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Abstract: Maize is one of the most extensively produced cereals in the world. The maize streak
virus primarily infects maize but can also infect over 80 other grass species. Leafhoppers are the
primary vectors of the maize streak virus. When feeding on plants, susceptible vectors can acquire
the virus from infected plants, and infected vectors can transmit the virus to susceptible plants.
However, because maize is normally patchy and leafhoppers are mobile, leathoppers will always
be foraging for food. Therefore, we want to look at how leafhoppers interact on maize farms using
Holling’s Type III functional response in a Caputo fractal-fractional derivative sense. We show that
the proposed model has unique positive solutions within a feasible region. We employed the Newton
polynomial scheme to numerically simulate the proposed model to illustrate the qualitative results
obtained. We also studied the relationship between the state variables and some epidemiological
factors captured as model parameters. We observed that the integer-order versions of the model
exaggerate the impact of the disease. We also observe that the increase in the leafhopper infestation
on maize fields has a devastating effect on the health of maize plants and the subsequent yield.
Furthermore, we noticed that varying the conversion rate of the infected leafhopper leads to a
crossover effect in the number of healthy maize after 82 days. We also show the dynamics of varying
the maize streak virus transmission rates. It indicates that when preventive measures are taken to
reduce the transmission rates, it will reduce the low-yielding effect of maize due to the maize streak
virus disease.

Keywords: Caputo derivative; fractal-fractional; maize disease; Holling’s Type III; functional
response

1. Introduction

In 2016, maize was predicted to be next to yellow rice among cereals in revenue.
Regarding the Sustainable Development Goal of eradicating world hunger, plants” health is
crucial as it affects food production. Over 80% of the calories consumed by humans comes
from plants. Plants and animals have become more susceptible to disease and pests due to
increased travel, unfavorable climate change, and continuous forest encroachment caused
by rising populations and urbanization. Close to 40% of the annual global food crop losses
are attributable to pests and diseases, so more efforts must be adopted to combat the effect
of these pests and diseases [1]. During feeding, susceptible leafhoppers can acquire the
virus from infected plants, and infected vectors can, in turn, transmit the virus to suscep-
tible plants. The importance of mathematics in helping us better understand the world
around us cannot be overemphasized. Mathematical models are crucial to the development
and execution of effective policies for eradicating infectious diseases in plants and animals.
Two areas where mathematics is increasingly used are mathematical epidemiology and
mathematical ecology, where mathematical tools and techniques are used to study the
dynamics of infectious diseases and ecology. Mathematical modeling has been a significant
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resource for studying the transmission of disease and creating effective prophylactic mea-
sures and is effective in aiding a better understanding of infectious disease dynamics and
control.

Much research has been conducted using mathematical models to help understand
the spread and control of MSVD. Regarding maize disease research, [2] studied the epi-
demiological compartments of maize plants to explore the most effective control strategies.
Using the SEI-SI plant-vector model, the relationship between plants and maize Lethal
Necrosis disease (MLND)-vector populations is described by [3]. The contact rates were
found to have beneficial effects on the transmission of MLND between maize and MLND
vectors and between maize and other plants. Moreover, ref. [4] proposed a susceptible—
infected maize-vector differential equation model to analyze the dynamics of MSVD. To
investigate the effect of the ambient pathogen concentration on MSVD management, ref. [5]
integrated the pathogen compartment into the maize leafhopper model, demonstrating
that the removal of infected leathoppers and the incineration of infected maize plants is
a suitable method for controlling the disease. The epidemiological model of Alemneh
and colleagues [4] was broadened in [6] to examine the most cost-effective approaches to
manage MSVD and made the same findings as [5]. The epidemiological models in [4—6]
gave in-depth knowledge of the dynamics of MSVD. Still, it is noteworthy that they rep-
resent maize plant infection and predation in a multifunctional fashion. Recently, Seidu
and colleagues [7] presented a dynamical model of MSVD with the incorporation of the
Holling’s Type II and standard incidence to study the best strategies for controlling the
spread of MSVD. They noticed that the most cost-effective strategy combines the simultane-
ous adoption of infection control, predation control, the removal of infected maize plants,
and insecticide application.

Finally, the work in [8] included the latent period in the spread of MSVD. We note
that much of the research that has been conducted on MSVD modeling does not consider
the use of fractal-fractional derivatives. However, researchers are becoming highly in-
volved in using non-integer-scale mathematical modeling of contagious diseases [9]. In
epidemiology, fixed-order derivatives can only define classical models, while models with
fractional-order derivatives and a fractal order are more effective in representing real-world
issues. This superiority of the non-integer models is due to their inherent memory ef-
fect, which ensures that current solutions of models rely on all previous solutions and
not just the immediate previous solution, as in the case of integer-order models. A new
non-integer differentiation concept is presented in [10,11], where the operator has two
orders: a fractional order and a fractal dimension (order). Thus, to show the dynamism
of this new concept, the work in [12] used fractal-fractional derivatives and integrals to
study and forecast the dynamic behavior of some attractors. Moreover, the work in [13]
investigated novel numerical approximations for the Chua attractor using fractional and
fractal-fractional operators. Due to the new insight, the fractal-fractional investigation
brings the following works [14-23], giving various valuable epidemiological importance
to the concept of fractal-fractional modeling on numerous diseases, including COVID-19.
Sinan et al. [24] studied the fractional model of malaria disease with treatment and insecti-
cides and observed that the utilization of bed nets and insecticides could drastically cut
down on the transmission of malaria. However, the effect of medication and treatment on
infection regulation is relatively less significant. Ahmad et al. [25] studied the dynamics
and sensitivity analysis of pine wilt disease with asymptomatic carriers via the fractal-
fractional differential operator of the Mittag-Leffler kernel and found that eliminating
beetles might significantly lower the infection. The work in [26] used a fractal-fractional
model to study the sensitivity analysis of COVID-19, which included both quarantine and
vaccination. The use of fractional and fractal derivatives to model maize streak disease
dynamics has not been considered to the best of our knowledge. Therefore, this work is the
first to study the effect of maize streak disease using the Caputo fractal-fractional derivative.
This study has been conducted because the fractal-fractional derivative can help capture the
repeated and memory aspects of natural phenomena. Moreover, the potential outcome of
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the further spread of the maize streak virus can be captured by the Caputo fractal-fractional
derivative. The rest of this paper is arranged as follows: Some fundamental definitions and
preliminary information are provided in Section 2. We present our proposed model in inte-
ger and fractal-fractional forms in Section 3. Section 4 presents the analysis of the Caputo
fractal-fractional model. We present the numerical results of the Caputo fractal-fractional
model in Section 5. Finally, Section 6 provides this study’s conclusion.

2. Preliminaries

In this part, the general definitions concerning the fractal-fractional Caputo are pre-
sented.

Definition 1 ([10,27]). Given a continuous interval (e*, f*), and assuming that P* is differen-
tiable on the fractal dimension interval B.. Following that, the Caputo fractal-fractional differential
operator of P* of order 0% is provided by

1 d* z

with the following derivative:

*

dk*P Tk 2xBr _ P

If B« = 1, then the Caputo fractal-fractional derivative ¢/ @zjff becomes the 6*!"-
RL 56"
k)

Riemann-Liouville derivative e

Definition 2 ([10,27]). Suppose that P* is uninterrupted on the open interval (e*, f*). Then, the
fractal-fractional integral of P* of the Caputo operator is written as

* z* ¥
C]:jf*/zﬁ:rpx(z*) _ ﬁ* / k*ﬂ*fl (Z* _ k*)G 7lfp* (k*) dr K.
7 F(Q*) e*
Let &* be categorized under the umbrella of nondecreasing mappings §* : R>¢ —
R > with ¢*(z*) < z*, Vz* > 0, and

Z g*’l} (Z*) < 0.

v*=1

Definition 3 ([27,28]). Suppose P* : U* — U* and ¢* : U*> — R, with U* being a normed
linear space. Then, as follows:
1. In the event that for each yi,y; € U%,

¢ (y1,y2)d(P y1, Pya) < & (d(y1,%2)),

then P* is ¢*-g*-contraction.
2. Suppose ¢*(y3,y5) = 1 gives ¢* (P*y;, P*y5) > 1, then P* is ¢*-admissible.

3. Formulation of the Mathematical Model

To develop a fractal-fractional model for maize streak virus disease, we first pro-
vide an integer-order description of the disease based on an existing MSVD model [7].
Thus, the model is made up of healthy maize plants, denoted as Sy,; exposed maize
plants, denoted as E;;,; and unhealthy maize plants, denoted as l,,,, with the overall maize
plant population given by Ny, = Syp + Emp + lmp. The maize plant gets infected by the
invasion of leafhoppers and the injection of the virus into the plant tissue during feeding.
The healthy leathopper population is denoted as Sj;, and the unhealthy leafhopper is
denoted as lj;, so that the overall leafhopper population is denoted as Ny, = Sy, + Iy,
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The rate at which leafthoppers consume maize plants is described by Holling’s Type II and
Type II functional responses. The Holling’s Type II rate of maize predation is given by

aymp Ny

1+ah* Yy’

leathoppers (that is, the rate at which leathoppers bump into maize plants per unit of the

entire maize population), and h* is the handling time (estimates the output of the total

amount of time spent by leathoppers in processing consumed maize plants). The Holling’s
aYy,?

N
Type III rate of maize predation is given by Hh%, where a,h*, Yy, have the usual
mp

meaning. The square term indicates leafthoppers increase search activity proportionally to
the maize plants. The rest of the model assumptions are listed as follows:

where Y, stand for any of the maize sub-populations, 4 is the attack rate of the

1. The growth rate of the healthy maize population takes a logistic nature, thus

N . e .
Smp (1 — 1t ), where 7 is the intrinsic growth rate, and K represents the carrying

K
capacity.

2. The healthy (susceptible) maize plants become exposed to MSVD at a rate of & h’”llills'””
when unhealthy (infected) leafthoppers feed on the maize plants. Here, the paraméter
Bum is the likelihood that the disease will spread from the infected leathopper to the
susceptible maize plant.

3. The possibility of MSVD transfer from an unhealthy maize plant to a healthy leathopper

. . Enp+lmp)S
is B,un, and it occurs at a rate of W

4. We assume that farmers will grow MSVD-resistant maize varieties so that only a part ¢
of the exposed maize plants advance to the infected class at rate ep and the remainder
revert to the susceptible class. The parameter p denotes the level of MSVD infection
resistance in maize.

5. The assumed natural mortality rates for maize plants and leathoppers are i, and pyy,
respectively, while the estimated mortality rate for plants exposed to MSV is «.

6. The green lacewing (leafhoppers) population increases at a constant rate b. Here, we set

S E |
b=b+ aNlh(l_g;h:’spmp + 14;7311*”!]5!1,,;, + 11;hTfm,, ), where b; would be the constant rate

of invasion of the maize field and #;,i = 1, 2, 3 are the respective conversion rates of
consumed susceptible, exposed, and infected maize plant by leafhoppers.

From the above description, the integer-order model with Holling’s Type Il is given as
follows:

dSmp BiimSmpin aSmpNiy
&= = 7smp + (1 - E)P Eml’ - Ny, T T+al* Sy
dEmp __ BumSmplin aEppNip,

& T Ny THalEmy (0 + Hmp) Emp,
d'mp ﬂ'mleh

= &0 Bump — a5, — (e pmp) b, 1)

dS/h _ 111Smp 12Emp 13lmp Bt (Enp+lmp)
=b + aNlh(1+ﬂh*Smp + THal Emp + Trahly, ) N, — S
M _ ﬁmlxslh(Emp‘Hmp)

Z = Ny Hinlin-
Smp(0) =0, Enp(0) = 0, by > (0), S1(0) > 0, 1,(0) > 0.
Moreover, from the above description, the integer-order model with Holling’s Type IIl is given

as follows:

das,, Ny BimSmplin aSupNyy,
= Tsmp<1 - ”) + (1= e)pEmp — TR —

1+ah*Syy?’
dEmp _ .ma mpllh Emp Nh
dz — Ny 1+ah Emp” o (PJrﬂmp)Empr
dlmp alnzp Nip,
=¢oE — s — (& |

P Emp — 1+ah*|m,,22 ( +P‘mp2) mps 2 ( | @
dS,;, _ 11Smp 172Emp 173lmp — BonSun (Emp+lmp)

bl + llNlh 1+ah*5mp2 1+ﬂh*Emp2 1+ﬂh*|mp2 Nmp l/llhslh,

dl ﬁmhsllz Emp+|mp
= 7&1@ ) _ Hinlin-

Smp(0) >0, Emp(0) >0, lmp > (0), Sy, (0) >0, 15,(0) > 0.
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Now, we introduce the fractal-fractional nature into our proposed model (1) and (2) in confor-
mity with the fractal-fractional definitions above. Therefore, the MSVD model in (1) and (2) can be
expressed in Caputo fractal-fractional sense as

CF R0 /B« _ [\ BumSmpin aSupNin

o Dz ""Smp(z) = rSmp (1 - %)+ —e)pEmp — N,ZV - 1+:1f*s,,,p'

CER9" B+ _ masmpllh aEmleh

o' Dz " Emp(2) = i — g,y — (0 Hp) Emp,

CF 0" /B+ _ almpNiy

0 Dz " lmp(z) = €0 Emp — 1+a;;*|,,,p - (”‘ + Vmp)lml" 3)

CF G*Iﬁ* _ ﬂlsmp '72Emp 773|mp _ ﬁrnh(Enzp+|mp)
o Dz ""Si(z) = b +”Nlh<1+ah*s",p + 17arE,, T Trart, N,y + Hin ) Sins

CE 0% ,B= — BunSin(Emp+lup
g Dz T lip(z) = % = il

The initial conditions for the model are given as Sy;p(0) > 0, Epp(0) >0, lnp > (0), S;(0) >
0, 1;,(0) > 0.
Moreover, with Holling’s Type III, the model is given by

£ B« _ N, BrmSuplin aSuy* Ny
57D Sup(z) = rSup (1= 52 ) + (1= )p By — Pt — 0mb,
CE 0" B+ _ BumSmplin aEup” N
0 Dz Emp(z) = mN,,,p - 1+uhiEmp2 - (P + V’"P)EmP’
CF 0" B+ _ aly, 2Nlh
0 Dz " lup(2) = €0 Emp — Thar B, — (e + onp) bnp, 4)
CF 9*'.5* — '71Smp2 ’72Emp2 ’73')71;72 _ ﬁmhsll1(Emp+|mp) _
0 Dz ""Si(z) = by +aNu (s + e + a2 N,y H1nSins
CF 9*,‘B>:( _ ,Bmhslh Emp+,
6 Dz T li(2) = B Emrtlon) _ pinlin-

NWIp
Using the algebraic idea of cancelation, we recast some of the expressions in model (4) into the
following notations

U= (146, U= (0+p), Us=(a+pum) U =(1-"102),

* ;malllx * ﬂN[}Z * llNlh f— llN]h
U N Us 1+ah*Syy?’ 4 7 1+ah*En”’ Us T+ahlyy?’
2 2 2
* 771Sn1p '72Emp WSIWV * .Bll!h(Enxp+|)np)
u6 = aNyy, <1+uh*5m,,2 + 1+ah*Eyp? + 1+ah*l,,* |7 L{7 - Nop :

Thus, the model (3) can be recast as

SEDS P S00(2) = Ui rSump -+ Us By — U3 Sp — U Sup?,
SFDY P (2) = Uy Smp — U Ep? — UnEp,

SFDZ*'&lmP (z) =¢p Emp — Z/{5*|lh2 = Uslimp, ®)
SFDS*'B*SM (z) = by + U — Uz Sty — S

SEDY Py (2) = U S — panlie

4. Basic Qualitative Properties of the Caputo Fractal-Fractional Model

Here, we present some analysis for the proposed Holling’s Type III model (4). Without loss of
generality, the same analysis can be imposed on (3).

4.1. Positivity and Boundedness

The following analysis is carried out for the model (5) to assess whether or not the model’s
solutions are positive and bounded.

Lemma 1. Every solution to the model (5) which begins within v, remains in vy for all z > 0.
Additionally, the region Q) = {(Smp, Emp, lmp) X (S, \n) € R% x Ri|NmP < K, Npj < %} is
positively invariant.

Proof. Inlight of the fact from [29], we define ®*(x) as follows.

©*(x) = {x(z) =0, (Smp, Emp, lmp) € R2gand (S, i) € R20},Vx € {Smp, Emp, lmp } | {Sun i }-
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Then, from model (5), we have

CFD ﬁ*Smp
()CFDZ o Emp

0% B
OCFDZ B

= ul Emp > O/
O (Eny=0) — U25mp 2 0,
=¢eoEmp >0, (6)

0% (Sy,=0) — by >0,
=U7Sy, > 0.

oF (Smp=0)

. Imp O (Inp=0)
0%,
§FD; Psy,

0*,
OCFDZ B

|+ 1,,=0)

Lemma 2 of [30] shows that for every solution of the model (5), we have (S, Emp, lmp) € R3ZO

and (Sy, Ij) € RZZO. This concludes the prologue to Lemma 1.
Now, recall that Ny = Sip + Emp + lmp, and hence we have

_ %) alp®Npy
K 1+ ah*lyy®’

rSmmep

e

0*,B.
SEDY P Ny = 1Sy (1

0*,B.
()CFDZ P Nmp < rsmp -

mp

—rSm
Thus, Nypz < Nmp(O) zZ 4+ K(l —e K pz). Therefore, if 0 < Ny, (0) < K, then

lim sup Nyp(z) < K.

Z—>+00

Moreover, because Nj, = Sy, + Ij;, we have

0%,B«

SEDY PNy, = by + UE — g (S + ),
0%,B«

SFDZ P Nimp < by — u Ny,

Thus, with proper transforms, we have Ny, (z) < Ny, (0)e™Fnz 4 % (1 — e~ #n2). Therefore, if
b ; b
0 < Ny (0) < ﬁ,then limsup,_, ., N (z) < V—Ilh
Therefore, any solution that starts within () is guaranteed to remain in (), concluding

Proof 1. [

As a result of the above Lemma, the maize streak model that is proposed and denoted by (3)
and translated into (5) is mathematically tractable and epidemiologically sound. Hence, without loss
of generality, we can say that (4) is mathematically tractable and epidemiologically sound.

4.2. Existence and Uniqueness
Existence

It is helpful to think of a Banach space in terms of its qualitative properties, and to do this, we
use the formulas U* = K** x K** x K** x K** x K**, where K** = C*(J, R) is the norm, and thus a
group of continuous functions that includes:

”W”U* = H (Smp: Enxp/ Im;’rr Sin,s Ilh) ”U* ’
= max {[Sup(2°)| + [Eump (2°)| + Ny (2") | + 1S ()| + [l (z°)| = 2" €T}
To start the analysis of existence, we redefine (4) as

N *
Fi (Z*/ Smp(z*)/ Emp( ) mp (Z*)r Slh( ) lin (Z*)) = rSmP(z*) (1 - %)
BumSrip )iy %) aSmp® (2F )Ny (%)

+(1—s)pEn,p(z*)_ e T S
. , . . s Iz Emp? (2 )Ny, (z*)
Fale, Sup(), m,,< (), Sun(2), i () = PenRpC ) S
(P+ﬂmP)En
* * * * lp? (2 )N *
Az, p<z>Emp< b (2), S (&), i (2)) = 0 By (=) — P T

7)
—(a+ idmp lup(2*),

( np ) mp(z*>/| (*)rslh( ) ( )):bl
) )

(z
* 11 Smp= (z* ’72Emp '13|mp (z")
+aNu(z )(Pruh*smp ) T e EnpZ@) T Tral a2z
( *
Noap () = S (z"),

B S1 (&) (Emp () Hmp (%))
« X « . x « Sin (=) (Emp () +Hmp (%) .
]:5(2 /Smp(z )/ Emp(z )/Imp(z )/Slh(z )/Ilh(z )) = W’+W _}"Ihllh(z )
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Using the Riemann-Liouville integral, the fractal-fractional model (4) is given as
RL@g*z*Smp(Z*) = /3*2*!3*71-7:1 (2", Smp(2*), Emp(2°), mp (2*), S (27), 1 (27))
RLD  Emp(z*) = Buz*P T Fa (2%, Sup (2°), Emp (2°), lup (27), S (2%), 1 (27))
RLDE mp(2*) = Buz™P T Ty (2%, Sup(2*), Bunp (2°), hmp (2%), Sy (2), i (2)), (8)
RL@SZ*SM(Z*) = .3*2*13*71}-3 (Z*rsmp(Z*)rEmp(Z*)r|mp(Z*) Sin(z*), i (z")),
RLD8 In(z*) = Buz*P 7 F5 (2%, Smp(27), Emp(2°), lup (2, Sin (%), Vi (7))
We can transform (8) into an initial value problem:
KL H(z") = potP L F (25, (")), ©
H(0) = Hy, 6% B« € (0,1],
for z* € J, so that
H(z") = (SmP(Z*)rEmp(Z*)/Imp(Z*)/Slh(Z*)r|lh(Z*))Z/
Ho = (Smpg, Empg: lmpg Sino lino) s (10)
and
F1 (Z*/Smp(Z*)/ mp(Z*)rlmp(Z*)rSlh(Z*)/|lh(Z*))/
F2(2*, Smp(2*), Emp (2%), Imp (2°), Sin(27), i (2%)),
F(2",H(z") = § F3(2", Smp(z*), Emp(2*), lmp (2*), Sin(2%), i (27)), an
-7:4(2*fsmp(2*) Emp(Z*)r|mp(2*)rslh(2*)/|lh(Z*))/
-7:5(2 Smp(z*), Emp(z") |mp(2*)rslh(2*)/|lh(2*))
Applying the fundamental theorem of calculus to (9), thus
H(z") = H(0) + rfél) / RPN k) T (e, M) dE (12)
we have the following:
S g /3* k*ﬁ**l Kt 0" —1
mp(2") = Smy + T(6%) Jo (z" )
P (6 Sy ), Enmpl") g (K, 67, 1 6°)) 4K
£\ ,B* /.Z* wBi—1/ %  1x\0"—1
Emp(z*) = Emy + T Jo k (z" — k%)
Fa(k, Sup (), Emp<k*> byl slh<k*>,lzh<k*>>d*k*,
I 2¥) = 71 —k* 0*—1
mp(2") o ) (13)
F3(k*, Smp Emp(k*) Imp(k ), Slh(k*),llh(k*))d*k*,
Slh(Z*) Iho (,89**)/ k*‘B*_l( k*)G -1
Fu(k*, Smp(k*), Emp (k*), Imp(k*) Sin(k*), 1, (k%)) d*k*,
) — P #Be—1( x _ )0 —1
In(z )_Iho+r(6*)/0 kP2 k)
Fs (K*, Sup (k*), Enmp (k* ), Vnp (K*), Sy (K*), 1y (k%)) d*K*.
From this, we can rewrite (4) as a fixed-point problem. Define G : U* — U* by
_ ﬁ* z #Be—1/,  1x\0"—1 * * 1%
G(H(z)) = H(0) + (@) Jo k (z—k") F(k*, H(K*)) d*k*. (14)

Subsequently, we present a fixed-point theorem for ¢*-g* contractions (also referred to as ¢, ¢

contraction) in support of our proof.
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Theorem 1 ([28]). Metric spaces with the completeness property can be constructed using the following
formula: g* € &*, ¢* : U*> = R, and G : U* — U*, an ¢*-g*-contraction such that the following:

1. G is ¢p*-permissible.

2. 3y € U*, suchthat ¢* (y§, Gyg) > 1.

3. Y{y;-} CU* withy}. — y* and &Y Vo) = 1, Yn* > 1, we have (i, y*) >1,Vn* > 1

So, a fixed point exists for G.
In this case, we prove the existence result using ¢*-g*-contractions.
Theorem 2. Suppose Im* : R X R — Rand 3¢* € Sand 3F € C(J x U*,U*). As well,
(B1) VYH1, Hp € Urand z* € ],
[ F (2", Ha(2%)) = F(2", Ha(2")) | < 0% " (|Ha(2") — Ha(27)),

I(. +6%)

with m* (M (1), Ha(27)) 2 Qand 0% = o-op i o5

(B2) IHo € U* such that Vz* € J,
m* (Ho(z"), G(Ho(z"))) 2 0,

and also
m* (’Hl(z*),’Hz(z*)) >0 = m*(GG(?—ll(z*)),G(’Hz(z*))) >0.
(‘433) v{,Hn*}n*zl C U* with Hy+ — H,
w* (K (2%), Hyey1(2%)) 20 = m* (M- (2%), H(z")) >0,

for every n* and z* € J.

Then, given this, there must be a solution for the maize streak virus as modeled by the fractal-fractional
space approach of Caputo.

Proof. View 1, H, belonging to U* so that m* (H1(z*), Ha(2z*)) > 0, for each z* € J. As a result of
the Beta function definition and some elementary math, we obtain

IG(H1(2%)) — G(Ha(z"))| < %/O B (o gy

| F (K, Ha (k) — F (K", Ha (k) | K,

< Ho o EPTIE SR (30 () — Ha k) 4K

ﬁ*ﬁ*Tﬁ*”*‘lB(ﬁ*,e*)
<
= T(6)
_ BTPHIIR(By)
- T(Bs+07)

" (I1H1 — Halluw-),

0 ¢* (| H1 — Hallw+)-
Therefore,

1G(H1) = G(Ha)llu- < B TP T (B.)

(B, 16 v ¢ ([ H1 — Hallu-) = ¢* (1H1 — Hallv-)-
For arbitrary elements H1, H, € U*, define ¢* : U* x U* — [0, c0) by
ifw* (M (2), Ha(2)) 20,
" (H1, Ha) =
0 Otherwise.
Then,
¢ (H1, Ha)d(G(H1),G(H2)) < ¢*(d(H1, H2)), VHi,Hae U™

So, G is an ¢*-g*-contraction. Here, let us take H1, Hp € U* with ¢*(H1, Hp) > 1. From the prop-
erty of ¢*, we find that m* (#1 (z*), H(z*)) > 0. Thus, (3,) implies that m* (G (H1(z*)), G(Ha(z*))) >
0. Once again, ¢* yields that ¢*(G(H1), G(H2)) > 1. Therefore, G is an ¢*-admissible.
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Moreover, (,) confirms that there is some Ho € U*. Then, z* (Ho(z*), G(Ho(z*))) >0, V z* €
J. It is evident that
¢*(Ho, G(Ho)) > 1.

Consider {Hy+}yr>1 € U* st Hyr — H and Vn*, ¢* (Hye, Hy41) > 1. Definition of ¢*
implies that
w* (Hpe (2°), Hye11(2%)) > 0.

Thus, (P3) gives m* (Hy-(z*), H(z*)) > 0. Therefore, ¢*(Hy+, H) > 1, Vn*. By Theorem
1, according to our investigations, we discover IH* € U* st. G(H*) = H*. Consequently,
H* = (Smp*, Enmp™ lmp™, Sin™, I,h*)T is a solution to the maize streak disease model developed by
Caputo using fractal fractions. O

Regarding our goal, the existence result, the next auxiliary theorem we need is the Leray-
Schauder theorem.

Theorem 3 ([31]). For simplicity, we will assume that U* is a Banach space; Q is a convex, bounded, and
closed set in U*; and V C Q is an open set with 0 € V. When L : V — Q is compact and continuous, one of
the following must be true:

1. Jy** € Vsuch that L(y**) = y**; or

2. Jy* € oVand y* € (0,1) such that y* = p*L(y*).

Remark 1. Simply put, we define
0 =Ho, (15)

and i

_ BT

©="TE 1o

(16)

Theorem 4. Suppose that F € C(J x U*, U*).
(Ep): 3¢* € LY(J,Ry) and 3 a nondecreasing map B € C([0,00),Rw), satisfying for all z* € J and
H e U¥,
|F(z%), H(z")| < ¢"(z7)B(|H(z"))).
(Ep): ATI > O and
1T
U + ©¢*;B(I1)

with ¢*5 = sup,.cy [¢9*((z"))| and U, © are specified in (15) and (16).

Then, the Caputo fractal-fractional maize streak model (4) on J has a solution.

>1, 17)

Proof. Consider G : U* — U* defined by (14) and
Me={H eU*: |H|y <€}, forsomee > 0.

We instantly obtain the continuity of G from the continuity of 7. As a result, we have for
H € M and E;.

1G(H(z"))] < [H(0)] +

ﬁ* z sBi—1/ %  7%\0"— * * *
fo KT RO TR )k

Mot gy [ KPTNE )T 0B ak,

*T,B*Jre*fllg ., 0 .
< o+ P P g

< U+ Op*;B(e).

Hence,

IGH| < T+ 09" B(e) < co. (18)
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The uniform boundedness of G is based on U*. Randomly, pick z*,z*' € [0, T] in such a way
that z*, < z*’ and H € M. Whilst also making the assumption,

sup |F(z", H(z"))| = F* < oo,
(5, H)eTx My

We now have

G(H(z")) —G(H(z"))| =

/3* /OZ k*ﬁ**l(z*/ _ k*)e*fl}-(k*’rH(k*))dk*

T(6%) .
_ B« /Z* k*ﬂ*_l(z* _ k*)e**lf(k*,]:(k*))dk* ,
r*) Jo
ﬁ*]:* /Z*/ wBe—1,_x/ #\0*—1 q7.% /Z* #Pu—1( x 10" =1 g1+
< : - - ' -
= T(6%) o k z k)7 dk 0 K (@ =k,
BeF BB, 0%)  wrpott' 1 prer1
< r(6%) = : b
BeF T(Ba) 1 sy po+07—1 _ po+6—1
= —: * - * 1
T(Bs +6%) [(z*) z I (19)

which is independent of H, and as z*' — z*, the right-hand side of (19) approaches 0.

Thus, |[G(H(z*)) = G(H(z"))lly- — 0.

That G is equicontinuous is demonstrated here. Compactness of G on M is provided by the
Arzeld—Ascoli theorem. The assumptions of Theorem 3 have been proven true for the operator G.
Therefore, either (i) or (ii) will be true. Now, using (E,), we construct.

P={HeU":|H|y <II},
for some IT > 0 via
O+ @4)*3153(1_[) <IL
Using (E1) and by (18), we obtain

|GH ||y~ < T+ Op*;B(H). (20)

Regarding the existence of H € dP and a € (0,1) such that H = aG(H). For such & and H,
by (20),
IT = |H|ly = a||GH| g < T+ 0O¢p*;B(||H|ly-) < U+ Op*;B(IT) < II,

It obviously cannot be the case. Hence, (ii) is false, and G has a fixed point in PP according to
Theorem 3. This means that a solution to the Caputo fractal-fractional maize streak model (4) has
been found. O

4.3. Uniqueness

In this section, we want to demonstrate that the proposed Caputo fractal-fractional model
admits precisely one solution.

Lemma 2. SMPPOSE Smp/ Emp/ Imp/ Slh/ Ilh/ Smp*/ Emp*/ Imp*/ Slh*/ |lh)k c A= C(], R), and

VD: [ISmpll < L1, [1Bupll < L2, [ISinll < €3, [Vmpll < L4, |[Unll < L5 for some £, L5, £, £4, L5 >
0, where the norms satisfy the sup-norm condition with regard to z*.

Given this scenario, F1, Fp, F3, Fa, Fs in light of (7) are Lipschitz with regard to the respective compo-
nents whenever Ay, Ay, Az, Ay, As > 0, where

A =r+Bm+a Ar=a+p+pmp, Az=ata+pmy, As=a+Bun+pm As=pn.
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Proof. Now, using JF7, for each Sy, Smp* € A, we calculate

|71 (Z*,Smp(Z*)r Enp (z), lmp (z), Sin(z"), Iin(z ))
— F1(2" Smp™ (27), Emp(27) hmp (27), S (27), 1 (27)) |1
rSp (%) (1 ~ (Smp(z") + Em%( )+ |mp(Z*)))
— BumSmp(z) i (27)
(Sin(z*) + lin(z*))
aSup” (2°) (Sin(2) + lmp(27))
1+ ah*Syp*(z*)

(gt (- S EE) )

+(1—€)oEmp(z")

) + (1 —¢€)pEmp(z")

. ﬁhms;iip(Z*)l(Z*)
(Sin(z*) +lin(z*))
_asy, () (S (z )+|1h(z*)))
1+ ah*S;,? (z*)

< | =7(Smp — ) Brm (Smp — Sy p) —a(Smp — S:np)H'
< (rlISmp = Soupl + BrmISmp — Spyll + al|Smp — Sppl,

< (r+ﬁhm +u)HSmP - S:;sz/

7

< A1l|Smp — Supll-

Hence, F7 is Lipschitz with respect to Sy, with associated constant Aj > 0. Next, we consider
F, for each Eyyp, E;‘np € A:=C(J,R), leads to

||]'—2 (Z*/Smp(z*)/ Emp (Z*)/ Imp (Z*)/ Sin (Z*)/ lin (Z*))
= F2 (2", Smp(2"), Enup (27) lmp (27), Sin (27), i (7)) |1,

BumSmp(Z)Win(z*)  aEmp®(2) (Spp(2%) + iy (2%))

N ‘ Gu@) @) drarEeie) ) Em(E)
_ :masmp(Z*)llh(Z*) _ aEf,,pz( V(S (z*) + i (z*)) B . .
((Slh(Z*)+lzh(Z*)) 1+ al*Ejy,2(2*) (0 =+ pmp) Ep (2 )) '

< || —a(Bmp — Epip) — (0 + pmp) (Emp — Epip) [,
< (al|Bmp — Epipll + (0 + tmp) [|[Emp — Epypl,

< (a+p+ pmp)l|Emp — Eppl,

< A |[Emp — Epp |-

Hence, 7 is Lipschitz with respect to E;;, with associated constant A, > 0. Next, we consider
F3, for each Iy, I;p € A:=C(J,R), leads to

(173 (2% Smp(2°), Emp (), lmp (2), S (2%), i (27))
— F3(2%, Smp(2"), Emp(2%), Lpup (27), Sin (), 1in () |1,

alyp® (%) (Sin (2) + ()

(60 Emp(z") — 1+l (27) = (a4 pmp) lmp(27))
t1|;;1 2 2V (S (z* I (2*
- (ngﬂ’lP(Z*) - : (1_2(uhlil|(* i(—iz_*;h( )) - (a—i—ymp)l:”p(z*)) 4
mp

< (a+a+ pmp) |lmp — Lupll,

= Asllmp = upl-



Fractal Fract. 2023, 7, 189

12 of 27

Hence, F3 is Lipschitz with respect to I,y with associated constant A3 > 0. Next, we consider
Fy, foreach Sy, Sj, € A= C(J,R), leads to
I F4 (2", Smp(2"), Emp(2*), lmp (2"), Sin ("), i (27))
= Fa(2", Smp(2"), Enp ("), lmp (27), Sy, (27) i (7))

Wlsmpz(Z*) UZEnzpz(Z*) WBlmPZ(Z*)
1+ ah*Smpz(z*) 1+ ah* Empz(z*) 1+ ah*lmpz(z*)

by +a(Sy + i) (%) (

_ BunSn(z*) (Emp(2*) + lmp(2¥))
Nop (2*)

- (bl +a(Sp, + ) (z") (

— S (z%)

WlsmpZ(Z*) n WZEmpz(Z*) + 173|mp2(2*)
1+ uh*Smpz(z*) 1+ ah* Empz(z*) 1+ ah*lmpz(z*)

S5 (2*) (Emp (2%) + lp (2*) .
— By (NZ:(Z*) mp(z)) — Sy (z )) p
< (@+ B + i) IS — Spyl,
< AglISin — Spill-

Hence, F; is Lipschitz with respect to Sy, with associated constant .44 > 0. Next, we consider
s, for each Iy, I, € A := C(J,R), leads to

15 (2" Smp(2%), Emp (), Sin (2%), Vmp (2°), 1n(27) )
-F5 (Z*/ Smp (z"), Emp(Z*)/ Sin(z%), lnp (z"),Z; (Z*)) Il

B H 5mh51h(2*)('\'|5:5((§:)) +lp (7)) = Wil (z")
a (ﬁmhszh(z*)(l\llz,f:((j:)) () H1h|fh(2*)) ,

< il =131
= As|[ly, — 13, I-

Hence, F5 is Lipschitz with respect to Ij;, with associated constant A5 > 0. Based on what has
been discussed so far, we may conclude that the functions F;, where i corresponds to 1, 2, 3, 4, and 5,
respectively, are considered to be Lipschitz in relation to the component that has constants denoted

by -Ai‘ O

Theorem 5. If we assume (V1), then the provided Caputo fractal-fractional maize streak model of (4) permits

a single solution if
®A; <1, i€{1,2,3,4,5}. (21)

Specifically, ® is provided in (16).

Proof. Itis presumed that the result of the theorem is incorrect. In other words, the Caputo fractal-
fractional maize streak model (4) has more than one plausible solution.
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Letting (S;,,(z%), B,y (%), 1p(27), S, (2"), I};,(z")) be an alternative solution given the initial
conditions (S, Emo, m0- Sho» o) such that by (14), we obtain

S;lp(z*) = Smpo + 71.,('36**) / k*'B*il( k*)e 71
Fr (K™, Spup (k) B (k%) Ly (K7), Sy (K), 17, (K*)) A7k,
Z *
E;p(z*) :Emo_’_%/ k*ﬁ*—l(z*_k*)e 71><

T2 (K%, Spup (K*), By (K7), Ly (K7), Sy, (k) 1, (7)) 7K,

I;knp(z*) = lyo + F(IBB**) / k*,B* 1( k*)@ —1y

Fa(k*, Spup (K*), Epup (k) Doy (K7), Sjyy (k) 175, (k™) )d "k
Sii(2) = S0+ Fgey / N S

Fu(k, S (K*), B (%), 1y (K*), Sy (K7), 1 (7)) d¥K,
5 (%) = Iy + f@)/ kBl (gr )8 1

F5 (K=, Spup (K ), B (k) Ly (K*), S (), 1, (K) )

Therefore,
* % * .B* 'z *Pi—1 )0 — 1
Bm@rsm@nsnm/ RPN k)

‘fl(k*rsmp(k*)rEmri(k*)rlmr?(k*)/slh(k*)r|lh(k*))
—fl(k*lsi% (k) B (k%) U (K, Spyy (K7), 1, () ) [ K,
< r 9* / k*ﬁ —1 k*)@ 7]K1||Smp _ S;sand*k*’
< OA[[|Syp — Sppll-

This leads to

[1 = @A ][ISmp = Sipll < 0.
Therefore, from (21), the preceding inequality is valid if [|Syp — S5, || = 0, or else if Syp = Sj;,
From the same approach, we can extract the following:

[Emp — Eppll < [1 = OA]|[Emp — Egppl,

This leads to
[1—O©A|[Emp — Epypll <0
Thus, the inequality is valid if |E;y — Ej,, || = 0; alternatively, if Eyyp = Ej,,. Next, we have
p = Taupll < [1 = ©As][[lnp = Lisp -
Which gives
(1= @As][[lnp — Lipll < 0.
Thus, the inequality is valid if ||y — I3, [| = 0, or if lyp = I};,. Moreover,
1St = Sipll < [1 = ©A] ISy = Sp I,
yields
[1—0A][ISim — Sjll < 0.
Thus, the inequality is valid if ||S;;, — S}, || = 0, or Sy, = S}, Finally,

Mn =1l < 1= OAs] |1 — 1l
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this gives

Thus, the inequality is valid if ||l — 1},

[1—0As]|[l; — 131l <0.
I = 0, or Ilh = I?h

(Smp(2%), Bunp (27), S (27), hmp (27), i (27) (27)) =
(Siup (2°), Epp (27) T (27), Sy (27), 11, (27) 7 (27))-

. The above assertion leads us to

These observations show that the Caputo fractal-fractional maize streak model (4) likewise has
a unique solution. O

4.4. Stability Criterion

Having a reliable system is especially important when working with fractional calculus. When
dealing with fractional derivatives, the Ulam-Hyers—-Rassias (UHR) and Ulam-Hyers (UH) stability
is among the most appealing types of stability that may be achieved. While the Ulam-Hyers stability
was initially introduced in [32], it was generalized by Rassias in a subsequent publication [33].
This instability is common in natural occurrences and makes it hard to find a precise or correct
answer. In modeling approaches where exact solutions may be hard to find, the Ulam-Hyers stability
is employed to regulate the proposed model’s dynamics effectively. The stable solutions to the
Caputo fractal-fractional maize steak model (4) using Ulam-Hyers and Ulam-Hyers—Rassias will be
discussed here.

Definition 4 ([27]). The Caputo fractal-fractional MSVD model (4) is stable uccording to the criteria of
Ulam-Hyers, if 30 < My, € R,i = 1,2,3,4,5 such that V w; > 0, and ¥(S;,,, Enp, Uup, Siy 1) € U,

satisfying

1CF D0 S () = F1(Siup(2), Epp (27), b (27), S5, (29, 15, ()| < 1o,
167D 2 B (2°) = Fa(Siup (), Einp (21, Gp (2°), S5 (), 1, ()| < s,
1CF DG 05 (2) = Fa(Siup (), B (2°), i (), S5 (), 1y (29))] < g,
167D 55, (27) = Fa(Siup (), By (2°), U (27), S (), 1y () < w0,

0%, B % *
|Cf@ /3| ( )

0,z* _]:5(521 ( ) Ejnp( )rlrnp( ),th(z )rll*h(Z*)l < tos.

(22)

There exists (Smp, Emp, Sins lmp, in) € U, fulfilling the Caputo fractal-fractional MSVD model with
the equations (4) such that

Smp(z*))| < M, 01,
= (Z*) Emp(z"))| < Mp,102,
[13p (%) — 51h(2*))\ < Mg w3,
1S (2") = lmp(27))| < M, w04,
17, (z") = |lh( NI < M os.

[Sp(27) =

(23)

Remark 2. (Sjjqp, E;, mp mp,S;‘h, Ilh,R*) € U* is a solution of (22) if and only if 3D1, Dy, P3, Dy, P5 €

C([0,T],R

(depending upon S¥,, S5, ST, R, respectively) s.t. Vz* €,
P 8 UPOTL Sy mp mpr 2 \n 4 Y

(i). |P;(z*)| <w;, (i=1,2,3,4,5), and

CFDYS,,(2%) = Fi(Siup(27), B (27), G (27), 7 (27, 15, (2)) + @1 (27),
CFRY B Eny(z) = FalSip(2"), B (27), G (27), Siy (27, 15, (2)) + D2 (2%),
CFop B0, (2%) = F3(Shp(2*), Epp (27, p (27), S5y (2), 1, (2)) + @3(27),
CFRY S5 (2") = FalSiup(2"), Egp (2), L (27), Siy (1), 1y (27)) + a(2"),
CFop B 1 (2%) = Fs(Shp(2™), B (2*), lp (27), S, (27), 15, (27)) + @5(2")

(24)
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Definition 5. The Caputo fractal-fractional MSVD model (4) is UHR stable with respect to the func-
tions ¥;, i = 1,2,3,4,5 whenever 30 < Mgy, € R,i = 1,2,3,4,5 such that V w; > 0 and for all
(Stups Eups Uinps Siys 1y RY) € U*, satisfying

(CF DY St (27) = Fi(Shup(2*), Egup (), i (27), S5y (2), 15, ()| < 10154 (27),
1CF DY B (2%) = Fa(Siup (2), Einp (2), Gp (2°), S5 (), 15, ()] < maZa(2"),
CF DY A1, (2) = Fa(Shp (27), B (2), Vi (29), S5, (), 15, ()| < moaZs(z),  (29)
1CF D 57, (2) — Fal(Siup(2°), Epnp (), i (27), Si (1), B ()| < w0aTa(2"),
|Cf©82’3*l*<*>ffs<s:np<z*>,E;p<z*>, np(2), S5, (E)] < wsEs ("),

B (Smp, Emp, Stns lmp, li,) € U*, satisfying the Caputo fractal-fractional MSVD (4) with

|Sip(2") = Smp(2))| < Mg, 5, 01%0(27),
|E:np(2*) —Emp(z"))| < Mg, x,00%0(2"),
5y (z%) =S (z))| < Mg, z,0323(2"), (26)
S5, (Z") = lmp(z*))| < Mp, 5,4%4(2"),
155, (z*) = lin(z"))| < Mz, 5 05%5(2%).

Remark 3. (S5, E;p, mpr St 1) € U™ is a solution of (25) iF 31, Dy, @3, Py, $5, P € C([0, T, R)
(based on S,’;p, Emp, mpr Slh' Ilh' respectively) such that Vz* € ],

(). |®;(z*)] < Zi(z*)wj, (i =1,2,3,4,5), and

(ii).
CFp BSh,(2%) = Fi(Shp(2*), Efup (7). p (27), S5y (2), 1, (29)) + @1.(27),
CFop B Bl (2%) = Fa(Shp(2*), Efp(2*), p (27), S5y (27), 1, (2)) + @2 (27),
CFRO B0y (2%) = Fa(Shp(2®), Efp(27), p (27), S5y (27), 17, (29) + @3(2%),  (27)
CFRO BSh(2*) = Fa(Shp(2*), Epup(2°), p (27), S5y (2), 1, (2), ) + @4 (%),
CFOO B0 (2) = Fs(Shp(2*), Ep (%), lip (%), Sfy (2, 15, (27)) + @5 (27).

Theorem 6. The Caputo fractal-fractional MSVD model (4) is UH stable on ] := [0, T| such that
®A <1, i€{1,234,5}

whereas © is given in (16), if assumption (V1) holds.

Proof. Suppose w; > 0and S;,, € A such that

mp
CFDY BeSs (2) = Fi (2%, Shups Efupr lips i 1) ]< w1
Then, taking into account the Remark, 2, 3 ®;(z*), which leads to
T L Siup(e) = F1 (2" Spy Ennps s i Vi) + P1(2"),
and |®q(z*)| < 7. Therefore,
St (") =Smpg + / kP k)P -1

Fi (K%, S,ﬁi (k*), Ep (K), 1 (K*), Sy (k) 155, (k) ) ¥k *

:B* / k*ﬂ**l k*)f) 71q) (k*)d*k*

Based on Theorem 5, we consider Sy, € A to be unique. Then, Sy, (z*) is calculated as follows:
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Smp(z") = Smpgy + fg**)/ kb 1( k*)e “Ix

F1 (k*, anp(k*), Ep (K*), 1, (K), S, (K%), Ifh(k*)) d*k*.
And so, we obtain

|5;1p(2*)—5mp | / k*ﬁ*71 k*)e 71|(I> (k*)ld*k*

- F
:B* / #Pi—1 *\6*—1
t1@ fy KTTE R
x| Fr (K7, Sy (), B3 (k™) 15, (k™) Sy (), 1, (), )
-F (k*,Sm,,(k*), Emp(k*)r |mr7(k*)rslh(k*)r |lh(k*)) |d*k*,
< @e1 + OA|S}y — Supl.

Hence,
@I’Ul
1-0A;°

fMzp = = @A , then [|S,, — Sup|| < M, 101. Similarly,

IStnp = Smpll <

[Enp — Empll < Mpwon, |1y — lmpll < Mzyvos,  [|S), — Sinll < Mz, tog,

117, = ]l < Mz;ros,
where

0 .
M]:z = 1_7%, (1 S {1,2,3,4,5})

As a result, the UH (Ulam-Hyers) stability of the Caputo fractal-fractional MSVD (3) is met.

O

Theorem 7. Suppose (V1): I nondecreasing mappings ¥; € C([0, T],R*), (i € {1,2,3,4,5} and Uy, > 0

such that Vz* € J.

Cf39 Fexi(z) < Og Ei(z%), (i € {1,2,3,4,5}.

(28)

When (V1) is satisfied, the Caputo fractal-fractional MSVD model (4) is Ulam—Hyers—Rassias stable.

Proof. For each vy > 0and VSj,, € A accomplishing
CTDY L S (2%) = Fi(2%, Spp (), B2, 1 (2), S3, ), ()| < mor 2 (2),
3P (z*) s.t.
PG Snp(2%) = Fi(2%, Sip (), (), 1 (27), S (), (1) + @12,
and |®q(z*)| < w1Xq(z*). Therefore,
Sip(2") =Smpg + Bs / *k*ﬁwl(z* P

r(6)
Fulk, S (), E (), 1 (K°), S, (k) iy (k")) Ak

:B* / k*ﬂ**l k*)G 71CI) (k*)d*k*

Again, based on Theorem 5, we consider Sy, € A to be the unique solution of the Caputo

fractal-fractional model (4). Then, S, (z*) is calculated as follows:

Smp(z*) _ k*)G —1

F1 (K", Smp (k) Emp(k*), Imp(k*)r S () i (k7)) A7k
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We obtain

S;p (") = Smp(z")

ﬁ* /S #¥Bi—1/ x _ 1x\0%—1 * *7%
1‘(9*) Jo k (Z k ) |h1(k )‘d k

:B* /Z* wBi—1/ % _ 1x\0"—1
+F(6*),o k (z" — k%) X

[0, S (6°), By ), 5 (), 5 (6°), ()

= F1 (K%, Sup (k™) Eap (K*), i (K*), Sy (k) Ny (k7)) d "™

7

z* N
< ab /0 kP (2 — ) T () Ak + O AL Sy — Smplls

= I(6%)
< &10x, 1 (2%) + A1 Sy — Sy
Therefore,
I3y — Smpll < ZPEEAE)
If
U,

Mrx = 1"604,"

then [|S5,, — Smpll < mlM(Fl,El) Y1(z*). In a similar vein, we have

[Ep — Empll < sz(fz,Zz)Zz(Z*), [ = lmpll < w3Mz, 5,55(2%),

IS = Sinll < waMg, 5, %4(2z"),
15, — || < wsMz, 5. 55(2%),
where

Oy, .
M]:i/zi = m, (Z S {2,3,4,5})

Therefore, the Caputo fractal-fractional MSVD model (4) is UHR stable. [

5. Numerical Simulation and Discussion

In this section, we present the results of the numerical simulation of the proposed model with
Holling’s Type III using the parameters presented in Table 1 and the initial conditions S, (0) =
24,000, E;up(0) = 500, lyp(0) = 100, Sy,(0) = 300, I;(0) = 100. We also compare the dynamics
of Holling’s Type II and Holling’s Type III using the number of healthy maize, healthy leafthoppers,
infected maize, and infected leafthoppers. In Figures 1 and 2, we present the numerical simulation of
our Caputo fractal-fractional model (4) with an integer order and also for different fractal-fractional
orders. We observe from Figures 1a-d and 2 that the integer-order model (when 6, = p* = 1) predicts
lower healthy plants and higher unhealthy maize plants than the fractional-fractal order models.
Thus, the integer order exaggerates the impact of MSVD on the maize field. In Figures 3 and 4, we
plot the simulation results by fixing the fractal dimension and varying the fractional order. We
observe that for non-fractal models, higher fractional orders predict lower healthy maize plants
and higher unhealthy plants (see Figures 3a—d and 4, respectively). Moreover, for a fixed fractional
order (see Figures 5a-d and 6), increasing the fractal dimension, similar dynamics are observed as in
fixing the fractal dimension and varying the fractional order. These results further strengthen the
need to employ fractional-fractal models in studying infectious diseases. However, to derive the
most benefit from these models, methods for fitting such models to observed data need to develop
and improve. To study the effect of some epidemiological factors on the dynamics of MSVD in the
maize plants, we solved the fractional-fractal model for varying values of those factors (parameters).
In Figures 7a—d and 8, the impact of the maize field’s invasion rate by the leafhoppers is presented
by varying the invasion parameter b;. We observe that higher invasion rates have a devastating
effect on the maize plants, leading to reduced healthy plants and increased unhealthy plants. This
shows that if farms are projected to reduce the visitation of leafthoppers on farms, there will be
an increase in healthy maize and a better subsequent yield. Further, to study the impact of the
benefit derived from the consumption of maize plants by the leafhopper population, we simulated
the model for varying values of the conversion rate parameter a (Figure 9a—d). It is observed that
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higher conversion rates lead to lower exposed maize plants. This is attributed to the fact that as
more and more of the plants are visited and consumed, fewer remain unvisited/susceptible to
exposure to MSVD. Figures 10a—d and 11 show the dynamics of varying the maize streak virus
transmission rate from infected leafhoppers to maize when the fractal and fractional orders are kept
at 0.95. Thus, we noticed that an increase in the maize streak virus transmission rate from infected
leathoppers to maize leads to a reduction in healthy maize and healthy leathoppers but an increase in
infected compartments. Figures 12a-d and 13 show the dynamics of varying the maize streak virus
transmission rate from infected plants to leafhoppers when the fractal and fractional orders are kept
at 0.95. We noticed that an increase in the maize streak virus transmission rate from infected maize to
leafthopper similarly leads to a reduction in healthy maize and healthy leafhoppers but an increase in
infected compartments. Therefore, this indicates that when preventive measures are taken to reduce
Bum and By, it will reduce the low-yielding effect of maize due to the maize streak virus disease on
farms. Finally, in Figure 14a—d we present the numerical simulation of the model for the effect of the
Holling’s Type II and Holling’s Type III responses. We observed that Holling’s Type III predicts a
higher population of healthy and unhealthy maize plants than Type II.

Table 1. Parameter Description and Values for the Caputo Fractal-Fractional Model.

Baseline

Parameter Description Value Source
by Relative increase rate of leafhoppers 20 [71
Brim Rate of maize streak virus transmission from infected leafhoppers to maize 0.06 Assumed
Brmn Rate of maize streak virus transmission from infected plants to leafthoppers 0.04 [34]
Hmp Maize plant mortality due to natural causes 1/120 [35]
Hin Leafthoppers mortality due to natural causes 1/33 [36]
a Rate of conversion of infected leathopper 0.0045 Assumed
0 Maize with the ability to resist infection from MSVD 0.001 [7]
€ The percentage of exposed maize 0.50 [7]
o Death of maize plants caused by MSV 0.001 [7]
r The maize plant grows at an intrinsic rate 0.0005 [4,37]
ah* Product of leafthopper attack rate and time spent processing maize plant 0.4 [4]
K Carrying capacity 10,000 [4]
m Relative rate of conversion of susceptible maize by leathopper 0.5 Assumed
72 Relative rate of conversion of exposed maize by leafhopper 0.25 Assumed
73 Relative rate of conversion of infected maize by leathopper 0.17 Assumed
25100 : : : : 12000
—0" = 1.00, 6, = 1.00
— 0 =0.95, 5, = 0.95
6" =0.90, 5, = 0.90
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8000
15}
g £ 6000}
v &
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0 ‘ ‘ ‘ ‘ ‘ 0 ‘ ‘ ‘ ‘ ‘
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Figure 1. Cont.
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Figure 1. Numerical results of varying both fractal order and fractional order 6* = B, =
0.95,0.90,0.85, 0.80 with fixed fractal dimension.
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Figure 2. Numerical results of varying both fractal order and fractional order 0* = B, =
0.95,0.90,0.85, 0.80 with fixed fractal dimension on infected leafhoppers.
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Figure 10. The dynamical effect of varying the maize streak virus transmission rate from infected

leafthoppers to maize on each model compartment.
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Figure 13. The dynamical effect of varying the rate of maize streak virus transmission from infected
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Figure 14. The dynamical effect of Holling’s Type II and Holling’s Type III functional responses.

6. Conclusions

Epidemiological models are essential because they provide helpful biological explanations and
possible ways to prevent and control infectious diseases. We used Holling’s Type III and fractal-
fractional derivatives to improve the model in [7] to examine the dynamics of maize streak virus
disease. The Banach principle, which shows that all continuous functions under a specific norm
belong to the same subclass, was used to study whether or not there are solutions. The Lipschitz
property illustrated that the Caputo fractal-fractional model of maize streak disease had a unique
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solution. The stability test for solutions of the given Caputo fractal-fractional model was studied
using Ulam-Hyers and Ulam-Hyers—Rassias and their extended forms. The numerical strategy for
the fractal-fractional maize streak model was provided by utilizing the Adams—Bashforth approach.
Finally, several simulation results highlight the effect of the fractal-fractional orders and model
parameters on disease dynamics. The increased leafthopper visitation of maize fields is shown to have
devastating effects on healthy plants and hence efforts should be made to protect maize fields. These
efforts could include the use of pesticides and MSVD-resistant strains of maize. Moreover, natural
predators of leafhoppers could be introduced into the maize fields to help control the population of
leafthoppers when they visit. The effect of natural predators of leafthoppers on the dynamics of MSVD
is the subject of our next research on MSVD. Future research directions should aim at developing a
resistant maize varieties mathematical model, using integrated pest management strategies, increase
awareness and education about the disease among farmers, and develop a fractal-fractional reaction—
diffusion model of maize streak virus disease.
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