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Abstract: Alzheimer’s disease (AD) is an age-related degenerative disorder of the cerebral neuro-
glial-vascular units. Not only are post-menopausal females, especially those who carry the APOE4
gene, at a higher risk of AD than males, but also AD in females appears to progress faster than in
aged-matched male patients. Currently, there is no cure for AD. Mathematical models can help us to
understand mechanisms of AD onset, progression, and therapies. However, existing models of AD
do not account for sex differences. In this paper a mathematical model of AD is proposed that uses
variable-order fractional temporal derivatives to describe the temporal evolutions of some relevant
cells’ populations and aggregation-prone amyloid-β fibrils. The approach generalizes the model of
Puri and Li. The variable fractional order describes variable fading memory due to neuroprotection
loss caused by AD progression with age which, in the case of post-menopausal females, is more
aggressive because of fast estrogen decrease. Different expressions of the variable fractional order are
used for the two sexes and a sharper decreasing function corresponds to the female’s neuroprotection
decay. Numerical simulations show that the population of surviving neurons has decreased more in
post-menopausal female patients than in males at the same stage of the disease. The results suggest
that if a treatment that may include estrogen replacement therapy is applied to female patients, then
the loss of neurons slows down at later times. Additionally, the sooner a treatment starts, the better
the outcome is.

Keywords: Alzheimer’s disease; mathematical model; variable-order fractional derivative; sex differences

1. Introduction

Alzheimer’s disease (AD) is a progressive degenerative disorder of the cerebral neuro-
glial-vascular units. AD is characterized by an abnormal extracellular accumulation of toxic
amyloid-β (Aβ) plaques and formation of tau-containing neurofibrillary tangles inside
neurons that cause memory loss, cognitive decline, and behavioral changes [1,2]. There
are approximately 7 million Americans and 38 million people worldwide who have AD
presently, and it is estimated that by 2050 these numbers will rise to about 13 million in the
United States and 97 million worldwide [3,4]. Only in the United States, it is projected that
the cost of care for AD patients will reach 1 trillion USD by 2050 [3]. Currently, there is no
cure for AD.

Age, sex, and the ε4-allele of the apolipoprotein (APOE4) gene are major risk factors
for AD [2,5–8]. While relevant knowledge about the roles of age and APOE4 in AD has
been gained in the last few decades, there is still unclear how sex differences influence the
onset and progression of the disease. Not only do more females get AD than males [3],
with females having the APOE4 gene being at a higher risk for AD than male carriers [9,10],
but also females with AD experience a faster progression of the disease and bigger cognitive
decline than age-matched male patients [11–13]. In the United States, AD is the fifth and,
respectively, eighth, leading cause of death for females and males, respectively [2].

Besides the presence of the APOE4 gene, other interconnected factors that may con-
tribute to the sex-biased feature of AD are hormonal state, activation of glial cells (the two
types of glial cells considered in this paper are astrocytes and microglia. The resting states
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of these cells correspond to the healthy brain, while in pathological conditions the cells
change to their activated states. In their resting states, astrocytes regulate synaptic plasticity,
neurotransmission, cerebral blood flow, and neuronal metabolism [14], and microglia mon-
itor the functional status of neuronal synapses [15]. In their activated states, the astrocytes
and microglia participate in phagocytic activities that are responses of the immune system
to cerebral pathological conditions. The cells also contribute to phagocytosis in their resting
states [16]), and the neuroinflammatory response to AD progression [13]. Estrogen, a major
group of sex hormones found in much higher amounts in females than males, is a primary
regulator of synaptic plasticity which is essential for cognition and memory [6,10,17,18].
The neuroprotection provided by estrogen is achieved through direct actions on neurons
and indirectly via astrocytes, microglia, and endothelial cells [18]. Estrogen is involved in
the protection of neurons against Aβ toxicity, oxidative stress, and the formation of neurofib-
rillary tangles, and contributes to the activation of neuronal survival factors, deactivation of
the so-called death signals in neurons, and the suppression of glia-mediated inflammation
that leads to inflammatory damage of neurons and cerebral endothelial cells [6,18]. As fe-
males transition from pre-menopause to post-menopause, the levels of estradiol, the domi-
nant type of estrogen in females, drop dramatically from 30–400 pg/mL to 0–30 pg/mL
(for comparison, the normal estradiol levels in males are 10–50b pg/mL) [19]. This body of
evidence suggests that post-menopausal females are at higher risk for AD than males.

Aging produces changes in the resting (inactive) states of astrocytes and microglia
conferring them pro-inflammatory-like phenotypes that are dysfunctional, dystrophic,
and contribute more to neuroinflammation than neuroprotection [6,20]. AD pathology ben-
efits from and enhances neuroinflammation leading to chronic inflammation and, thus, acti-
vates the proliferative reactive astrocytes, and the classically (pro-inflammatory/neurotoxic
phenotype) M1 and alternatively (anti-inflammatory/neuroprotective phenotype) M2 acti-
vated microglia. The activations of various glial phenotypes are interlinked [21] and some
activated phenotypes exhibit AD-induced overlapping (neurotoxic and neuroprotective)
profiles [22]. Additionally, the M2 phenotype, which in females is triggered by estrogen [6],
experiences an age-associated switch to an M1-skewed phenotype that intensifies during
AD progression [23]. AD mouse models show that the resting and M2 activated microglia
in adult females are more reactive (pro-inflammatory) than in males and could be partially
dysfunctional [12]. Additionally, microglia in male mice are developmentally delayed
when compared to female mice. Recently, various linkages between AD and the cere-
bral small vessel disease that damages the vasculature and the blood-brain barrier and
impairs cerebral blood flow have been established [24–27]. Brain damage caused by the
cerebral small vessel disease shows as white matter hyperintensities (WMHs) on brain MR
images of older people and clinical studies have revealed a causal link between WMHs
and AD [28]. Furthermore, post-menopausal females experience a higher burden and
accelerated increase of WMHs than age-matched pre-menopausal females and males [29].
This body of evidence suggests, yet again, that post-menopausal females have a higher risk
of developing AD than males.

Considering the structural and functional complexities of a living human brain,
the lack of reliable AD treatments more than a century after a case of a female patient
with AD was first reported [30] comes as no surprise. Mathematical models can help
understand mechanisms of AD onset, progression, and therapies. Existing mathematical
models of AD focus on the few known aspects of the disease such as: (1) the formation of
Aβ fibrils and plaques [31,32]; (2) interactions among brain cells and the plaques [33–38];
(3) temporal evolution of AD biomarkers [39,40]; (4) the role of the APOE4 gene in the AD
onset [41,42]; (5) the AD-induced dysrhythmic behavior of inhibitory neurons [43]; and (6)
design of potential treatments for AD [44,45]. However, the existing models of AD do not
account for the sex differences mentioned above.

In this paper, a mathematical model of AD that accounts for sex differences is pro-
posed. The model generalizes the work of Puri and Li [34]. Puri and Li’s model is chosen
because it describes multiple crosstalks among relevant cerebral cells’ populations and the
aggregation-prone Aβ fibrils using a system of coupled first order linear ordinary differ-
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ential equations with relatively few parameters assumed to be constants. In the present
study, the first order temporal derivative is replaced by a variable-order fractional temporal
derivative which is an elegant mathematical way of introducing sex dependence into the
model without adding new parameters to the model or increasing the complexity of the sys-
tem of equations. This modeling approach is supported by the successful use of fractional
calculus in describing fading memory, non-locality and stochasticity of various complex
physical systems [46–56]. A recent review of the variable-order fractional operators and
some of their applications is given in [57]. Before moving forward, it is important to men-
tion that the proposed system of coupled variable-order fractional differential equations
can be seen as a system of Volterra integro-differential equations, and thus belongs to the
class of delay differential equations with distributed delay. Delay differential equations
with distributed (continuous) delay and/or concentrated (discrete) delay (or lags) are the
most used population models [58–60].

In this paper, the variable fractional order describes variable fading memory due
to neuroprotection loss caused by AD progression with age which, in the case of post-
menopausal females, is more aggressive because of the fast estrogen decrease. Different
expressions of the variable fractional order are used for the two sexes and a sharper
decreasing function models the neuroprotection decay in post-menopausal females with
AD. Numerical simulations show that the population of surviving neurons has decreased
more in post-menopausal female patients than in males at the same stage of the disease.
The results suggest that if a treatment that includes estrogen replacement therapy (ERT) is
applied to female patients, then the loss of neurons slows down at later times. Additionally,
the sooner a treatment starts the better the outcome is. These results agree with published
clinical observations [61–64].

The paper is structured as follows. The Materials and Methods section presents the
proposed mathematical model and its numerical discretization. Numerical simulations are
shown in the Results section, and the discussion of results is presented in the Discussion
section. The paper ends with a Conclusion section.

2. Materials and Methods
2.1. Mathematical Model

As in [34], the model describes multiple crosstalks among the following populations:
surviving neurons, Ns; dead neurons, Nd; activated microglia in pro-inflammatory state,
M1; activated microglia in anti-inflammatory state, M2; quiescent (resting) astrocytes,
Aq; proliferative reactive astrocytes, Ap; and aggregation-prone amyloid-β fibrils, Aβ.
The model assumes a constant risk for neuronal death and neglects the diffusion of the
above-mentioned brain cells and Aβ fibrils.

The proposed mathematical model generalizes the model in [34] as follows:

0Dq(t)
t Ap = α5M1 − α4M2, (1)

0Dq(t)
t Aq = −α5M1 + α4M2, (2)

0Dq(t)
t Aβ = −αr Aβ− α16M2 + α15Ns, (3)

0Dq(t)
t M1 = −(α7 + α12)Aq + (α8 + α13)Aβ + α9M1 − α14M2 − (α6 + α11)Ns + α10Nd, (4)

0Dq(t)
t M2 = (α7 + α12)Aq − (α8 + α13)Aβ− α9M1 + α14M2 + (α6 + α11)Ns − α10Nd, (5)

0Dq(t)
t Ns = −α2 Ap + α1 Aq − α3M1, (6)

0Dq(t)
t Nd = α2 Ap − α1 Aq + α3M1, (7)

where the variable-order fractional Caputo derivative of order 0 < q(t) ≤ 1 is, by definition:

0Dq(t)
t f (t) =

1
Γ(1− q(t))

∫ t

0

d f (τ)
dτ

(t− τ)q(t)
dτ. (8)



Fractal Fract. 2022, 6, 457 4 of 17

In formula (8), Γ(z) =
∫ ∞

0
τz−1 exp(−τ)dτ is the gamma function.

The variable-order fractional derivative (8) has the following desirable properties: (1)
it models variable fading memory with no memory of its past order [65] which gives it
the ability to transfer to the output certain features of the variable order function q(t) [66];
and (2) it conserves physical causality [67] (the causality-preserving operator of [67]
coincides with formula (8) for continuous functions which are used as mathematical
representations of populations’ dynamics). If q(t) = q ∈ (0, 1] is a constant, then the
derivative (8) reduces to the left-sided Caputo fractional derivative of order q whose
memory gets longer as q gets smaller [68].

The right-hand sides of Equations (1)–(7) describe the 16 signalling pathways proposed
in [34]. By using the symbol→ for activation and the symbol a for suppression, the path-
ways involved in AD inhibition are Aq → M2, Aq a M1, M2 a M1, and the pathways
supporting the AD progression are M1 → Nd, Aβ a M2, Aβ→ M1. The values of the rates
in Equations (1)–(7) and corresponding pathways are given in Table 1.

Table 1. The values of the parameters in Equations (1)–(7) are taken from [34] (a discussion on how
these values are chosen and corresponding sensitivity analysis are given in [34]).

Rate (Pathway) Value [ year−q(t) ] Rate (Pathway) Value [ year−q(t) ]

α1 (Aq → Ns) 10−5 α10 (Nd → M1) 10−2

α2 (Ap → Nd) 10−3 α11 (Ns a M1) 10−2

α3 (M1 → Nd) 10−2 α12 (Aq a M1) 10−4

α4 (M2 → Aq) 10−4 α13 (Aβ→ M1) 10−2

α5 (M1 → Ap) 10−2 α14 (M2 a M1) 10−4

α6 (Ns → M2) 10−2 α15 (Ns → Aβ) 1
α7 (Aq → M2) 10−4 α16 (M2 a Aβ) 10−2

α8 (Aβ a M2) 10−2 αr (M2 a Aβ) 1
α9 (M1 a M2) 10−2

It is further assumed that the initial time t = 0 corresponds to the AD onset which
happens very soon after post-menopause starts in females (around age 55 [69]). The study
is run for a period of T = 20 years. The initial conditions are [34]:

Ap(0) = 103; Aq(0) = 105; Aβ(0) = 103; M1(0) = 103; M2(0) = 105; Ns(0) = 104; Nd(0) = 102. (9)

The variable fractional order models neuroprotection loss due to AD progression
with age. It is assumed that post-menopausal females with AD experience a sharper
decrease in neuroprotection than age-matched males with AD. Given the current lack of
knowledge about the temporal decrease of neuroprotection with age, sex, and/or AD,
the sex-dependent shapes of q(t) are inspired by the fact that post-menopausal females
lose sex hormones rapidly, while the age-related decline in the neuroprotective testosterone
in males happens gradually [6]. Thus, the following sex-dependent expressions for q(t)
are proposed:

q f (t) = 1− 0.1
t
T

, t ∈ [0, T], (10)

for post-menopausal females, and:

qm(t) = 1− 0.1 exp(−(T − t)/4), t ∈ [0, T]. (11)

for age-matched males.
A treatment for post-menopausal females with AD is also designed by introducing a

variable fractional order of the form:

qtreat(t) =

{
q f (t), t ≤ ttreat,
q f (ttreat), t ∈ (ttreat, T],

(12)
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where ttreat is the year when the treatment starts (following a diagnosis of AD). As expression (12)
suggests, the aim of the treatment is to slow down the progression of the disease by keeping the
level of neuroprotection at the same level with the one at t = ttreat. Plots of the functions given
by expressions (10)–(12) and ttreat = 4 years are shown in Figure 1.

0 5 10 15 20

t [years]

0.9

0.91

0.92

0.93

0.94

0.95

0.96

0.97

0.98

0.99

1

female (treat)

female

male

Figure 1. Plots of the variable fractional orders q(t) modeling neuroprotection loss in post-
menopausal females (q f (t) given by expression (10)) and males (qm(t) given by expression (11))
due to AD progression with age, and therapy (qtreat(t) given by formula (12)) for females starting
4 years after the AD onset.

2.2. Numerical Scheme

The system of Equations (1)–(7) with initial conditions (9) is solved numerically using
a numerical scheme given in [70].

Thanks to the linearity of the system of Equations (1)–(7), the system can be written in
matrix form:

0Dq(t)
t y = My, (13)

where y =
[
Ap, Aq, Aβ, M1, M2, Ns, Nd

]T , and:

M =



0 0 0 α5 −α4 0 0
0 0 0 −α5 α4 0 0
0 0 −αr 0 −α16 α15 0
0 −(α7 + α12) (α8 + α13) α9 −α14 −(α6 + α11) α10
0 (α7 + α12) −(α8 + α13) −α9 α14 (α6 + α11) −α10
−α2 α1 0 −α3 0 0 0
α2 −α1 0 α3 0 0 0


. (14)

Let 0 = t0 < t1 < . . . < tN−1 < tN = T be an equally-spaced discretization of
the interval [0, T] of constant step size h. Denote by yn = y(tn), qn = q(tn), for tn = nh
and n = 0, 1, 2, . . . , N. The following forward difference approximation scheme of order
O(h) is used to numerically discretize the variable-order fractional Caputo derivative of
order q(t) [70]:
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0Dq(t)
t yn+1 ≈ h−qn+1

Γ(2− qn+1)

n

∑
j=0

(
(j + 1)1−qn+1 − j1−qn+1

)(
yn+1−j − yn−j

)
, n = 0, 1, . . . , N − 1. (15)

Replacing expression (15) into system (13) and rearranging the terms yield:(
I− Γ(2− qn+1)hqn+1

M
)

yn+1 = yn −
n

∑
j=1

(
(j + 1)1−qn+1 − j1−qn+1

)(
yn+1−j − yn−j

)
, n = 0, 1, . . . , N − 1, (16)

where I is the identity matrix.
System (16) was solved using the initial conditions (9) and the physical requirement

of non-negative solutions (recall that the components of vector y represent populations of
brain cells and Aβ fibrils which must be positive for t ∈ [0, T]). This is a nonnegative least
squares problem that was solved using Matlab’s built-in function lsqnonneg which is a
numerical implementation of the Kuhn–Tucker conditions [71]. The code was validated
using the case q = 1: the solution generated by lsqnonneg coincides with the solution
to the system of first order differential Equations (1)–(7) obtained using Matlab’s built-in
function ode45 which was constrained to satisfy the NonNegative option selected with
the function odeset. Since an analytic solution of the initial value problem (13) and (9) is
not known, the convergence of the numerical scheme (15) was observed numerically: the
same results were obtained for h ∈ {0.1, 0.05, 0.01, 0.005, 0.001}. Thus, the step size for
the numerical simulations presented in the next section was chosen to be h = 0.005. Lastly,
the system of Equations (1)–(7) for constant fractional order q was solved numerically using
Matlab’s function fde_pi1_ex written by Garrappa [72]. Details on the convergence and
accuracy of the numerical scheme (15) and the one implemented in fde_pi1_ex are given
in [70] and [72] respectively.

Remark: This paper is a proof-of-concept study and thus proving mathematical results
on the properties of the solutions to the initial value problem (1)–(7) and (9) is beyond the
scope of the work. However, some general ideas on how these results could be obtained are
given here. In the case of a constant fractional order q, the results in [73] can be applied to
show the existence, uniqueness and continuous dependence on initial data of the solution to
problem (1)–(7) and (9) (thus, the problem is well-posed in the sense of Hadamard). In the
case of a variable fractional order q(t) ∈ (0, 1], the variable-order fractional derivative (8)
can be approximated by sums containing higher-order integer derivatives [74] and thus
the system (1)–(7) can be re-written as either a system of Volterra integro-differential
equations or a larger system of first order linear differential equations (see [74] for details).
The existence, uniqueness and continuous dependence on initial conditions of the solution
to the system of Volterra integro-differential equations can be derived from the results
presented in [75], while conditions for positive solutions and stability can be adapted
from [76,77]. Additionally, the Picard–Lindelöf theorem [78] may be adapted to show that
the initial value problem for the system of first order linear differential equations is well-
posed. Lastly, the results obtained for q(t) in the manner described above remain valid
when q(t) = q is a constant [79]. This is relevant since only the positive solution to the
initial value problem (1)–(7) and (9) is physically correct.

3. Results

Figures 2a and 3–7 show numerical simulations for variable fractional orders, and Fig-
ures 2b, 8 and 9 show results for constant fractional orders.
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Figure 2. Temporal variations of populations of Aβ fibrils for (a) variable fractional orders q(t)
and (b) constant fractional orders 0 < q ≤ 1.
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Figure 3. Temporal variations of populations of (a) surviving neurons Ns, and (b) dead neurons Nd,
for variable fractional orders q(t) modeling females’ and, respectively, males’ neuroprotection loss
due to the AD progression with age.
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Figure 4. Temporal variations of populations of glial cells: (a) pro-inflammatory microglia M1,
(b) anti-inflammatory microglia M2, (c) proliferative reactive astrocytes Ap, and (d) quiescent astro-
cytes Aq for variable fractional orders q(t) modeling female’s and, respectively, male’s neuroprotec-
tion loss due to the AD progression with age.
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Figure 5. Temporal variations of populations of (a) surviving neurons Ns, and (b) dead neurons Nd,
for variable fractional orders q(t) modeling neuroprotection loss in post-menopausal females due to
AD progression with age and therapy given to females starting 4 years after the AD onset.
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Figure 6. Temporal variations of populations of glial cells: (a) pro-inflammatory microglia M1,
(b) anti-inflammatory microglia M2, (c) proliferative reactive astrocytes Ap, and (d) quiescent astro-
cytes Aq for variable fractional orders q(t) modeling neuroprotection loss in post-menopausal females
due to AD progression with age and therapy given to females starting 4 years after the AD onset.
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Figure 7. Temporal variations of populations of (a) surviving neurons Ns, and (b) dead neurons Nd,
for variable fractional orders q(t) modeling neuroprotection loss in post-menopausal females due to
AD progression with age and therapies given to females starting 2 years, 4 years, or 10 years after the
AD onset.
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Figure 8. Temporal variations of populations of (a) surviving neurons Ns, and (b) dead neurons Nd,
for constant fractional orders 0 < q ≤ 1.
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Figure 9. Temporal variations of populations of glial cells: (a) pro-inflammatory microglia M1,
(b) anti-inflammatory microglia M2, (c) proliferative reactive astrocytes Ap, and (d) quiescent astro-
cytes Aq for constant fractional orders 0 < q ≤ 1.
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For the variable fractional order case, the same pattern of accumulation of Aβ fibrils
is observed for males and post-menopausal females with AD, as well as females whose
therapy started 2, 4 or 10 years after the AD onset (Figure 2a, the cases ttreat ∈ {2, 10}
are not shown since they look similar to the case ttreat = 4). As in [34], the model makes
the population of Aβ fibrils reach a plateau around year five (Figure 2a) which slows
down the decrease (increase) of the populations of survival (dead) neurons for both sexes
(Figure 3). Figures 3 and 4 show that the dynamics of brain cells populations in males
are very close to those predicted by the case q = 1 which corresponds to the original
model proposed in [34]. The decrease in surviving neurons in females resembles the
sharper decay in neuroprotection given by q f (t) in formula (10) (Figure 3a), and thus
more neuronal death is observed in post-menopausal females than in aged-matched males
with AD (Figure 3b). Figure 4 shows sex differences in the temporal evolutions of the
two microglia phenotypes, M1 and M2, and the two populations of astrocytes, Ap and
Aq. The fact that the population of M1 cells is zero at later times (due to the constraint of
non-negative solutions for system (16)) is probably unphysical and may create numerical
artifacts in the dynamics of the other brain cells. This issue will be studied in a future work.

Figures 5–7 show temporal variations of the populations of brain cells of post-menopausal
females with AD for the case when the variable fractional order is qtreat(t) given by formula (12).
A treatment for AD is designed such that the level of neuroprotection is kept constant for
t ≥ ttreat, where ttreat is the year when the treatment starts. Not only does this treatment
slow down the loss of surviving neurons after approximately 2 years of keeping the level of
neuroprotection constant, but also the populations of M2 and Aq cells increase slower after ttreat
although the amount of Aβ present is unchanged by the treatment (Figure 2a). As expected,
the sooner the treatment starts the more neurons are saved and thus the better the outcome will
be (Figure 7). Again, the shape of the variable fractional order (12) is transferred to the dynamics
of the population of surviving neurons Ns (Figures 5a and 7a).

Lastly, Figures 2b, 8, and 9 show results for the constant fractional order case. As the
fractional order q ∈ (0, 1] decreases from 1 to 0, the population of Aβ fibrils gets smaller
(Figure 2b) and, consequently, the least decrease in the population of surviving neurons
(Figure 8a) and the least increases in the populations of M2 and Aq cells (Figure 9b,d)
are observed. For the differential operator (8), a smaller value of the constant fractional
order q confers a longer memory which translates into a longer protection against AD.
Thus, the longer the memory of neuroprotection is due to treatment the better the outcome
will be.

4. Discussion

In this paper, a mathematical model of AD progression is proposed. The clinically
observed bias of AD toward post-menopausal females is modeled as variable fading
memory dynamics of the Aβ fibrils and populations of surviving and dead neurons,
activated microglia, and resting and reactive astrocytes. The fading memory is due to
neuroprotection decay which is assumed to mimic decreasing patterns of the sex hormones
with age: a rapid loss of estrogen in post-menopausal females and a gradual yet relevant
decline in testosterone in males [6]. The variable-order fractional Caputo derivative of order
0 < q(t) ≤ 1 is the mathematical tool chosen to model fading memory in this application
because of the following desirable features: (1) certain properties (such as monotonic or
oscillatory behavior) of the function q(t) are transferred to the outcome [66], and (2) when
q(t) = q is a constant, the memory gets longer as q gets closer to 0 [68]. Two cases are
investigated via numerical simulations: (1) sex differences in the amount of dead neurons
due to AD progression with age; and (2) outcomes of a potential treatment that aims to
keep the level of neuroprotection constant. Not only is the model able to predict a greater
amount of dead neurons in post-menopausal females with AD than in age-matched male
patients for the same temporal evolution of the Aβ population, but also the results suggest
that the treatment for AD should be aimed at preserving the level of neuroprotection either
preventively or as soon as an AD diagnosis is established, rather than at removing the Aβ
plaques. Additionally, the earlier the treatment starts the better the outcome is.
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The transfer of the monotonic behavior of the variable fractional orders for post-
menopausal females (q f (t)) and males (qm(t)) to the temporal variations of the corre-
sponding populations of surviving neurons is apparent when comparing Figures 1 and 3a.
For the same pattern of AD progression (Figure 2), the post-menopausal females with AD
experience a greater loss (increase) of surviving (dead) neurons than age-matched male
patients (Figure 3). As in [34], the population of Aβ fibrils is modeled so that it reaches a
plateau after about five years (Figure 2) which slows down the decrease (increase) of the
populations of survival (dead) neurons for both sexes at later times (Figure 3). The temporal
variations of the populations of survival neurons for the two sexes resemble somewhat
the profiles of the results to the mini-mental state examination (MMSE) administered to
males and females suffering from late mild cognitive impairment, a cerebral degenerative
disorder that, in some cases, is a precursor to AD, for a period of 10 years (Figure 3c in [80]).
MMSE is a well-known and easy to administer test of cognitive function that checks the
orientation, concentration, attention, verbal memory, naming, and visuospatial skills [81].
In addition, the increase in the amounts of the M2 and Aq cells (and, consequently, decrease
of the populations of M1 and Ap cells) observed in both sexes may prevent a further in-
crease in the population of Aβ fibrils for times greater than 5 years (Figure 4). The fact that
these larger populations of M2 and Aq cells cannot decrease the amount of Aβ fibrils and
stop the increase or even decrease the population of dead neurons, hint at the possibility
that the interlinked dynamics among the brain cells and the Aβ fibrils make these cells
behave in a dysfunctional manner specific to their corresponding pro-inflammatory muta-
tions caused by the age- and AD-related chronic inflammation [6,20]. The sex differences
shown in Figure 4 may be because the fading memory due to the neuroprotection loss
controlled by a sharper estrogen decrease in post-menopausal females is able to capture
the more reactive (pro-inflammatory) behavior of the M2 activated microglia observed in
females [12]. Clinical studies have shown that microglial activation and neuronal death
correlate with the severity of AD symptoms [82]. Thus, the excessive activation of microglia
and larger number of dead neurons predicted by the model for post-menopausal females
with AD suggest that post-menopausal females undergo a faster AD progression and suffer
a greater cognitive decline than age-matched males with AD which agree with clinical
observations [11–13].

Numerical simulations of a treatment that aims to keep the level of neuroprotection
constant either after the onset of AD or preventively are shown in Figures 2 and 5–9. If the
treatment starts two, four, or ten years after AD onset, then the death of the neurons and
the excessive activation of M2 and Aq cells are slowed down at later times (Figures 5–7),
and the sooner the treatment starts the more neurons survive (Figure 7a). Although the
treatment does not change the amount of Aβ fibrils present (Figure 2a), the results suggest
that the treatment may be able to lessen the symptoms of the disease and slow down the
AD progression. This observation is supported by recent studies which have shown that
people with high levels of Aβ plaques (brain amyloidosis) similar to those seen in patients
with AD do not suffer from and most likely will never develop the disease, having normal
cognitive functions and memory for their age [61,62]. The results also suggest that the
neuroprotection offered by surviving neurons and normal amounts of M2 and Aq cells can
be preserved in post-menopausal females with AD by other means than the removal of
the Aβ fibrils, and this agrees with clinical trials which found various drugs that target Aβ
failed at reducing AD symptoms [83]. Lastly, Figures 2b, 8 and 9 show that for a constant
fractional order q ∈ (0, 1], less amounts of M2 and Aq cells, and Aβ, and a higher level of
surviving neurons Ns are obtained for values of q close to 0. Since long fading memory
is obtained for values of q close to 0 (Figure 8a), the results suggest that a treatment that
keeps the neuroprotection level constant the longest has the best outcome. These results
agree with the study in [84] which showed that lower amounts of reactive astrocytes and
activated microglia are linked to reduced levels of Aβ and improved cognitive functions in
an AD mouse model. This suggests that a preventive therapy designed for people at risk of
AD, such as the APOE4 carriers, that preserves the level of neuroprotection could slow the
progression of AD or potentially prevent the onset of AD.
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Until a cure for AD is found, anti-inflammatory therapies combined with a healthy
lifestyle may provide the optimal level of neuroprotection to prevent or delay the onset
of AD or slow down the progression of disease. For instance, the use of common non-
steroidal anti-inflammatory drugs (NSAID) for ten years were associated with reduced AD
prevalence with diclofenac, showing reduced incidence and slower cognitive decline [80].
An anti-TNF-α inhibitor therapy used in patients with rheumatoid arthritis to lower insulin
resistance was found to also reduce the risk for AD [85]. Since insulin resistance is a charac-
teristic of type 2 diabetes and chronic inflammation is a common feature of rheumatoid
arthritis, diabetes, and AD [86], it is not surprising that antidiabetic drugs, some which have
anti-inflammatory properties [87], were tested and showed some promising potential in
treating patients with AD who do not have diabetes [88]. However, in females, estrogen has
powerful anti-inflammatory properties and numerous studies have shown that estrogen
replacement therapy (ERT) in post-menopausal women can decrease the risk for AD and
delay AD onset [5,6,12,17,18,63,64,89]. Athough some studies suggest that if ERT starts late
after the AD onset or at an advanced age the treatment is unsuccessful [18], very recent
studies indicate that the age when the treatment starts and the long-term use of estrogen do
not increase the risk for AD [63,64]. Females who had ERT for less than one year showed an
increased risk for AD, while a decreased risk of developing the disease was found among
females younger than 80 years who had been exposed to ERT for at least 10 years [64].
These clinical observations agree with the predictions made by the proposed model.

Some of the limitations of the model are as follows. A sensitivity analysis is needed to
better understand how the values of the model’s parameters and initial conditions affect
the results and to prevent the population of M1 cells from becoming zero at later times
which may be an unphysical behavior. Preliminary results show that small perturbations
of the initial conditions do not affect the solution. When the initial condition of only one
population was doubled and the initial conditions of the other populations were kept
fixed, changes in the solution were observed only when the initial conditions of M1 and
Aq were modified. The solution was also sensitive when only the initial condition of M1
was halved. However, when the initial conditions of both M1 and M2 were changed by the
same amount (either doubled or halved), the solution looked the same as that presented
in the paper. A similar behavior was observed when the initial conditions of Ap and Aq
were both doubled. Given the biological linkages existing between the populations M1
and M2, and respectively the populations Ap and Aq, changing their initial conditions
by the same amount may be physically justified. A proper link between experimentally
or clinically measured estrogen loss in females and the variable fractional order of the
model should be established. In future work, contributions from the tau pathology, APOE4
gene, and endothelial cells will be incorporated in the model and the properties of the
brain cells and crosstalks among them and Aβ fibrils will be updated using the latest
discoveries [12,21,23,62].

5. Conclusions

In this paper, a mathematical model of AD is proposed that accounts for sex differences.
The model uses variable-order fractional temporal derivatives to describe the temporal
evolutions of some relevant cells’ populations and the aggregation-prone amyloid-β fibrils.
The variable fractional order describes variable fading memory due to neuroprotection
loss caused by AD progression with age which, in the case of post-menopausal females, is
more aggressive because of fast estrogen decrease. Different expressions of the variable
fractional order are used for the two sexes and a sharper decreasing function corresponds
to the females’ neuroprotection decay. Numerical simulations show that: (1) the population
of surviving neurons has decreased more in post-menopausal female patients than in
age-matched males at the same stage of the disease; and (2) if a treatment that may include
ERT is administered to female patients, then the loss of neurons slows down at later times.
The results suggest that: (1) the focus of a treatment for AD should be the preservation
of neuroprotection levels rather than the removal of the Aβ plaques which agrees with
clinical observations of older people with large Aβ plaques who do not have AD [61,62];
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and (2) ERT administered to post-menopausal females with AD at any age and for a long
period of time may slow the progression of AD. The model also predicts that ERT can either
delay the onset of AD or protect against the disease in post-menopausal females which
agrees with clinical evidence [63,64]. Quantifying neuroprotection levels in both sexes
through clinical/experimental observations will not only help calibrate the model (and,
thus, improve its predictive abilities) but also provide a potentially powerful biomarker for
AD prevention and treatment.
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Abbreviations
The following abbreviations are used:

AD Alzheimer’s disease
Ap Proliferative reactive astrocytes (in activated state)
Aq Quiescent astrocytes (in resting state)
Aβ Amyloid-β
M1 Activated microglia in pro-inflammatory state
M2 Activated microglia in anti-inflammatory state
Ns Surviving neurons
Nd Dead neurons
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