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Abstract: We consider a system of Riemann-Liouville fractional differential equations with multi-
point coupled boundary conditions. Using some techniques from matrix analysis and the properties
of the integral operator defined on two Banach spaces, we establish some Lyapunov-type inequalities
for the problem considered. Moreover, the comparison between two Lyapunov-type inequalities is
given under certain special conditions. The inequalities obtained compliment the existing results in
the literature.
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1. Introduction

We are interested in the systems of nonlinear fractional differential equations with
multi-point coupled boundary conditions

DfLu(t) + f(t,u(t),o(t) =0, t € (a,b),
D2 o(t) + gt u(t),0(t) =0, t € (a,b),

u(a) =0, u(b) = i;aliu(gi) + iﬂzjv(ﬂj), @D
1= ]:

ww=awm=i@w@+immw,
i= j=

whereaq,b e R,0<a<ba<g1 <G < - <Cp<ba<m<m<--<n,<b,
a; > 0(i =1,2,3,4j=12,...,n),1 < B; <2(i =1,2), Dfi(i = 1,2) is the Riemann—
Liouville fractional derivative, and f, g : [a,b] x R*> — R are given functions. Using the
spectral radius of the matrix, we establish Lyapunov-type inequality for (1). The well-
known Lyapunov inequality [1] shows that a necessary condition for the second-order
linear differential equation

y'() +q(t)y(t) =0, a<t<b,
u(a) =u(b) =0
to have nontrivial solutions is that
’ d —4 2
| la)lds > 5= @

Lyapunov inequality has found many practical applications such as estimates for inter-
vals of disconjugacy [2] and eigenvalue problems [3] in investigating the qualitative proper-
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ties of solutions of differential equations, marking the difference between Equations (4) and
integral Equations (5). Since then, inequality (2) was rediscovered and generalized many
times; see, for example [2-5].

The first Lyapunov-type inequalities for fractional boundary value problems is due to
Ferreira [6], where he established the following result:

If a nontrivial solution to the Riemann-Liouville fractional boundary value problem

Diy(t) +q(t)y(t) =0, a<t<b, 1<a<?2, 3)
{ u(a) = u(b) =0

exists, where g is a real and continuous function, then

Poeoro(s)”

By substituting the Riemann-Liouville fractional derivative D}, in (3) by the Caputo

fractional derivative CD2‘+, a Lyapunov-type inequality [7] was obtained as follows:

If g € Cla, b], then
b T(a)a”
[, s >

holds if there is a nontrivial solution for the following Caputo boundary value problem

D% y(t) +q(t)y(t) =0, a<t<b, 1<a<2,
{ u(a) =u(b) =0.

In [8], Ferreira addresses the issue of further research directions for Lyapunov-type
inequality. After that, some results related to the study of Lyapunov-type inequalities for
various types of fractional differential equations were obtained; see the survey article of
Ntouyas et al. [9] and its complemented survey [10,11], and the papers of [12-15] and
references therein. For example, in [12], a Lyapunov-type inequality was obtained for a
higher order Riemann-Liouville fractional differential equation with fractional integral
boundary conditions, and the lower bound for the eigenvalues of nonlocal boundary value
problems was also presented. In [13], the authors proved a Lyapunov-type inequality for a
class of Riemann-Liouville fractional boundary value problems with fractional boundary
conditions. In [14], a Lyapunov-type inequality was obtained for Riemann-Liouville-type
fractional boundary value problems with fractional boundary conditions

{ DY y(t) +q(ty(t) =0, t€ (ab),
y(a) = DE u(b) =0,

wherel < a <2,0 < B <1,q € Cla,b]. It was proved that if (4) has a nontrivial solution, then

4)

/b(b P lg(s)ds > — &g ca—p<i,

(b—a)p~1
and
)220&*[372 )
/\q To—a T if1<a—-pB<2

In [15], Wang et al. considered multl—pomt boundary value problem of the form
Dy u(t)+q(t)u(t) =0, te(ab), 2<a<3,

m—2
u(a) = u'(a) =0, D' u(b) = Y. 0,08 u(gy),
i=1
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where Dj, is the Riemann-Liouville fractional derivative,a < {1 < {» < --- < {2 <D,
by > 0,0 <46 = 2?1:_12 bi(& —a)* Pl < (o —B—2)(b—a)* P2, and obtained the
following Lyapunov-type inequalities:

[yt [(b oty T "f_zf bi(s —a) | q(s)|ds > T(a).

Recently, Jleli, O'Regan and Same [16] studied a coupled system of Caputo fractional
differential equations

— (D u)(t) = f(t,u,0), t€ (ab),
—(°DF, v)(t) = g(t,u,0), t € (a,b), ®)
u(a) =u(b) =0, v(a) =0v(b) =0,

(0—1)0"1(b—a)f-
61T (6)
proved the following Lyapunov-type inequalities:

where 1 < a,f < 2. Let IY(6,h) =

1 b
/ h(s)ds for h € Cla,b]. They
a

1

b b b b b b 2
Blap) + BB, p2) + | (12, pr) = 1B, p2) ) + 410G, pr2) (B, pn) | 22,

if (5) has a nontrivial solution and there exist positive functions p;; € Cla,b] (i,j = 1,2)
such that

|f(t,u,0) — f(t,w,z)| < pr1(H)|u —w| + pr2(t)|o —z|, t € [a,b], u,0,w,z €R,
and
lg(t,u,v) —g(t,w,z)| < par(t)|u—w|+ paa(t)|v—2z|, t€lab], uv,w,zeR.

It is worth mentioning that, for the above fractional differential equation, the method
used to obtain the fractional Lyapunov-type inequalities is the Green’s function approach
that derives the Green’s function of the equivalent integral form of the boundary value
problem being considered and then finding the maximum or an upper bound of its Green’s
function. In addition, compared with a large number of references devoted to the study
of Lyapunov-type inequalities for fractional differential equations, there is not much un-
dertaken for systems of fractional differential equations. To the best of our knowledge,
there is no paper to study the Lyapunov-type inequality for systems of Riemann-Liouville
fractional differential equations with coupled boundary conditions. The objective of the
present paper is to fill the gap in this area and, more extensively, to study the Lyapunov-type
inequalities for the systems of nonlinear fractional differential equations with multi-point
coupled boundary conditions (1). Coupled boundary conditions appear in the study of
Sturm-Liouville problems and reaction-diffusion Equations [17], and have applications in
many fields of sciences and engineering, such as thermal conduction [18] and mathematical
biology [19]. The reader may consult the paper [20] for the initial study of differential equa-
tions under coupled boundary conditions and the paper [21,22] for fractional differential
equations equipped with multi-point boundary conditions.

This paper has three significant features: the boundary conditions contain coupled
multi-point boundary conditions and uncoupled multi-point boundary conditions; the
establishment of three Lyapunov-type inequalities for (1) is mainly based on matrix analysis
and the properties of the operator T defined on two Banach spaces E x E and E; X Ep;
the comparison between two Lyapunov-type inequalities for (1) is given under certain
special conditions.
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The organization of this paper is as follows. In Section 2, we present preliminary
definitions and properties of fractional calculus, several essential lemmas associated with
this work. The main results and their proof are given in Section 3.

We make the following assumptions on the systems of nonlinear fractional differential
equations (1):

(HO) Llij > O(i = 1,2,3,4;j = 1,2,. . .,Tl), Kl']' > 0 (l,] = 1,2) and x é K11K22 — K12Kp1 > O,
where fa1

n (x — 4\B1—1 na.(._a)z—
a a 2j\1]
Kllzlfz z(gz ) :Z J\']

= (bfa)ﬁl_l , K12 ]-:1 (b*ﬂ)ﬂz—l ’

n -1 n (1. — q\B2—1
asi(&; — a)P1 agj(nj —a)
Bilei —@)T =1y WY

Y (b—a)pi-1 K22 ). (b—a)P1

i=1 j=1

(H1) f,g: [a,b] x R? — R are continuous.
(H2) There exist positive functions p11, p12 € Cla, b] such that

f(txy)| < pu®)]x|+pr2®)lyl, t€[ab], x,y €R.
(H3) There exist positive functions py1, p22 € Cla, b] such that

1g(t,x,y)| < par(t)[x| + p2(t)|yl, t € [ab], x,y €R.

2. Preliminaries

In this part, we first give some basic definitions, lemmas and theorems.

Definition 1 ([23,24]). The derivative with fractional order « > 0 of Riemann—Liouville type is
defined for the function o defined on [a, b] as

(n) ot
Dy o(t) = I*(nl—zx) (i) /a (1?—(;52'1—’1115' t €labl,n=1[al+1,

where I'(n — ) is Euler gamma function.

Definition 2 ([23,24]). The integral with fractional order « > 0 of Riemann—Liouville type is
defined for the function o as

1 t -
) = £ / (t—s)lo(s)ds, t € [a,b],
where T' () is Euler gamma function.

Lemma 1 ([23,24]). Suppose that ¢ € Cla,b],n € N*,and n — 1 < a < n. Thus, the general
solution of Dy, u(t) = ¢(t) is

u(t) = I o)+ (t— a)“‘l + ot — a)”‘_2 +ooodo(t—a)n,
suchthatc; € R, j=1,...,n.

Let E = C[a, b] be the Banach space equipped with norm ||x|| = m[a?] |x(£)] for x € E.
tela,
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Consider the system of linear fractional differential equations
DRV u(t) + g1(t) =0, t € (a,b),
n n
u(a) =0, u(b) =Y ayu(&;) + Y arjo(n;),
i=1 =1 ©)

DP2o(t) + ga(t) = 0, t € (a,b),

mw=awm:i@wm+iamw,
i= j=

then one has the following lemma.

Lemma 2. Let ¢1, ¢ € Cla, b] then (u,v) is a solution of (6) if and only if (u,v) is a solution of
the integral equation

u(t) = /ab Gn(t,s)(pl(s)ds+/ab Gua(t,5)pa(s)ds,

o) = [ Gult,s)gr($)as + [ Gualto)ga(s)ds,

where
(t—a)fi=1 &
Gu(t,s) = Gg,(t,s) + YT = Y (koa; + K12a5i) G, (&, 5),
x(b—a) =
(t—a)p—1 &
Gp(ts) = ——— . \G . 8),
12(t,5) w(b—a)pi 1 ];(Kzzﬂzj + K1204j) G, (17, 5)
(t—a)fr~1 &
Ga(t,s) = (b —a)pr 1 i:1(K21ﬂ11' + x11a3:) Gg, (8iv ),
t—a)pf21 &
Ga(t,s) = Gp, (t,5) + x((b—i)ﬁzl Y (k21a2) + K1104) G, (11, 5),
j=1
and
—g)Bi—1
. W(b —s)fi Tl (=), a<s<t<b;
— 2B
Gg.(t,8) = —— 7
pilts) L(Bi) | (t—a)fi-1 1 7
W(bis)ﬁl ﬂ<t§s<b
—a i
Proof. Deduced from Lemma 1, we obtain
u(t) = ~IPLgr(6) + ealt — )P 4 et — @), ®

o(t) = — 12 a(t) + di (£ —a)P2 !+ da(t —a)P 2,
Therefore, the general solution of (6) is
t(r_ \Bi-1
u(t) = - / &(Pl (s)ds +c1(t — )P~ + oo (t — a)P172,
a T(p)

o(t) = - /ﬂt “;(Sﬁ)f)z_lfpz(s)ds +di(t—a) " 4 dy(t—a)P2 2,



Fractal Fract. 2023, 7, 454

6 of 15

Since u(a) = v(a) = 0, it is clear that c; = dy = 0. Let u(b) = cand v(b) = d, so we
conclude that

—5)h—1
c=utr) =~ [ s aw-ah,

—g)B2-1
d=v(b) =— /:7 %¢2(s)ds+d1(b —a)P 1,

Hence, (8) implies

b (t )/51 1

()= [ Gp (. )pa(s)ds e gy, o
b (t a)ﬁZ 1
:./H G,32(t,s)<p2(s)ds+d(b )T

where Gg, (t,s) is given by (7).
It is worth noting that #(1) = c and v(1) = d. In order to determine ¢, d, we require
that the function in (9) should satisfy multi-point boundary conditions in (6), i.e.,

n b n b
=z%/%@wmmHz%/%mmmww

(Gi —a)Pr~ - ’71*“)}32 '
+c2a11 : —F +d202]( DF T

n

b
Z@:z/ Gﬁl Giss )(Pl d5+2a4]/ Gﬁz 1,8 )902( )

i=1 j=1
N —a51 la ﬂ]—a)ﬁz !
(bl -1 Za3l+d2a4] a)p21

The above two equations are written in matrix form

n b n b
Y [ Gp@uei(s)ds+ Y as; [ G (1, 5)¢2(s)ds
( K11 —K12 )( c ) _| = =1 7t

_ d n b n b
o a5 [ Gy (@uoi(s)ds + Y as; [ G (1), 5)¢2(s)ds
i=1 j=1

Since k¥ = k11K — K12K01 # 0, there is

K
c= 2 ﬂlz/ Gg, (Girs)g1(s d5+*zﬂ3z/ Gg, (Girs)g1(s)ds
7Za2j/a Gg, qj,s)q)z(s)ds—i—? 2014]'/11 Gg, (11j,8) p2(s)ds
j=1

1

1 n = b

;Z(KzzﬂliﬂLKuﬂai)/u Gp, (Girs)p1(s)ds
=1

n

b
+- Z(K22“2j+1(12a4j)/a Gp, (11j,5) @2 (s)ds
=i

P
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and
K21 v b K11 v b
d= 72(111‘/0 Gﬁl(éi,s)qol(s)ds+?2a3i/a G/gl(@i,s)q)l(s)ds
i=1 i=1

K21 b K11 b
+—= ) a2j/ﬂ Gg, (11j,8) p2(s)ds + —~ ) ﬂ4j/a Gg, (11j,8) p2(s)ds
= =i

1& b
— ;Z(K21011+K11613i)/a Gg, (Girs)g1(s)ds
5 b
+- Z(K21‘12j+7<11114j)/a G, (17j,5) 92 (s)ds.

=1

=

Hence,

b _4\p1—-1 =n b
u(t) :/11 Gﬁl(ffs)§01(5)d5+;((é)_a2)ﬁl_l12(K22ﬂ1i+1<1203i)/u Gg, (irs)@1(s)ds

(t—a)fr=1 &

b
+Kw_a)511]2("22”2j+7(12a4j)/a Gg, (11j,8) p2(s)ds

b b
:/a Gn(t,s)qm(s)ds—l—/a Gra(t, s)a(s)ds,

b _4\B2—1 =n b
v(t) =/ﬂ Gﬁz(f,5)¢2(5)d5+1(((tb_aa)),321izl(Kzlﬂli+K11ﬂ3i)/a Gg, (irs)@1(s)ds

(t—a)f~1 &

b
+K(b_a)ﬁ21]§(7€21112]'+7€11114j)/ﬂ Gﬁz(iy]-,s)qoz(s)ds

b b
= / Goi(t,s)@1(s)ds +/ Goo(t,s)@a(s)ds
Ja a
and the proof is complete. [

Lemmas 3-5 below give some important properties of Gg, (t,s) and Gj(t,s). Parts
(1)-(3) of Lemma 3 are taken from [6] and part (4) of Lemma 3 follows from the expression
of Gﬁl (t, S).

Lemma 3 ([6]). The Green function Gg,(t,s) defined above satisfies the following conditions:
(1) Gg,(t,s) > 0 forallt,s € [a,b].
(2) max Gg,(t,s) = Gg,(s,s), s € [a,b].
tclap] !

(3) Gg, (s, 8) has a unique maximum, given by

a+b a+b 1 (b—a\P!

max Gp,(s,8) = Gﬁi< 2 ' 2 ) - T(B) ( 4 ) ‘
1 (t — a)/gi_l
T(B:) (b—a)Pi~t

Lemma 4. Fora < §; < b, we have

(4) Gg,(t,5) < (b—s)Pi forallt,s € [a,b].

N R R T i1
srg[i,)lj] Gﬁ,‘(glrs) = Gﬁ,‘(gllgl) = 1"(,31) (b — ﬂ)ﬁi*l (b gl) :

Proof. Let us start to define two functions

(G —a)pi !

81(s) = m(b—s)ﬁﬁl —(Gi—9)P a<s <& <y,
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and

. g)Bi—1
o(s) = ((é;_;:));s,-l(b —s)fi7l, a< G <s<b

It is easy to see that g»(s) is a decreasing function on [g;, b], and we have

. g)Bi—1
9206) < $2(8) = Gy (68) = Er 6 =97 s € 4,0

On the other hand, since 1 < B; < 2and s € [a,§;], we have
dgi(s) ., G —aPt s g2
dS - <:BI 1) (b*ﬂ)ﬂi—l (b S) (Cl S)

. g)Bi—1 i —s)Pi2
= —(Bi—1)(b—s)f "2<(<%_ a))/gil - (é - s>>ﬁf2 ) =0

Therefore, g1 (s) is an increasing function on [a, ¢;] and g1(s) < g1(&;) = Gg, (i, &i). O

Lemma 5. Four functions Gjj (i,j = 1,2) defined in Lemma 2 satisfy the following conditions:
(i) Gi]-(t,s) < Ajjforalla <t,s <b,
(ii) Gij(t,s) < pyj(t — a)Pi=1(b —s)Pi~t foralla < t,5s <b,

where Ajj, uij (i,j = 1,2) are given by

1 b—a\Pr! " (kppm1; + K10a3;) (& — a)P171
— i . ,Bl_1
LG v Ve o= e LA
1 Z Ba-1 pa-1
Mo = — (k22a2j + K12a4) (17j — a)P> (b —1;)P> 7,
KL (B2) (b —a)Pr—1 =1 ! 1 !
Aoy — 1 - ) N(E Bi-1(p NB1—1
2= B (b =) i:Zl(Kzlﬂh +x11a3:) (& —a)" (b —¢;)P T,
1 b—a ﬁz’l " (ko100 + K11045) (17 — a)P21
Ap = —— b—n;)P,
2=y (C5) 7] Yy e GRS
K 1
iy = 2

(B —ap1 12T T () (b —a)pi T’

and
1 K11

P b —ap T PR T () (b — e T

Proof. For sake of simplicity, we only prove Lemma 5 for function Gi1(f,s). Similar
arguments apply for the other function.
Using Lemmas 3 and 4, we obtain

t—a)p—1 &
(t—a) Y (x20a1; + x1203;) G, (G, )

Gr1(t, = Gg, (t, _
11(t,s) g, ( S)+K(b—a)ﬁ1—1 i:l

n

1
< Gpy(s,8) + Y (ko2 + K12a5i) G, (Gi, &i)
i=

1 (b—a\PT! 1 & (ko + kipaz) (G — )Pt gy
SF(ﬁl)( 4 ) JrKl"(,Bl)i:l (b —a)pi-1 (b—28i)

= M1,
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and
(t—a)pr—1 &
Gul(t,s) = Gpg(t,s)+ (b —a)fi 1 Y (k22a1; + x1203;) G, (8, )
im1
1 (t—a)pr! -1
STEI b ap 1Y
+ (t—a)p—1 & 1 (g—ap! (b— S)ﬁlfl

(b —a)pi1 Z;(Kzzﬂli + K1243;) T(B1) (b—a)pi-1
t

)ﬁlfl Bi—1 K22 Z?:l aii + K12 2?21 43z p1-1
(b—s)177 |1+ k(b —a)Pr—1 (6 —a)™

(
(

1 (t—a)pr! (b— )P {1+K22(1K11)+K12K21}
( K

(b—s)Pr =y (t—a)fr (b —s)Pr L.

In the next section, nonnegative square matrices will be used in order to present
Lyapunov-type inequalities for systems of nonlinear fractional differential Equation (1).
In this proof, a key role will be played by the so-called convergent to zero matrices. A
nonnegative square matrix M is said to be convergent to zero if

Mk—>0, as k — oo.

Let us recall that a real square matrix M = (bij) 2x2 is said to be nonnegative and write
M > 0if bi]- > 0fori,j = 1,2. For square matrix M, My, we say M; > My if My — M, > 0.
Similar definitions and notation apply for vectors.

We denote by Mz+ the set of square nonnegative matrices. For a matrix M € My, let
Trace(M), det(M) and p(M) denote the trace, the determinant and the spectral radius of
M, respectively.

Lemma 6 ([25]). Let C € M. If p(C) < 1, then

lim C" = 0.

n—o0

Lemma 7 ([16]). Let C € Mz+ Then

o(C) = Trace(C) + \/[Tmzce(C)}2 — 4det(C)

Lemma 8 ([26]). If My > My > 0, then p(M3) < p(My).

3. Main Results
For p;; € Cla, b] (i,j = 1,2), let

b b
Jii(p1j, p2j) = )\z‘l/ p1;(s)ds +/\i2/ p2j(s)ds, i,j=1,2.
a a
Theorem 1. Suppose that (H0)-(H3) are satisfied. If (1) have a nontrivial solution, then

Ji1(p11, p21) + J2(p12, p22)
(10)

+\/[]11(P11, p21) — Jo2(p12, P22))? + 412 (P12, p22) J21 (P11, p21) = 2.
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Proof. Let (u*,v*) € E x E be a nontrivial solution of (1), and suppose that

Jii(p11, p21) + J2(p12, p22)

(11)
+\/[111(P11, p21) — J2 (P12, p22) 1% + 4T12(p12, p22) o1 (pi1, p21) < 2.

Let us introduce the operator T : E X E — E X E given by
T(u,v) = (T1(u,v), Ta(u,v)), u,v€E,

where

Ty (u,0)(t) = /ab Gr1(t,s)f(s,u(s),v(s))ds + /ab Gra(t,s)g(s,u(s), v(s))ds,

Ty(u,0)(t) = | * Gor(t,) £ (s, u(s), () )ds + / ' Gonlt,9)3(5,u(s), 2(5)ds,

and Gj; (i,j = 1,2) is defined in Lemma 2. By Lemma 2, (1*, v*) is a nontrivial fixed point
of T.
Using (H2) and Lemma 5, for all t € [0, 1], we obtain

lu*(t)] = [Ty (u*,0")(t)]
b b
S/a G11(t,5)|f(Sru*(S)/U*(S))|dS+/a Gua(t,s)|g(s,u™(s),v"(s))|ds
< [ ut ) (pu)lu(5)] + prafs) o (5) s
+ /ab Gra(t,s)(p21(s)|u” (s)| + paz(s)[v*(s)])ds
< (An /ﬂb p11(s)ds + App /ub le(S)dS) [ ]
+()\11 /ub p12(s)ds + A1z /ﬂb Pzz(s)ds) [[o* |-

Therefore, we obtain

lu*|l < Jin(p11, p2a) ™[] + Ji2(p12, p22) 107 |- (12)

Similarly, using Lemma 5 and (H3), we have

l0*[| < Ja1(p11, p2u) 1™ || + J22(p12, p22) |07 (13)

Combining (12) with (13), we deduce that
( [|u*|] > < ( Ju(pii, p21)  Ji2(pi2, p22) )( ||| )
lo*ll ) = \ Jai(pu,p21)  Jo2(pi2, p22) [[o* |l
By induction, for n € N, we have
( [l ) < ( Ju(pi,pn)  Ji2(pr2, p22) )( | )
1%l ) =\ Jai(p11,p21)  Jo2(pi2, p22) [[o* |l
Next, using Lemma 6, Lemma 7 and (11), we deduce that
[u] = [lo*]| =0,

which contradicts the nontriviality of (u*,v*). This proves (10). [
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For p;; € Cla, b] (i,j = 1,2), let
b Br—1 Bi—1
j(pypay) =i [ pyy()(b—9)P7 (s =) lds
b
+y,'2/ p2j(s) (b — s)P2 (s —a)Pi~lds, i,j=1,2.
a

Theorem 2. Suppose that (H0)-(H3) are satisfied. If (1) have a nontrivial solution, then

Lii(p11, p21) + ba(p12, p22)

(14)
+\/[111(P11,P21) — Do (p12, p22)]? + 4l (P12, p22) 1 (p11, p21) = 2.
Proof. Let (u*,v*) € E x E be a nontrivial solution of (1), and suppose that
hi(p11, p21) + I2(p12, p22)
(15)

+\/[111(P11,P21) — Io(p12, p2)]* + 4ha(p12, p22) I (p11, p21) < 2.
For u,v € E, by the bounded property of continuous functions, there is K > 0 such that
|[f(s,u(s),0(s))| <K, |g(s,u(s),v(s))| <K, s & [a,b].
With the use of Lemma 5, we have
T o)1) < [ Gt (s v(s)lds + [ Gualt,s)lg(s, () v(s)) s
< Ky (t—a)fr ! /b(b —5)P17ds + Ky (t— a)Pr ! /aa(b —s)P2"lds

a

_ (K;m(b —a)h o Kpaa(b — a)P? > (t—a)Pr1,

B1 B2
and p P
— 1 — 2
|T2(u, ,0) (f)| < (KplZl(b El) + KVZZ(b a) ) (f _ a)ﬁz—l.
B B2
This implies that T; maps all of E x E into the vector subspace E; of E, where E; is
given by

Ei={u € E: thereis M > 0such that [u(t)| < M(t —a)Pi", t € [a,b]}.
Evidently, E; (i = 1,2) are Banach spaces with the norm
|ul; = inf{M >0: |u(t)] < M(t—a)Pi"!, t € [a,b]}.

Therefore, (1*,v*) is a nontrivial fixed point of T in E; X Ej.
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Using (H2) and Lemma 5, for all t € [0, 1], we obtain

|u(t)]

< [ Gutt s u(s)oelds + [ Gt s)lgls, ), o)l

< [ s+ pra(lo())ds

< [ Gl pale)us) + pa(olo(o))ds

< =0 0= 9P (pu)ulsls — P + i) ollals — s
Haalt = [ 6= 98 @l (s~ 0P+ pa(s)lolals - ) s

< (i [ pu©@-5n =0 s

sz [ pan(6) (=907 s — )P s )l ¢ - )
+ (Vll /uh p12(s) (b — s)ﬁ1*1 (s — a)ﬁzflds

sz [ pa(s) (b= )P s = )P as ) folalt — )

Therefore, we obtain

Jully < hi(prspau) ulls + ha(prz, p22) [[0]]2- (16)
Similarly, using Lemma 5 and (H3), we conclude

lolln < I1(p1s p2n) llully + L2(p12, p22) [[0]l2- (17)
Combining (16) with (18), we deduce that

< [[e]l2 ) < ( hi(pi,p21)  ha(p2 p22) > ( 14 >
[0l ) = \ Im(p11,p21)  lo2(pr2 p22) [[0]]2
With the consideration of Lemma 6, Lemma 7 and (15), we deduce that
Il = 0"l =0,

which contradicts the nontriviality of (u*,v*). This proves (14). O

Let
gij(s) = (b — sPi (s —a)fi™l, seab], i,j=1,2.

Now, we differentiate g;;(s) on (a,b) and we obtain
8(5) = (b= 5)P2(s )P Zla(Bi 1) +b(8; ~ 1) ~ s(Bi + f; - 2)

which implies that g5(s) = 0 only at HES % Note that g;;(a) = g;;(b) = 0. By

the continuity of g;;, we conclude that

(b— )P Pi2(p; — 1)P~ (g — 1)

(Bi-+ 2P0 o

8ij(s) < gij(sy;) =
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For p;; € Cla, b] (i,j = 1,2), let
* b * b s e
Cij(p1j, p2j) = Vilglj(51j)/a p1;(s)ds + ]41‘2g2j(52j)/a p2j(s)ds, i,j=1,2.
The following theorems are immediate.
Theorem 3. Suppose that (HO)-(H3) are satisfied. If (1) have a nontrivial solution, then
G (pu, p21) + C22(p12, p2)
(19)

+\/[§11(P11,P21) — 002(p12, P22) | + 4812 (P12, p22) 001 (P11, p21) = 2.

Finally, we will compare two inequalities (10) and (19) in the case that 1 = B». If
B1 = B2, by (18), we obtain

*x\ A * b_a 2‘8172 . .
8(s7) = gijlsi) = | —5— ,ij=1,2, (20)

and square nonnegative matrices My = (I;;(p1j, p2j) )2x2 and My = (Z;j(p1j, p2j) )2x2 become

7

M, = ( M1 A ) /ﬂ: p1(s)ds /": p12(s)ds
/ﬂ p21(s)ds /u P (s)ds
and

/Hb p11(s)ds /ab p1o(s)ds

_o(s) [ P11 H2 ’
M, = g( )< > /abpzl(s)ds /ﬂbPZZ(SMS

M21  H22

It is worth noting that

1 (b—a\P! 1 ¢ L (b—g)pit
__ - (== ) NE —g\p1—1V 1)
Ay = T(B1) ( a ) + XT(B1) i:1(K22a11 + x12a3;) (§i — a) (b—a)fi1’

and

_ o\ P11 n B1—1

Then, it is easily seen that A1 < p119(s*) if # <¢ <bforalli=1,2,...,n,and
A1 > png(s*)ifa < g < # foralli =1,2,...,n. In the same way, fori,j = 1,2, we
can prove
(1) )Ll']' < yZ]g(s*) if 11—14—17317 < (;‘,’k,ﬂk <bforallk=1,2,...,n,
(i) Ajp > yﬂg(s*) ifa <&, < # forallk=1,2,...,n.
Therefore, if "Z—sh < Crmy <bforallk =1,2,...,n, we obtain that 0 < M; < M,. This
together with Lemma 8 show that inequality (10) is the improvement of inequality (19).

Similarly, inequality (19) is the improvement of inequality (10) if a < ¢, 11 < # for all
k=1,2,...,n.

4. Conclusions

In this article, we investigate a system of Riemann-Liouville fractional differential
equations with multi-point coupled boundary conditions. The first Lyapunov-type inequal-
ity is obtained by matrix analysis and the Green’s function approach, where the Green’s
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function approach implies deriving the Green’s function of the equivalent integral form
of the boundary value problem being considered and then finding an upper bound of its
Green’s function (note that the maximum value of the Green’s function of (1) exists, but the
analysis is somewhat complicated). The second Lyapunov-type inequality is obtained by
matrix analysis and the properties of the operator T defined on Banach spaces E; X Ej. The
third Lyapunov-type inequality is the corollary of the second Lyapunov-type inequality.
Finally, the comparison between the first and the third Lyapunov-type inequalities is given
under certain special conditions. We expect that the second approach used in this paper
can be applied to study a system of various fractional boundary value problems, and we
will continue to discuss the optimal version of the constants appearing in the Lyapunov-
type inequality and seek other ways to obtain fractional Lyapunov-type inequality in
future papers.
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