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Abstract: As a generalization of intuitionistic fuzzy sets, single-valued neutrosophic sets have certain
advantages for solving indeterminate and inconsistent information. In this paper, we study the fuzzy
inference full implication method based on a single-valued neutrosophic t-representable t-norm.
Firstly, single-valued neutrosophic fuzzy inference triple I principles for fuzzy modus ponens and
fuzzy modus tollens are shown. Then, single-valued neutrosophic R-type triple I solutions for fuzzy
modus ponens and fuzzy modus tollens are given. Finally, the robustness of the full implication of
the triple I method based on a left-continuous single-valued neutrosophic t-representable t-norm is
investigated. As a special case in the main results, the sensitivities of full implication triple I solutions,
based on three special single-valued neutrosophic t-representable t-norms, are given.

Keywords: single-valued neutrosophic set; single-valued neutrosophic t-representable t-norm; full
implication triple I method

1. Introduction

It is widely known that fuzzy reasoning plays an important role in fuzzy set theory.
Particularly, the most basic forms of fuzzy reasoning are fuzzy modus ponens (FMP for
short) and fuzzy modus tollens (FMT for short), which can be shown as follows [1,2]:

FEMP (A, B, A*): given fuzzy rule A — B and premise A*, attempt to reason a suitable
fuzzy consequent, B*.

FMT (A, B, B*): given fuzzy rule A — B and premise B*, attempt to reason a suitable
fuzzy consequent, A*.

In the above models, A, A* € F(Y) and B, B* € F(Y), where F(X) and F(Y) denote
fuzzy subsets of the universes X and Y, respectively.

The most famous method to solve the above models is the compositional rule of
inference (CRI for short), which is presented by Zadeh [2,3]. However, the CRI method lacks
clear logical semantics and reductivity. In order to overcome these shortcomings, Wang [1]
proposed the fuzzy reasoning full implication triple I method, which can bring fuzzy
reasoning into the framework of logical semantics [4]. In recent years, many scholars have
studied the fuzzy reasoning full implication method. Wang et al. [5] provided unified forms
for the fuzzy reasoning full implication method based on normal and regular implications.
Pei [6] provided a unified form for the fuzzy reasoning full implication method based on
the residual implication induced by left-continuous t-norms. Moreover, Pei [7] established
a solid logical foundation for the fuzzy reasoning full implication method based on left-
continuous t-norms. Liu et al. [8] provided a unified form for the solutions of the fuzzy
reasoning full implication method. Luo and Yao [9] studied the fuzzy reasoning triple I
method based on Schweizer-Sklar operators.

Although fuzzy set theory has been successfully applied in many fields, there are
some defects in dealing with fuzzy and incomplete information. Turksen [10] proposed
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interval-valued fuzzy sets, which represented a subinterval in [0, 1] membership function.
In recent years, some high-quality research results on interval-valued fuzzy reasoning
have been achieved. Li et al. [11] extended CRI method on interval-valued fuzzy sets.
Additionally, Luo et al. [12-15] studied the interval-valued fuzzy reasoning full implication
triple I method and reverse triple I method based on the interval-valued-associated t-
norm. Moreover, Luo et al. [16] studied the fuzzy reasoning triple I method based on the
interval-valued t-representable t-norm.

Although the interval-valued fuzzy set has some advantages in dealing with fuzzy and
incomplete information, it has defects in dealing with fuzzy, incomplete and inconsistent in-
formation. In order to deal with these issues, Smarandache [17] and Wang et al. [18]
proposed the single-valued neutrosophic set—the truth-membership, indeterminacy-
membership and falsity-membership degree are real numbers in the unit interval [0, 1]. In
recent years, scholars have paid attention to studying the single-valued neutrosophic set.
Smarandache [19] proposed n-norm and n-conorm in neutrosophic logic. Alkhazaleh [20]
has provided some norms and conorms based on the neutrosophic set. Zhang et al. [21]
provided new inclusion relations for neutrosophic sets. Hu and Zhang [22] constructed
the residuated lattices based on the neutrosophic t-norms and neutrosophic residual im-
plications. Zhao et al. [23] studied reverse triple I algorithms based on the single-valued
neutrosophic fuzzy inference. So far, there is only a little research on the fuzzy reason-
ing method based on single-valued neutrosophic sets. Therefore, we studied the fuzzy
reasoning triple I method based on a class single-valued neutrosophic triangular norm.

The structure of this paper is as follows: some basic concepts for single-valued neutro-
sophic sets are reviewed in Section 2. In Section 3, we give fuzzy inference triple I principles
based on left-continuous single-valued neutrosophic t-representable t-norms, and the cor-
responding solutions of single-valued neutrosophic triple I methods. In Section 4, the
robustness of the triple I method based on left-continuous single-valued neutrosophic
t-representable t-norm is investigated. Finally, the conclusions are given in Section 5.

2. Preliminaries

In this section, we review some basic concepts for the single-valued neutrosophic set,
single-valued neutrosophic t-norm and single-valued neutrosophic residual implication,
which will be used in this article.

Definition 1 ([18]). Let X be a universal set. A single-valued neutrosophic set A on X is charac-
terized by three functions, i.e., a truth—membership function t o (x), an indeterminacy—membership
function i (x), and a falsity—membership function fa(x). A single-valued neutrosophic set A can
be defined as follows:

A= {(x,ta(x),ia(x), fa(x) | x € X},

where t 5(x),ia(x), fa(x) € [0, 1] and satisfy the condition 0 < t4(x) +ias(x) + fa(x) < 3 for
each x in X. The family of all single-valued neutrosophic sets on X is denoted by SVNS(X).

The set of all single-valued neutrosophic numbers denoted by SVNN, ie,
SVNN = {(t,i,f) | t,i,f € [0, 1]}. Let & = (ta,in, fa), B = (tg,ip, fp) € SVNN, an or-
dering on SVNN as « < B if and only if ty < tg,in > ig, fo > fp,a = piffa < B
and B < a. Obviously, a A B = (ta Atg,ia Vig, fa V fg), «V B = (ta Vg, ia Nig, fa N fp),
ié\llxi = (Nierta;, Vieria, Viel fa;)s igllxi = (Vierta;, Nieria;s Nieifa;), 0° = (0,1,1) and 1* =
(1,0,0) are the smallest element and the greatest element in SV NN, respectively. It is easy
to verify that (SVNN, <) is a complete lattice [18].

Definition 2 ([23]). The function T: SVNN x SVNN — SVNN defined by T (x,f) =
(T(tastg), S(ia,ig), S(far fp)) is a single-valued neutrosophic t-norm, which is called a single-
valued neutrosophic t-representable t-norm, where T is a t-norm and S is its dual t-conorm on
[0, 1]. T is called a left-continuous single-valued neutrosophic t-representable t-norm if T is
left-continuous and S is right-continuous.
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Definition 3 ([23]). A single-valued neutrosophic residual implication is defined by Ry (a, ) =
sup{y € SVNN | T (vy,a) < B}, Va,p € SVNN, where T is a left-continuous single-valued
neutrosophic t-representable t-norm.

Proposition 1 ([23]). Let & = (ts,in, fa), B = (tg,ip, fg) € SVNN, then Ry, (a,B) =
(R (ta, tﬂ), Rg (iﬁ, in), Rg (fﬁ,f,x) ), which is the single-valued neutrosophic residual implication
induced by left-continuous single-valued neutrosophic t-representable t-norm, where Rt is the
residual implication induced by the left-continuous t-norm T; Rg is the coresidual implication
induced by the right-continuous t-conorm S.

Example 1 ([23]). The following are three important single-valued neutrosophic t-representable
t-norms and their residual implications.

(1)  The single-valued neutrosophic Lukasiewicz t-norm and its residual implication:
Ti(e,p) = ((ta+1tp=1) VO, (ia+ig) AL (futfp) A1)

Ry (@) = (LA (1= ta+1g), (ip = ia) VO, (fp = fu) VO).
(2)  The single-valued neutrosophic Gougen t-norm and its residual implication:
Tco(a, B)= (tatp, in +ip —inip, fa + fp — fafp)-
(1,0,0), if ty <'tg, ig <in, fg < fa,
<1,0, ff_’j[> if ty < tg, ig <in, fa < fp,
<1lf%jo> if ty < tg, in <ig f5 < fu
(1, "f_‘ii%,ffjf{%>, it < tg, in <ig, fo < fp
<}f,0,0>, if tg < to, ip <in f5 < fur
(2,0, 25, i tg < b i <in, fu < fi,
(£ 452,0), i tg < b, ia < ig, f3 < fu
<i—f,%,€ﬁ:}:">, if tg < to, ia <ig, fo < fp.

(3)  The single-valued neutrosophic Godel t-norm and its residual implication:

R, (@, B) =

7&(“’5): <toc /\tlg, iy \/iﬁr fa \/fﬁ>~

(1,0,0), if ty <'tg, ig <in, fg < far
(1,0, fp), if ta < tp, ip < i, fa < fp
<<1/iﬁr0>>/ ift, < tﬁ/ iy < ilg, fﬁ < fa
B 1,ig, fg), if to < tg, in <ig, fa < f5,
R (2 p) = <t/g,ﬁ(),63>, if tg < tf, ig < if, fp < ff,
(tg,0, fg), if tg < ta, ip <in, fu < fp,
<t‘3,iﬁ,0>, if tﬁ <ty Iy < l"B, f/g < f:x/
<tﬁ/ lﬁrfﬁ>/ if tﬁ <ty iy < iﬁ/ fa < fﬁ

3. Single-Valued Neutrosophic Fuzzy Inference Triple I Method

Definition 4. (Single-valued neutrosophic fuzzy inference triple I principle for FMP). Sup-
pose that R is a single-valued neutrosophic residual implication induced by a left-continuous
single-valued neutrosophic t-representable t-norm T, A, A* € SVNS(X) and B € SVNS(Y).
LetP(x,y) = R(R(A(x),B(y)),R(A*(x),1*)), and B(A,B,A*) = {C € SVNS(Y) |
R(R(A(x),B(y)), R(A*(x),C(y))) = P(x,y),x € X,y € Y}. If there exist the smallest ele-
ment of the set B(A, B, A*) (denoted by B*), then B* is called the single-valued neutrosophic fuzzy
inference triple I solution for FMP.
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Definition 5. (Single-valued neutrosophic fuzzy inference triple I principle for FMT). Sup-
pose that R is a single-valued neutrosophic residual implication induced by a left-continuous
single-valued neutrosophic t-representable t-norm T. A € SVNS(X) and B, B* € SVNS(Y).
LetQ(x,y) = R(R(A(x),B(y)),R(0*,B*(x))), and A(A,B,B*) = {D € SVNS(X) |
R(R(A(x),B(y)),R(D(x),B*(x))) = Q(x,y),x € X,y € Y}. If there exist the greatest ele-
ment of the set A(A, B, B*) (denoted by A*), then A* is called the single-valued neutrosophic fuzzy
inference triple I solution for FMT.

Theorem 1. Let A, A* € SVNS(X), B € SVNS(Y), R be single-valued neutrosophic residual
implication induced by a left-continuous single-valued neutrosophic t-representable t-norm T,
then the single-valued neutrosophic fuzzy inference triple I solution B* of FMP is B*(y) =

sup,exT (A% (x), R(A(x), B(y))) (Yy € Y).

Theorem 2. Let A € SVNS(X), B, B* € SVNS(Y), R be single-valued neutrosophic residual
implication induced by a left-continuous single-valued neutrosophic t-represent-able t-norm T,
then the single-valued neutrosophic fuzzy inference triple I solution A* of FMT is A*(x) =
NyeyR(R(A(x), B(y)), B*(y)) (Vx € X).

Definition 6 ([4]). A method for FMP is called recoverable if A* = A implies B* = B. similarly,
a method for FMT is called recoverable if B* = B implies A* = A.

Theorem 3. The single-valued neutrosophic fuzzy inference triple I method for FMP is reductive if
A is normal single-valued neutrosophic set.

Theorem 4. The single-valued neutrosophic fuzzy inference triple I method for FMT is reductive
if single-valued neutrosophic residual implication R satisfy R(R(A,0%),0) = A, and B is
co-normal single-valued neutrosophic set.

4. Robustness of Single-Valued Neutrosophic Fuzzy Inference Triple I Method
Theorem 5. Let A,B € SVNS(X). d: SVNS(X) x SVNS(X) — [0,1] is defined d(A, B) =

max{ Vo |ta(xi) —tg(xi)|, V_lia(x;) —ig(x;)|, V_|fa(xi) —fB(xi)|}. Then, d is a metric
xieX x;eX x;eX
on SVNS(X), which is called a distance on SVNS(X).

Definition 7. Suppose that § is a n-tuple mapping: SVNN" — SVNN, Ve € (0,1). For
any A = {<tA].,iA].),fA].)>,\j: 1,2,---,n} € SUNN", Az(Ae) = V{d(F(A),§(A") |
A’ € SVNN",d(A, A") < €} is called ¢ sensitivity of § at point A. The biggest ¢ sensitivity of §

denoted by Ag(e) = Aesun Az (A, ¢) is called € sensitivity of §.
e n

Definition 8. Let A and A’ be two single-valued neutrosophic fuzzy sets on universal X. If
|A-A"| = \/Xd(A(x),A/(x)) < eforall x € X, then A is called e-perturbation of A.
xe

Theorem 6. Let A, A/, B, B', A* and A’* be single-valued neutrosophic fuzzy sets. If || A — A’ || <
& || B—B'||[<e | A* — A™ ||< ¢ B* and B'™* are the single-valued neutrosophic fuzzy inference
triple I solutions of FMP(A, B, A*) and FMP(A’, B', A™*) given in Theorem 3.1, respectively,
then the e sensitivity of the single-valued neutrosophic fuzzy inference triple I solution B* for FMP
is Ap-(¢) =|| B* — B™ [|< A7 (Ar(¢)).

Theorem 7. Let A, A, B, B/, B* and B'* be single-valued neutrosophic fuzzy sets. If
| A—A" ||< e || B=B |[<e¢ || B¥=B* ||< ¢ A* and A™ are single-valued neutro-
sophic R-type triple I solutions of FMT (A, B, B*) and FMT (A’, B, B™*) given in Theorem 3.2,
respectively, then the e sensitivity of the single-valued neutrosophic R-type triple I solution A* for
EMT is Ay (¢) =|| A" — A |< Ag (Ar(e)).
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5. Conclusions

In this paper, we extend the fuzzy inference triple I method on single-valued neu-
trosophic sets. The single-valued neutrosophic fuzzy inference triple I Principle for FMP
and FMT are proposed. Moreover, the single-valued neutrosophic fuzzy inference triple I
solutions for FMP and FMT are given, respectively. The reductivity and the robustness of
the single-valued neutrosophic fuzzy inference triple I methods are studied.

The logical basis of a fuzzy inference method is very important. In future, we will con-
sider building the strict logical foundation for the triple I method based on left-continuous
single-valued neutrosophic t-representable t-norms, and bring the single-valued neutro-
sophic fuzzy inference method within the framework of logical semantics.

Author Contributions: M.L. initiated the research and provided the framework of this paper. D.X.
and L.W. wrote and completed this paper with M.L. validation and helpful suggestions. All authors
have read and agreed to the published version of the manuscript.

Funding: This research was supported by the National Natural Science Foundation of China (Grant
Nos. 12171445, 61773019).

Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.
Data Availability Statement: Not applicable.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Wang, G.J. The full implication triple I method of fuzzy reasoning. Sci. China 1999, 29, 45-53.

2. Zadeh, L.A. The concept of a linguistic variable and its application to approximate reasoning. Inf. Sci. 1975, 8, 199-249. [CrossRef]

3. Zadeh, L.A. Outline of a New Approach to the Analysis of Complex Systems and Decision Processes. IEEE Trans. Syst. Man
Cybern. 1973, 3, 28—44. [CrossRef]

4. Wang, G. On the logic foundation of fuzzy reasoning. Inf. Sci. 1999, 117, 47-88. [CrossRef]

5. Wang, GJ,; Fu, L. Unified forms of triple I method. Comput. Math. Appl. 2005, 49, 923-932. [CrossRef]

6.  Pei, D.W. Unified full implication algorithms of fuzzy reasoning. Inf. Sci. 2008, 178, 520-530. [CrossRef]

7. Pei, D.W. Formalization of implication based fuzzy reasoning method. Int. . Approx. Reason. 2012, 53, 837-846. [CrossRef]

8.  Liu, H.W.,; Wang, G.J. Unified forms of fully implicational restriction methods for fuzzy reasoning. Inf. Sci. 2007, 177, 956-966.
[CrossRef]

9.  Luo, M;; Yao, N. Triple I algorithms based on Schweizer-Sklar operators in fuzzy reasoning. Int. J. Approx. Reason. 2013, 54,
640-652. [CrossRef]

10. Turksen, I. Interval valued fuzzy sets based on normal forms. Fuzzy Sets Syst. 1986, 20, 191-210. [CrossRef]

11. Li, D.-C,; Li, Y.-M,; Xie, Y.-J. Robustness of interval-valued fuzzy inference. Inf. Sci. 2011, 181, 4754-4764. [CrossRef]

12.  Luo, M.; Zhang, K. Robustness of full implication algorithms based on interval-valued fuzzy inference. Int. |. Approx. Reason.
2015, 62, 61-72. [CrossRef]

13.  Luo, M.; Zhou, X. Robustness of reverse triple I algorithms based on interval-valued fuzzy inference. Int. . Approx. Reason. 2015,
66, 16-26. [CrossRef]

14. Luo, M.; Cheng, Z.; Wu, J. Robustness of interval-valued universal triple I algorithms]. J. Intell. Fuzzy Syst. 2016, 30, 1619-1628.
[CrossRef]

15. Luo, M,; Liu, B. Robustness of interval-valued fuzzy inference triple I algorithms based on normalized Minkowski distance.
J. Log. Algebraic Methods Program. 2017, 86, 298-307. [CrossRef]

16. Luo, M.; Wang, Y. Interval-valued fuzzy reasoning full implication algorithms based on the t-representable t-norm. Int. . Approx.
Reason. 2020, 122, 1-8. [CrossRef]

17.  Smarandache, F. Neutrosophy, Neutrosophic Probability, Set, and Logic. Analytic Synthesis and Synthetic Analysis, Philosophy; American
Research Press: Rehoboth, DE, USA, 1998.

18. Wang, H.; Smarandache, F.; Zhang, Y.Q.; Sunderraman, R. Single valued neutrosophic sets. Multispace Multistructure 2010, 4,
410-413.

19. Smarandache, F. N-norm and N-conorm in neutrosophic logic and set and the neutrosophic topologies. Crit. Rev. 2009, 3, 73-83.

20. Alkhazaleh, S. More on neutrosophic norms and conforms. Neutrosophic Sets Syst. 2015, 9, 23-30.

21. Zhang, X.; Bo, C.; Smarandache, F,; Dai, ]. New inclusion relation of neutrosophic sets with applications and related lattice

structure. Int. J. Mach. Learn. Cybern. 2018, 9, 1753-1763. [CrossRef]


http://doi.org/10.1016/0020-0255(75)90036-5
http://doi.org/10.1109/TSMC.1973.5408575
http://doi.org/10.1016/S0020-0255(98)10103-2
http://doi.org/10.1016/j.camwa.2004.01.019
http://doi.org/10.1016/j.ins.2007.09.003
http://doi.org/10.1016/j.ijar.2012.01.007
http://doi.org/10.1016/j.ins.2006.08.012
http://doi.org/10.1016/j.ijar.2013.01.008
http://doi.org/10.1016/0165-0114(86)90077-1
http://doi.org/10.1016/j.ins.2011.06.015
http://doi.org/10.1016/j.ijar.2015.05.006
http://doi.org/10.1016/j.ijar.2015.07.004
http://doi.org/10.3233/IFS-151870
http://doi.org/10.1016/j.jlamp.2016.09.006
http://doi.org/10.1016/j.ijar.2020.03.009
http://doi.org/10.1007/s13042-018-0817-6

Proceedings 2022, 81, 24 60f6

22.  Hu, Q.; Zhang, X. Neutrosophic Triangular Norms and Their Derived Residuated Lattices. Symmetry 2019, 11, 817. [CrossRef]
23. Zhao, R.R.; Luo, M.X,; Li, S.G. Reverse triple I algorithms based on single valued neutrosophic fuzzy inference. J. Intell. Fuzzy
Syst. 2020, 39, 7071-7083. [CrossRef]


http://doi.org/10.3390/sym11060817
http://doi.org/10.3233/JIFS-200265

	Introduction 
	Preliminaries 
	Single-Valued Neutrosophic Fuzzy Inference Triple I Method 
	Robustness of Single-Valued Neutrosophic Fuzzy Inference Triple I Method 
	Conclusions 
	References

