 + α)

Γ(1 + 2α)
(14)

and

1
Γ(α + 1)

1∫
0

(
17
15
− x
)pα

(dx)α =
1

Γ(α + 1)

17
15∫
2

15

xpα(dx)α

=
Γ(1 + pα)

Γ(1 + (p + 1)α)

((
17
15

)(p+1)α
−
(

2
15

)(p+1)α
)

(15)

=
Γ(1 + pα)

Γ(1 + (p + 1)α)

(
(17)p+1 − 2p+1

(15)p+1

)α

.

Substituting (11)–(15) in (10), we obtain∣∣∣∣ 1
(15)α

(
8αh
(

3a + b
4

)
− h
(

a + b
2

)
+ 8αh

(
a + 3b

4

))
− Γ(α + 1)

(b− a)α .a Iα
b h(x)

∣∣∣∣
≤ (b− a)α

(16)α

(
Γ(1 + α)

Γ(1 + 2α)

) 1
q
(

Γ(1 + pα)

Γ(1 + (p + 1)α)

) 1
p

(∣∣∣h(α)(a)
∣∣∣q + ∣∣∣∣h(α)(3a + b

4

)∣∣∣∣q)
1
q

+

(
(17)p+1 − 2p+1

(15)p+1

)α 1
p(∣∣∣∣h(α)(3a + b

4

)∣∣∣∣q + ∣∣∣∣h(α)( a + b
2

)∣∣∣∣q)
1
q

+

(
(17)p+1 − 2p+1

(15)p+1

)α 1
p(∣∣∣∣h(α)( a + b

2

)∣∣∣∣q + ∣∣∣∣h(α)( a + 3b
4

)∣∣∣∣q)
1
q

+

(∣∣∣∣h(α)( a + 3b
4

)∣∣∣∣q + ∣∣∣h(α)(b)∣∣∣q)
1
q

,

which is the result. The proof is completed.

Theorem 7. Let h : I → Rα be a differentiable function on I◦, a, b ∈ I◦ with a < b, such that

h ∈ Dα[a, b] and h(α) ∈ Cα[a, b]. If
∣∣∣h(α)∣∣∣q is a generalized convex on [a, b], where q > 1, then

we have ∣∣∣∣ 1
(15)α

(
8αh
(

3a + b
4

)
− h
(

a + b
2

)
+ 8αh

(
a + 3b

4

))
− Γ(α + 1)

(b− a)α .a Iα
b h(x)

∣∣∣∣
≤ (b− a)α

(16)α

((
Γ(1 + α)

Γ(1 + 2α)

)1− 1
q

×
((

Γ(1 + α)

Γ(1 + 2α)
− Γ(1 + 2α)

Γ(1 + 3α)

)∣∣∣h(α)(a)
∣∣∣q + Γ(1 + 2α)

Γ(1 + 3α)

∣∣∣∣h(α)(3a + b
4

)∣∣∣∣q)
1
q

+

(
Γ(1 + α)

Γ(1 + 2α)

((
17
15

)2α

−
(

2
15

)2α
))1− 1

q
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×
(((

2
15

)α Γ(1 + α)

Γ(1 + 2α)
+

Γ(1 + 2α)

Γ(1 + 3α)

)∣∣∣∣h(α)(3a + b
4

)∣∣∣∣q
+

((
17
15

)α Γ(1 + α)

Γ(1 + 2α)
− Γ(1 + 2α)

Γ(1 + 3α)

)∣∣∣∣h(α)( a + b
2

)∣∣∣∣q)
1
q

+

(
Γ(1 + α)

Γ(1 + 2α)

((
17
15

)2α

−
(

2
15

)2α
))1− 1

q

×
(((

17
15

)α Γ(1 + α)

Γ(1 + 2α)
− Γ(1 + 2α)

Γ(1 + 3α)

)∣∣∣∣h(α)( a + b
2

)∣∣∣∣q
+

((
2
15

)α Γ(1 + α)

Γ(1 + 2α)
+

Γ(1 + 2α)

Γ(1 + 3α)

)∣∣∣∣h(α)( a + 3b
4

)∣∣∣∣q)
1
q

+

(
Γ(1 + α)

Γ(1 + 2α)

)1− 1
q

×
(

Γ(1 + 2α)

Γ(1 + 3α)

∣∣∣∣h(α)( a + 3b
4

)∣∣∣∣q +( Γ(1 + α)

Γ(1 + 2α)
− Γ(1 + 2α)

Γ(1 + 3α)

)∣∣∣h(α)(b)∣∣∣q) 1
q

.

Proof. From Lemma 4, the properties of the modulus, generalized power mean inequality,

and generalized convexity of
∣∣∣h(α)∣∣∣q, we have

∣∣∣∣ 1
(15)α

(
8αh
(

3a + b
4

)
− h
(

a + b
2

)
+ 8αh

(
a + 3b

4

))
− Γ(α + 1)

(b− a)α .a Iα
b h(x)

∣∣∣∣
≤ (b− a)α

(16)α


 1

Γ(α + 1)

1∫
0

xα(dx)α

1− 1
q

×

 1
Γ(α + 1)

1∫
0

xα

∣∣∣∣h(α)((1− x)a + x
3a + b

4

)∣∣∣∣q(dx)α


1
q

+

 1
Γ(α + 1)

1∫
0

(
17
15
− x
)α

(dx)α

1− 1
q

×

 1
Γ(α + 1)

1∫
0

(
17
15
− x
)α∣∣∣∣h(α)((1− x)

3a + b
4

+ x
a + b

2

)∣∣∣∣q(dx)α


1
q

+

 1
Γ(α + 1)

1∫
0

(
x +

2
15

)α

(dx)α

1− 1
q

×

 1
Γ(α + 1)

1∫
0

(
x +

2
15

)α∣∣∣∣h(α)((1− x)
a + b

2
+ x

a + 3b
4

)∣∣∣∣q(dx)α


1
q

+

 1
Γ(α + 1)

1∫
0

(1− x)α(dx)α

1− 1
q

×

 1
Γ(α + 1)

1∫
0

(1− x)α

∣∣∣∣h(α)((1− x)
a + 3b

4
+ xb

)∣∣∣∣q(dx)α


1
q


≤ (b− a)α

(16)α


 1

Γ(α + 1)

1∫
0

xα(dx)α

1− 1
q
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×

 1
Γ(α + 1)

1∫
0

xα

(
(1− x)α

∣∣∣h(α)(a)
∣∣∣q + xα

∣∣∣∣h(α)(3a + b
4

)∣∣∣∣q)(dx)α


1
q

+

 1
Γ(α + 1)

1∫
0

(
17
15
− x
)α

(dx)α

1− 1
q

×

 1
Γ(α + 1)

1∫
0

(
17
15
− x
)α(

(1− x)α

∣∣∣∣h(α)(3a + b
4

)∣∣∣∣q + xα

∣∣∣∣h(α)( a + b
2

)∣∣∣∣q)(dx)α


1
q

+

 1
Γ(α + 1)

1∫
0

(
x +

2
15

)α

(dx)α

1− 1
q

(16)

×

 1
Γ(α + 1)

1∫
0

(
x +

2
15

)α(
(1− x)α

∣∣∣∣h(α)( a + b
2

)∣∣∣∣q + xα

∣∣∣∣h(α)( a + 3b
4

)∣∣∣∣q)(dx)α


1
q

+

 1
Γ(α + 1)

1∫
0

(1− x)α(dx)α

1− 1
q

×

 1
Γ(α + 1)

1∫
0

(1− x)α
(
(1− x)α

∣∣∣∣h(α)( a + 3b
4

)∣∣∣∣q + xα
∣∣∣h(α)(b)∣∣∣q)(dx)α


1
q
.

Using a change of variable and Lemma 2, we have

1
Γ(α + 1)

1∫
0

xα(dx)α =
1

Γ(α + 1)

1∫
0

(1− x)α(dx)α =
Γ(1 + α)

Γ(1 + 2α)
(17)

and

1
Γ(α + 1)

1∫
0

(
17
15
− x
)α

(dx)α =
1

Γ(α + 1)

1∫
0

(
2

15
+ x
)α

(dx)α

=
Γ(1 + α)

Γ(1 + 2α)

((
17
15

)2α

−
(

2
15

)2α
)

. (18)

Substituting (6)–(9), (17), and (18) in (16), we obtain∣∣∣∣ 1
(15)α

(
8αh
(

3a + b
4

)
− h
(

a + b
2

)
+ 8αh

(
a + 3b

4

))
− Γ(α + 1)

(b− a)α .a Iα
b h(x)

∣∣∣∣
≤ (b− a)α

(16)α

((
Γ(1 + α)

Γ(1 + 2α)

)1− 1
q

×
((

Γ(1 + α)

Γ(1 + 2α)
− Γ(1 + 2α)

Γ(1 + 3α)

)∣∣∣h(α)(a)
∣∣∣q + Γ(1 + 2α)

Γ(1 + 3α)

∣∣∣∣h(α)(3a + b
4

)∣∣∣∣q)
1
q

+

(
Γ(1 + α)

Γ(1 + 2α)

((
17
15

)2α

−
(

2
15

)2α
))1− 1

q

×
(((

2
15

)α Γ(1 + α)

Γ(1 + 2α)
+

Γ(1 + 2α)

Γ(1 + 3α)

)∣∣∣∣h(α)(3a + b
4

)∣∣∣∣q
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+

((
17
15

)α Γ(1 + α)

Γ(1 + 2α)
− Γ(1 + 2α)

Γ(1 + 3α)

)∣∣∣∣h(α)( a + b
2

)∣∣∣∣q)
1
q

+

(
Γ(1 + α)

Γ(1 + 2α)

((
17
15

)2α

−
(

2
15

)2α
))1− 1

q

×
(((

17
15

)α Γ(1 + α)

Γ(1 + 2α)
− Γ(1 + 2α)

Γ(1 + 3α)

)∣∣∣∣h(α)( a + b
2

)∣∣∣∣q
+

((
2

15

)α Γ(1 + α)

Γ(1 + 2α)
+

Γ(1 + 2α)

Γ(1 + 3α)

)∣∣∣∣h(α)( a + 3b
4

)∣∣∣∣q(dt)α
) 1

q

+

(
Γ(1 + α)

Γ(1 + 2α)

)1− 1
q

×
(

Γ(1 + 2α)

Γ(1 + 3α)

∣∣∣∣h(α)( a + 3b
4

)∣∣∣∣q +( Γ(1 + α)

Γ(1 + 2α)
− Γ(1 + 2α)

Γ(1 + 3α)

)∣∣∣h(α)(b)∣∣∣q) 1
q

,

which is the result. The proof is completed.

4. Applications

Corrected dual-Simpson quadrature formula
Let Υ be the partition of the points a = x0 < x1 < · · · < xn = b of the interval [a, b],

and consider the quadrature formula

1
Γ(α + 1)

b∫
a

h(x)(dx)α = λ(h, Υ) + R(h, Υ),

where

λ(h, Υ)

=
1

Γ(α + 1)

n−1

∑
i=0

[
(xi+1 − xi)

α

(15)α

(
8αh
(

3xi + xi+1

4

)
− h
(

xi + xi+1

2

)
+ 8αh

(
xi + 3xi+1

4

))]
and R(h, Υ) denotes the associated approximation error.

Proposition 1. Let n ∈ N and h : [a, b] → Rα be a differentiable function on (a, b) with
0 ≤ a < b and h(α) ∈ Cα[a, b]. If

∣∣∣h(α)∣∣∣ is generalized convex function, we have

|R(h, Υ)| ≤ 1
Γ(1 + α)

n−1

∑
i=0

(xi+1 − xi)
2α

(16)α

×
[(

Γ(1 + α)

Γ(1 + 2α)
− Γ(1 + 2α)

Γ(1 + 3α)

)(∣∣∣h(α)(xi)
∣∣∣+ ∣∣∣h(α)(xi+1)

∣∣∣)
+

((
2

15

)α Γ(1 + α)

Γ(1 + 2α)
+ 2α Γ(1 + 2α)

Γ(1 + 3α)

)
×
(∣∣∣∣h(α)(3xi + xi+1

4

)∣∣∣∣+ ∣∣∣∣h(α)( xi + 3xi+1

4

)∣∣∣∣)
+

((
34
15

)α Γ(1 + α)

Γ(1 + 2α)
− 2α Γ(1 + 2α)

Γ(1 + 3α)

)∣∣∣∣h(α)( xi + xi+1

2

)∣∣∣∣].
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Proof. Applying Theorem 5 on the subintervals [xi, xi+1] (i = 0, 1, . . . , n− 1) of the parti-
tion Υ, we obtain∣∣∣∣ 1

(15)α

(
8αh
(

3xi + xi+1

4

)
− h
(

xi + xi+1

2

)
+ 8αh

(
xi + 3xi+1

4

))
− Γ(α + 1)
(xi+1 − xi)

α .xi I
α
xi+1

h(x)
∣∣∣∣

≤ (xi+1 − xi)
α

(16)α

[(
Γ(1 + α)

Γ(1 + 2α)
− Γ(1 + 2α)

Γ(1 + 3α)

)(∣∣∣h(α)(xi)
∣∣∣+ ∣∣∣h(α)(xi+1)

∣∣∣)
+

((
2

15

)α Γ(1 + α)

Γ(1 + 2α)
+ 2α Γ(1 + 2α)

Γ(1 + 3α)

)
×
(∣∣∣∣h(α)(3xi + xi+1

4

)∣∣∣∣+ ∣∣∣∣h(α)( xi + 3xi+1

4

)∣∣∣∣)
+

((
34
15

)α Γ(1 + α)

Γ(1 + 2α)
− 2α Γ(1 + 2α)

Γ(1 + 3α)

)∣∣∣∣h(α)( xi + xi+1

2

)∣∣∣∣].

Multiplying both sides of the above inequality by 1
Γ(1+α) (xi+1 − xi)

α, and then summing
the obtained inequalities for all i = 0, 1, . . . , n− 1 and using the triangular inequality, we
obtain the desired result.

Application to special means
For arbitrary real numbers a, b we have:

The generalized arithmetic mean: A(a, b) =
aα + bα

2α
.

The generalized p-Logarithmic mean:

Lp(a, b) =

[
Γ(1 + pα)

Γ(1 + (p + 1)α)

(
b(p+1)α − a(p+1)α

(b− a)α

)] 1
p

, a, b ∈ R, a 6= b and p ∈ Z8{−1, 0}.

Proposition 2. Let a, b ∈ R with 0 < a < b, and n ≥ 2, then we have∣∣∣∣(16)α A
((

3a + b
4

)n
,
(

a + 3b
4

)n)
− An(a, b)− (15)αΓ(α + 1)Ln

n(a, b)
∣∣∣∣

≤ (15)α(b− a)α

(16)α

(
Γ(1 + α)

Γ(1 + 2α)

) 1
q
(

Γ(1 + pα)

Γ(1 + (p + 1)α)

) 1
p
(

Γ(1 + nα)

Γ(1 + (n− 1)α)

) 1
q

×

(a(n−1)αq +

(
3a + b

4

)(n−1)αq
) 1

q

+

(
(17)p+1 − 2p+1

(15)p+1

)α 1
p
((

3a + b
4

)(n−1)αq
+

(
a + b

2

)(n−1)αq
) 1

q

+

(
(17)p+1 − 2p+1

(15)p+1

)α 1
p
((

a + b
2

)(n−1)αq
+

(
a + 3b

4

)(n−1)αq
) 1

q

+

((
a + 3b

4

)(n−1)αq
+ b(n−1)αq

) 1
q
.

Proof. The assertion follows from Theorem 6, applied to the function f (x) = xnα where
f : (0,+∞)→ Rα.
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5. Conclusions

In this paper, some inequalities of the corrected Simpson-type integral for generalized
convex functions are derived from a new generalized identity.

Our findings were shown to be effective when applied to the error estimates of the
quadrature formula and to special means.

The results can lead to additional research in this fascinating field and generalizations
in other types of calculations, including multiplicative calculus and quantum calculus.
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