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Abstract: This paper shows that gravitational results of general relativity (GR) can be reached by
using special relativity (SR) via a SR Lagrangian that derives from the corresponding GR time
dilation and vice versa. It also presents a new SR gravitational central scalar generalized potential
V = V(r,7,¢$), where r is the distance from the center of gravity and 7, ¢ are the radial and angular
velocity, respectively. This is associated with the Schwarzschild GR time dilation from where a SR
scalar generalized potential is obtained, which is exactly equivalent to the Schwarzschild metric.
Thus, the Precession of Mercury’s Perihelion, the Gravitational Deflection of Light, the Shapiro time
delay, the Gravitational Red Shift, etc., are explained with the use of SR only. The techniques used in
this paper can be applied to any GR spacetime metric, Teleparallel Gravity, etc., in order to obtain
the corresponding SR gravitational scalar generalized potential and vice versa. Thus, the case study
of Newtonian Gravitational Potential according to SR leads to the corresponding non-Riemannian
metric of GR. Finally, it is shown that the mainstream consideration of the Gravitational Red Shift
contains two approximations, which are valid in weak gravitational fields only.
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1. Introduction

Throughout this paper, the weak Einstein’s Equivalence Principle (EEP) is adopted [1]
(p. 245):
me = m, )

where the gravitational mass (mg) is equal to the inertial rest mass (m), as it appears in
all classical mechanics (Newtonian Physics). Then, the following equality holds, for the
gravitational potential energy

u= mGV(r) = TTZV(,,), (2)

where V ;) is the gravitational scalar potential, which depends on the distance r only. In the
case of the gravitational scalar generalized potential that is used in this paper, Equation (2)
is valid only for the unmoved particles. The following four significant gravitational
phenomena are explained below, with both the General Relativity (GR) and the Special
Relativity (SR):

(i) Precession of Mercury’s Perihelion due to Sun gravity;

(ii) Gravitational Deflection of Light;

Particles 2021, 4, 536-576. https:/ /doi.org/10.3390/ particles4040039

https:/ /www.mdpi.com/journal/particles


https://www.mdpi.com/journal/particles
https://www.mdpi.com
https://orcid.org/0000-0001-5299-5167
https://orcid.org/0000-0002-4080-7146
https://doi.org/10.3390/particles4040039
https://doi.org/10.3390/particles4040039
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.3390/particles4040039
https://www.mdpi.com/journal/particles
https://www.mdpi.com/article/10.3390/particles4040039?type=check_update&version=2

Particles 2021, 4 537
(iii) Shapiro time delay; and
(iv) Gravitational Red Shift.
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Figure 1. (a) Precession of the pericenter (perihelion) of a particle/planet due to a spherical mass (the Sun). (b) Gravitational
deflection of a ray due to a spherical mass (the Sun). R is the (minimum) distance of the pericenter (perihelion) from the center
of gravity, A is the angle that the perihelion precesses per revolution, and ¢ is the half gravitational deflection of a ray.
The Newtonian scalar gravitational potential
GM
VN =-— R 3)

combined with the weak Einstein’s Equivalence Principle (EEP) (1) and SR provides a
method for calculating the precession of Mercury’s perihelion due to Sun gravity (Figure 1a),
according to which Q) = 7”.16 per century, [2] (p. 355), [3] (p. 338). This theoretical result
though is far from the experimental value: Qeyxp = 4 2”.9799(9)cy !, which is the contri-
bution of the Sun because of the Schwarzschild gravito-electric effect on the total precession
rate of Mercury’s perihelion [4] (p. 6), [5] (p. 152), where the Schwarzschild radius

2GM
's = "2 4

is used.
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On the other hand, the gravitational deflection of light (Figure 1b) is an effect that was
first predicted by Johann von Soldner in 1801. He solved the problem by using classical
mechanics and the Newtonian gravitational potential (3) [6] (p. 169) in the case of a ray that
contains particles (photons) moving with a steady speed v = ¢, which is grazing the Earth
(or the Moon, or the Sun). His result for the half deflection (¢) was

¢ . GM GM . rs (5)
MNP = JIRT 2CMR 2R 2R’
which gives the magnitude of the total deflection of a ray
2GM 2GM  rg
~ ~ = ©)

" VZRE-2GMR R R

where R is the minimum distance from the center of gravity. In 1911, Albert Einstein
obtained a similar result, before the development of GR. He solved the problem with the
use of SR, the EEP, and the Newtonian gravitational potential (3) and he obtained [7] (p. 904):

B 2GM _ rs 7
SR TR @

For a ray grazing the Sun, their calculations gave @ = 0”.84 and ® = 0”.83, respec-
tively. These results are nearly half of the observed value Oexp = 17.75 [8] (p. 249), which
was predicted by the Schwarzschild metric formula [5] (p. 153):

4GM 21’5
SRR ®
Generally, potentials that depend on the distance only (Vsg = Vsg(,)) are inefficient to
explain the gravitational deflection of light according to SR and/or classical mechanics,
in contrast to the gravitational central scalar generalized potential (160) (see below) according
to SR.

The above analysis explains why the gravitational field is usually studied by using
Geometric theories of gravitation according to GR [5]. The GR-EEP states that the accelerated
motions caused by the gravitational field only (free fall) happen along geodesics of the
metric, which corresponds to the particular gravitational field [2] (p. 248).

In this paper, we initially present the Schwarzschild metric and the corresponding
Lagrangian, GR time dilation, equations of motion, precession of planets’ perihelion,
gravitational deflection of light, and the Shapiro time delay. In addition, the corresponding
GR generalized potential energy is calculated by reducing the SR kinetic energy from the
GR total energy. Thus, it is shown that although the Schwarzschild metric is a static and
stationary metric of non-rotating mass, it produces a gravito-magnetic effect because the
SR gravitational potential and the SR gravitational relativistic force depend on the velocity
of the particle.

The next step is the development of a new method that obtains the GR gravitational
results with the use of SR via a SR Lagrangian, which comes from the GR time dilation.
Additionally, a new SR gravitational central scalar generalized potential V = V(r,7, $) of
spherical symmetry is used, where r is the distance from the center of gravity and 7, ¢ are
the radial and angular velocities, respectively. This method is applied in the case of the
Schwarzschild metric of GR and gives the same equations of motion, explaining thus the
precession of Mercury’s perihelion, gravitational deflection of light, and Shapiro time delay via SR.
Moreover, it is shown that the mainstream consideration of gravitational red shift contains
two approximations, which are valid for weak gravitational fields only. The alternative SR
explanation, which is based on the variable-speed electromagnetic waves around a center
of gravity, is presented as well.
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The procedure described in this paper can also be applied to any other GR spacetime
metric, such as the Kerr metric or the Kerr—Newman metric, in order to find the corresponding
SR gravitational potential.

The above procedure can also be reversed. Thus, if we start from the gravitational
central scalar generalized potential (160) (see below) according to SR, then the (Riemannian)
Schwarzschild metric is obtained. However, if we start from the Newtonian Gravitational
Potential (3) according to SR, then the corresponding metric of GR that is obtained is
non-Riemannian (see Section 6). So, the approach described in this paper can also be
extended to any theory of gravity (Riemannian and/or non-Riemannian), such as Lorentz
Gauge Theory [9-14], Teleparallel Gravity [15-21], etc., with the use of the corresponding
time dilation.

In this way, we can work with the gravitational fields in the same manner as in any
other type of field (such as the electro-magnetic field) in Minkowski spacetime (M*) with the
Lorentz metric and we avoid dealing with the motions of particles in the curved spacetime
of GR. This is also important for the concept of a unified description of the basic physical
interactions, where the biggest barrier is the gravity [9]. This is formulated in the GR
curved spacetime, while the other interactions are formulated in M4,

2. SR: Isometric Linear Transformations in Spacetime Endowed with the Lorentz
Metric (Minkowski Spacetime)

In the case of Relativistic Inertial Observers (RIOs), the representation of the non-
degenerate inner product on a holonomic basis [e,] = [eo, e1, €2, e3] = [ect, ey, €y, e;] in M*
is the matrix of the Lorentz Metric

gL = diag(—1,1,1,1). )
In addition, SR considers real universal speed

cr=c (10)

and the transformation (Lorentz boost) of a contravariant four-vector is

dX' = A(pdX, (11)
where
T
Np) = " 7?/3(5)13 1B = d p= lgil ) Fy] "
IUCLEE R dx? s i
and
1

= — 13
Y () N (13)

is the Lorentz y-factor (see e.g., [2] p. 24, eq. 1.47). The typical proper Lorentz boost along
the x-axis (see e.g., [2] p. 21, eq. 1.38) is expressed by the matrix

“Y(ﬁ)ﬁ ~Y(p)P 8 8

| = y

Aop = P71 (14)
0 0 0 1
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For a Particle (P) with real mass m, which is moving with velocity v p = Bpc with
regard to observer O, the relativistic kinetic energy, the relativistic energy, and the energy of
rest mass are, correspondingly:

K= (7(/3p) — 1) mc?; E = 'y(ﬁp)mcz; Eyest = mc>. (15)

3. GR: Metrics with Spherical Symmetry and the Schwarzschild Metric
3.1. The Metric of a Static and Centrally Symmetric Gravitational Field

The single tensor equation R, = 0 comes from Einstein’s field equations [8] (pp. 303,
396) applied in vacuum. This produces the metric of a static and centrally symmetric
gravitational field

ds? = 7f(r)C2dt2 + g<r)d1’2 + ]’l(,)dez + h(r) sin® 9d¢2/ (16)

with the following conditions [22] (p. 2):

N df>2; By = — (17)
&(r) f(r)<1—f(r))4<dr (r) (1—f(y)>2

where y is an arbitrary constant and f is an arbitrary function of r (not constant). According
to Birkhoff’s theorem, any metric of spherical symmetry can be reduced to a Schwarzschild
metric form, with the use of suitable coordinates [8] (pp. 230-231). It is noted that the
coordinates of metric (16) are referred to a Relativistic Inertial Observer with the origin
of its frame on the center of gravity O (RIO O). So, they are coordinates of Minkowski
spacetime (M*).

3.2. Schwarzschild Metric: Relativistic Potential, Field Strength, and Isotropic Form
The definition of the original Schwarzschild Relativistic Potential around a center of

(I) — 7In I — 1. |8)

This is related to the corresponding metric via the formula

2
h’lf(r) = C7¢’ (19)
which implies
rs
f(,) =1- - (20)

The substitution of the above equation and y = r5? to (17) gives

_ . _ 2
g(r) = }’5, h(r) =7T". (21)
1-—-2
r

So, we obtain the (Riemannian) original Schwarzschild metric [23]:

7 1
ds? = — (1 - rs) 2di? + ———dr? 4 r2d6? + 1 sin® 0d¢?, (22)
rs
1 _ -
p
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with spatial part

di? = dr? + r2d6? + 12 sin? 0d¢?. (23)

Ts
1- =2
;

In textbooks, the following definition is considered as the radial field strength (e.g., [8]
(p. 230)):

- 2 do dodr, R dodr
g :—V®:—Wr:—§ar:—gr;g:$a (24)
The positive value (g > 0) means gravity, while the negative value (g < 0) means antigravity.
Moreover, ]
:GM<1—r5> 2 >0 (25)
§= 2 r '

In the following, it is shown that the field strength on a moving particle is given by a different
formula (163), which also contains the velocity of the particle. Formula (25) just gives the
field strength of an unmoved particle.

The substitution of

2
s rs\ o~ ts . rs|2r rg ~ rsg
r—r<1+47> SEr+ = 4(75(1+ 1 r) 1) =75 (26)

2
rs 4
1-— yE rs L »
ds?=— [ —4| 2ap+ (1+2 (dr2 +72d6? + P sin? 9d¢2). (27)
s
142
E
Besides,
—2
d7 = di* +72d6? + 7 sin? 0d¢? = dx% 4 dy? + dz?, (28)
where
X =T7sinfcos ¢; ¥ =7sinfsin¢g;z =7 cos¥. (29)

So, (27) gives the isotropic form of the Schwarzschild metric [8] (p. 237):

2
1- 5 re\
ds? = — | — 47| 242 + <1 + i) (dfz +di? +c122). (30)
rs 4r
14>
4r

The approximation in (26) refers to r > rg. Besides, r = 7 is a good approximation,
F—r
because for r = 10rg the relative error is E, = = —5%, while for r = 100ry it is only

E;, = —0.5%.

3.3. Schwarzschild Metric: Lagrangian, Geodesics, Equations of Motion, Equation of Trajectory,
Precession of Planets’ Perihelion, Deflection of Light, and the Shapiro Time Delay

Consider a particle P with mass m, which is moving around the center of gravity O
with mass M. The definition of the Lagrangian [8] (p. 205):
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for the orbit on the “plane” 6 = 7t/2, gives the Schwarzschild Lagrangian [8] (p. 238):

r .2 1 . .2 d
L=m —(1—5> 2F + r2+r24> ;== (32)
r rs dt
1= r

where 7 is the proper time, i.e., the time indicated by an arbitrary moving ideal clock. The
Euler-Lagrange equations [8] (p. 205):

d (9L aL—O‘ =0,1,2 33
EW_W_'V_,’ (33)

yield the equations of motion:

Ecr = <1 - r5> meh = 4 (34)
r dt
% 2rrs ~ | -5 % - P 42rg’| = 0; (35)
== 3
,. . d
Jgr = mhgr = mre¢; " = ey (36)

where the integrals of motion are: the GR total energy (Egr) and the GR total angular
momentum (Jgr) of the system (hgr = Jgr/m is the GR angular momentum per mass unit),
according to RIO O. Lagrangian (32) also satisfies the condition

L= —mc. (37)

So, the solutions of the above equations of motion can also be used for the practical
determination of geodesics [8] (p. 205). Moreover,

dedt de dt , d d

_ 2n o pdedb
her = 10 = "o drdr i~ ar

where hy = Jn/m is the corresponding Newtonian angular momentum per mass unit. Further-
more, (35) can be written as

2 2
. rs rs.n rs rs 2-2 rs .2 . d
2 1 -_ - R _ — —= —_ —_ = M =
r( r) il + (1 r) € t 2(1 r> r¢ =0; EE (39)

or equivalently,

. 2 2 -2
d*r rs\  rsi rs\ s rs\ ¢ d
dr? ( r ) r? 2 + r) ¢ r) ! i 0; dr (40)

Thus, it derives

2 2
. rg rs.2 rs\ rs 5 rg .2 . d
21— 2] - = 1-2) 22 p(1-2 —0 = —. 41
r( r> rzr +< r) r2c < r) 9 =0 dt (41)




Particles 2021, 4

543

When r = 0, the motion is at the perihelion and/or aphelion or it is a Uniform Circular
Motion (UCM) or the particle is momentarily unmoved (for the extra condition (P = 0). So,

(41) becomes
7 —_ rj rj 2 —_ —_ 1,75 y 2 e - =
2r + (1 p > rzc 2 (1 p ) r 0; T (42)

The UCM (with r = R = const) gives the additional condition 7 = 0. Thus, the above
equation gives the angular velocity and the centripetal acceleration, respectively:

. d¢p  [GM v 2o GM _ 3
w_(p_a_ R3,a—§—w —F—8N~ (43)

As is known, the linear relation that connects N Euler—-Lagrange equations yields that a
non-constant solution for any (IN-1) of them satisfies the Nth as well [8] (p. 213). Since we
have already dealt with the case of r = constant, we can now ignore Equation (35) and use
Lagrangian (32) combined with condition (37) instead [8] (p. 239). Thus, we have

2
2 5 rg 5 rg\ -2 rs\ 5.2 . d
_ [T 1-5) 2 (1= = 44

or equivalently,

ar\’ rg\ 1 re\ r rngz d
Y 2 sy 28y (4TS 9
() o)) ()L w

With the use of (34) and (36), the above equations can be written:

2 2
2 2 rs Ecr rs\ hGr” . d
= 218y CR (SR 2 4
g C( r>+m2c2 ( r) 2’ dr’ (16)

2 2
dr g m2c* rg 1 hgr?
) =212 _ _ s ~"GR
<dt> c (1 r) [1 Ecr? (1 p 1+ ) , (47)
respectively.

The next step of the study is the determination of the connecting relation of the proper
time to the time of RIO O (GR time dilation with respect to RIO O), which is derived below
(50). Substituting this into (34), we obtain the final formula of the GR total energy. Finally,
the GR generalized potential energy is calculated by reducing the SR relativistic energy from
the GR total energy. Thus, we obtain a gravito-electric effect in the case of an unmoved
particle, while a moving particle also has a gravito-magnetic effect. So, we conclude that
even though the Schwarzschild metric is a static and stationary metric of non-rotating
mass, there exists gravito-magnetism because the GR generalized potential energy depends
on the velocity of the particle. This is not obvious in the case of GR, because the motion
on the curved geodesics is considered as inertial motion. However, Minkowski spacetime
endowed with a constant Lorentz metric and null curvature (K = 0) makes evident the above
consideration as the SR gravitational potential and the SR gravitational force depend on
the velocity of the particle as well.

The GR time dilation is obtained from the isometry of spacetime. Thus, (22) is rewritten as

r 1 7T
ds? = —c2d7? = — (1 — :) 2dt? + ——dr? 4 r?d6* + r*sin? 0d¢?; 6 = > (49)
r
L

p
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or equivalently,

2 2 2
dr rs 1 dry\ 1 ,(d¢) 1 T
<dt> _1_7_1 r5<dt> e’ <dt> "7 @)

r

This gives the connecting relation of the proper time with the time of RIO O (GR time dilation
with respect to RIO O)

2 52
e sy e >1 = (50)
e e o A | B

The corresponding connecting relation of the time of the unmoved observer located at distance
r =1q from O (local observer) with the time of RIO O (GR time dilation of the local observer with
respect to RIO O) is obtained from the above equation:

_1
dt s z
=(1-=2] >1 (51)
dt(?’o) ro

This gives the connecting relation of the proper time to the time of the local observer £, ) (GR
time dilation with respect to the local observer)

. dt(fo) dt(”o) dt rg. d
0= g T @ ar TR ar ©2)

Moreover, the substitution of (50) into (34) gives the final formula of the GR total energy
with respect to RIO O

rs
1-—= d
Ecr = r m&ZQ':a. (53)
1 s 1 7 ¢
| rec2 2
S
7

Next, the corresponding GR total energy with respect to the unmoved observer located
at distance r = ry from O (the local observer) is obtained as follows:
Schwarzschild Lagrangian (32) is rewritten as

2 2
B Y RN A VY L N LS V2252 d
e (1 7>C <df<m>> ( ar +1 2 T

r

where coordinate time is the local time t(, ). The application of the corresponding Euler—
Lagrange equation (33) for u = 0 yields

2
_ s 2 i dt(ry)
EGR(ry) = <1 r)’“c (dt(m)> dr ’ ©5)
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which, with the use of (51) and (52), is transformed to
rs
E —177mc2 P (56)
GR(T()) - T’S TO 7 — dT.
1— =2
o
This combined with (34) gives
_1
rs 2
EGrirg) = | 1— . Ecr, (57)

which relates the GR total energy with respect to the local observer to the corresponding one
of the RIO O.

Now, considering zero kinetic energy (K = 0), when the particle P is static (Bp = 0),
EGr(pp=0) = Erest + U(r), where Uy, is the potential energy of the unmoved particle. Substitut-
ing (15iii) and (51) into the above equation, we have

r
Uy = (\/; - 1) mc? < 0. (58)

This, combined with (2), gives the Schwarzschild Potential of the unmoved particle

r
Vm:(m—:—l)czgo, (59)

with respect to RIO O. The above is the central potential with field strength
=
— d V,\ GM T N
g(r):_drr:_ﬂ<1_rs> g (60)

which is the same as (25). Additionally, the mechanic energy Em = EGrR — Erest = K + Ug with
respect to RIO O is calculated:

rs
I—-— d
En = ! —1|me? = e (61)
rs 1 "
1= 2 2
r rgC c
r
Moreover, the GR generalized potential energy is defined as
ug = EGR — Erest — K= Egr — E.
The consideration of the SR relativistic energy (15ii) gives
_1
2 22 ’
rg rs 1 ¥ ¢ )
Ug: (1}’) 1-— 7+ 75?+CT = Y(pp) |MC, (62)
1 -

r
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with respect to RIO O. We also observe that if fp — 0, the above equation coincides
with (58).
Finally, the substitution of (50) into (38i) gives

2 .2
dt r 1 ¥ 2 d d
hGR:hNE:hN 1- 75-1- *—f-i > hy; hy =72 (P:* (63)

Nl—

In the case of a particle or planet at the perihelion and/or aphelion, or in UCM (where
r=R; r = 0), the above equation becomes

Nl—

25 2\ |

rs R dp - d

= —_ —_ > M = . = —
her = hn [1 (R t—0 Zhy =15 =4 (64)

More specifically, for a particle or planet in UCM, we obtain
-3 -3
rs GM Brs dp . _d

hGR:thl— <R+ CZR>‘| :hN[I_ZR > hy; hNZT’ZE} T (65)

where (43i) has been applied in the process.
In the case of a photon (m = 0), the velocity at an infinite distance from the center of
gravity O is ¢y = ¢; = c¢. Additionally, according to (36), the total angular momentum of

the system Jgr = mr2¢ = mhgp is generally finite and nonzero (except for radial motion).
So,

and (63) gives
, rs 1 i r2.2 _0‘__d o
S\l et e T T ©7
r

This can also be obtained from the energy formula (53), when considering E # 0. We
observe that the above equation relates the radial to the angular velocity of a photon located
at distance r. Furthermore, the speed of a photon (c,) is given by the formula

. .2
cp? = i + r247 . (68)
Thus, (67) becomes
2 [
rg 1 r cpt—r
1—-|—= =0, 69
r T rgc? T (69)
r
or equivalently,
rs )
rg 7 r Ccp
1 _ - — = 0. 7
. rgc® 2 0 (70)
1— 2
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In the case of a photon in radial motion, itis c, = r and (69) gives

rs 1
o= +(1-2)6 95y = —————, (71)
fs(z_ s)
v s

where the & sign signifies whether the photon moves away from O or approaches it. From
(71), it derives that when r = rg, i.e., on the horizon the speed of light is zero (c, = 0),
while as the distance from O becomes extremely large, |c,| — ¢ and the Lorentz y-factor
approaches infinity. In the case of motion at the perihelion/aphelion or UCM, where r = R,
r = 0, the photon speed is denoted by cg and (70) becomes

2
T C
1- (;‘l— fz) =0, (72)

/1= (73)
CR=2¢C R

The comparison of formulas (71i) and (73) yields that at the same distance from O, the
speed of a photon in radial motion is smaller than the corresponding speed at the perihe-
lion/aphelion or UCM. Moreover, the combination of (65) and (66) gives the corresponding
radius of UCM:

or equivalently,

3
R=rs. (74)

The above result can also be extracted by substituting (43i) into Schwarzschild metric (22) [8]
(p. 239). Furthermore, the substitution of (74) into (73) gives

1 2 ! (75)
cR=c\|[1—-=——.

The orbit of motion [8] (pp. 241-245) derives from the exact differential equation

()f()rbit
? 1y = 3 lz.nil.h 721)7 76
dcpz ]’lGRz c? ’ v e dt ( )

This presents a similarity to the orbit of a conic section with differential equation

d%u 1 1 GM

7"'_1/[: - - 7
d¢? R(1+e) all—e?|  hZy

whose solution

1 1+esing 1+esing GM

=_= = = (1 i 77
Ty R(1+e) all —e2| ~ hgr? +esing), @7)

where R is the (minimum) distance of the pericenter (perihelion) from the center of gravity
O, e is the eccentricity, « is the semimajor axis of the conic section, and the angle ¢ is
measured from the axis that passes through the center of gravity and is perpendicular to
the radius of the perihelion R as is shown in Figure 1. It is noted that

h 2
R=all—e|; GG—]IC/I:R(1+e):a‘1—e2‘. (78)
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When the velocities are small with respect to ¢ (u < c or ¥ > rg), we can substitute the
solution of the simplified differential equation (77) into the last term of the exact differential
equation of motion (76i). This yields the approximate differential equation of motion (which
only approximates the UCM):

du ~_GM L GCM A A -
a2 T T e T e (1 +esing)*; = Jhor=7¢;"= (79)
with exact solution
GM (32M2 s ,. . d
u=-—=(1+esing+3——=e| =—¢ |cos¢p |; hgr =1r"¢; = —;
hgr? c2hgr dt
(80)
GM 1 B 1
hGR2 N R(l + €> N a|1 — 82‘.
The approximate solution of (79) is obtained if we rewrite (80i) as
_ M o(sing+a SN (T 81
u—@ +e s1n(,b+ W E—(P COS(P ( )
and use the identity
sin(¢ + d) = sin¢ cosd + cos ¢ sind. (82)

These are associated by using

_3G*M?(n _ 3GM (n _ 3GM (n -1
"~ 2hgr?\ 2 ¢  2R(1+e)\ 2 ¢ a1l —e?|\ 2 ¢ " (83)

cosd ~ 1; sind ~ d.

M ) 3G2M2 [
——=|1+esin ¢+7cthR2 5_4)

Thus, we have

(84)
_GM _ G*M? N 3nG2M?
 hgg? Fesin ¢ c2hgr? 2¢2hgr? ) |
which can be written as
T
u~ ——|1+esin| Agr¢+ (1 —Agr)= | |;
hZ g 2
(85)
\ ) 3GZM? . 3GM . 3GM
Gr=1- =1- =1- 55—
2h2 . c2ZR(1 +e) c2a(1 — e?)
or equivalently,
M—;N@ +esin GR 47_5 +§ . ( )
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This gives
1 GM T
U=-r 14ecos| Agr 4)—— =
r hGR
S . A 11 = 87
= m + ecos GR (P - 5 — ( )
B 1 1 A T
= m +ecos| Agr| ¢ — 5
where
U 3G*M?* Lo 36M 3GM -
CR = c2hgr? 2R(1+e) c2a(1—e?) (88)
under the restriction
6nG*M?>  6mGM 6GM
0< = = < L (89)

c?hgr?  2R(1+e) c%a|l—é?|

In the case of ellipse (0 < e < 1), every perihelion has

T
cos <AGR (qb - 2>> =1. (90)

Yy 2«
The first, the second, and the n-th perihelion correspond to ¢ = L ¢ = T + bX and
GR
2nr . . . N
=3 + = ok respectlvely (Figure 1a). Thus, the orbit can be regarded as a conic section
GR
that rotates (“precesses”) about focus O:
21 1
A= —-2n=|——-1|2n~21(1—Agr) =
AGR AGR
1)

67IG2M2 6TGM 6tGM
2hZy T Rt+e2 al-&)2

rad per revolution. Observe that the above equation also predicts the precession of cycle
(e =0), because it derives from the approximate solution (87) of the approximate differential
equation of motion (79). Moreover, the angular velocity of rotation of pericenter (perihelion) is
given by the formula

" rad 360° 3600" \ 1 [ rev\ { 365.242 day \ ( 100 year
Ol — =0 — ||| ———|=l 57— , (92)
cy rev ) \ 2 rad 1° | T\ day year cy
or equivalently,

" rad (7533657 x 10%" - day\ 1 rev
Q| —|=a|— (93)
cy rev rad - cy T\ day

The corresponding angular and radial velocities of a particle (planet) are obtained via the
following process. We initially calculate Egr = Egr(R,e) and hgr = hgr(R,e) by working
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on the first pericenter (perihelion) of the ellipse (there exists only one in a parabola and

T ) .
hyperbola), where ¢ = o R=wall-el;r =0; ¢ = 0. Thus, (53) and (64) become

rs
1—- =2
Egr = R mc® > 0
2
1 [7s R%¢ g
R c2

_ _1
_p2 s (R) C
h%R%ml‘(R+ 2 )]' = ar

The null radial velocity at the perihelion transforms (47) to

m2c4 rs 1 hGR2
1— 1- 2 {1+ =0.
EGR R + 2 R?

Moreover, (95), with the use of (94) becomes

or equivalently,

1 rs R2¢(R)2 1 ¥ )
1"s(l‘<R+ 2 | Taftw | =0

(94)

(95)

(96)

(97)

which is identity for any value of gb( r) and R. So, a different approach with differentiation

of (87) with respect to time will be followed:

ro GMeA A T B
27 ol GrPSIn| AGr| ¢ — ] | =
_ e A s A T _
“Ri+e GRsIn| AGr| ¢ — 7=
= ﬁAcR(P sin (AGR ((P ))

?rz—Zrifz GMe
a h2 AGR )\GR(P CcosS /\GR - = +
ol -5

(98)

(99)
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At the perihelion (7 = 0, ¢ = 0), the above equation becomes
r GMe
(R) _ 25 2
T g R w (o
Moreover, the combination of (78ii) with (94ii) gives
R4 y 2 d
hor? = GMR(1 +¢) = GMa’l —ez‘ - 4)““2, ~ =3 (0
N ECI N
R c?
which yields
25 2
rs R
1-| =+ —— 1 =
[ ( R + 2 GMR(1+e)
i (102)
_ rs R9w) 2| _ pay 2
- [1<R+ | | GMafL =] = R 2,
or equivalently,
rs
(1 — R> GMR(1+e)
Dir) = ; R=a|l—e| > rs. 103
Pr) roR3 all —e| > rs (103)
Ri 4+ = —(1+¢)
Furthermore, the GR fotal energy can be calculated by substituting (103) into (94i):
r
1S
Ecg = R mc® > 0; R =a|l —e| > rs, (104)
r
1- - (I+e)
1- | By 5 R
+ ﬁ( + 6)
or equivalently,
r
1S
Ecr = R mc® >0; R=all —e| > rs. (105)
r
24 S(14e)+ (1- =) (1+e)
1- 8 R
+ ﬁ( + 6)
Thus, we obtain
r
1S
Ecr = R mc® > 0; R =a|l —e| > rg (106)
1 rg 3+e
ZR TS
1+=>(1+e)
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and the mechanical energy (61) becomes

r r 3+e
Ep = (1—5) 1-=>. """ | _1|lmZ R=all—e|>rs. (107)
rs
21
1+2R( +e)

In the case of the UCM (e — 0, a — R), (103) gives the angular velocity

<1 r5> GMR
R
N (108)

¢(R) -

which is slightly smaller than the valid one given by (43i), as it derives from the approximate
solution (87) of the approximate differential equation of motion (79).

Moreover, the gravitational deflection of light can be obtained as follows [8] (pp. 248-
49). Initially, (66) turns (76) to

d?u GM , 1

In the case of large distances from the center of gravity with respect to rg (r > rs;u < 1/rg),
we can substitute the solution (straight line) of the simplified equation of orbit:

d?u sin ¢

——i—u:O;u:iR ,

i (110)

to the last term of the exact differential equation of orbit (109) (Figure 1b). Thus, we obtain the
approximate differential equation of orbit

d*u _ jGMsin’g  GM n
@—i—u— 2 R2 CZRZ( T8 4))' (1)
with solution
= OM G a2 112
R ST e (12

Note that the angle ¢ is measured from the axis that passes through the center of gravity
and is perpendicular to the radius of perihelion R (Figure 1b). For r — +4-c0, we also have

U—=0; ¢ = ¢oo; SiNPoo = Poo; COS2¢0 — 1. (113)

This gives
B ZGM . rs 114
b= POR TR (1)

which is the right-hand deflection. Moreover, there exists the left-hand deflection with

GM rs

So, (114) and (115) yield the magnitude of the total deflection of a ray

GM rs
© = oot + o] — T =455 =2 (116)
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The relevant Newtonian results, for the sake of comparison with the Schwarzschild
metric, are [8] (p. 239), [24] (p. 17):

— GM GM
EN(M = T2 8N T T2 (117)
1 . : GM
Ly = fm(r2 + r2<p2) - m; (118)
2 r
r+ 2 r¢g =0; [y =mr¢; hy =r°¢; =777 (119)

The Newtonian differential equation of orbit and the corresponding solution are

d2u+ _GM _GM . y a4 120)
d¢? u_thlu_hNZ( ENCOSP)i U= N =T = gy (
B 1+2EmNhN2_E ~ GMm GMm
N = GIMZm’ "N T T 2ay 2R(1+e) (121)
hn?
m:RN(l-l-@N):aN’l_eNZ/

where ay is the semimajor axis of the Newtonian conic section, which does not rotate
(An = 0). Additionally,

GMm GM = 2, 1 52
Uy = — ;VN:——;KNZE,BP mc zim‘v’
r 4 (122)
1 52 GM
EmN—fm‘v -—
2 r

Finally, the corresponding total deflection of light (which travels with speed c) is [6]

(p- 169):
- 2GM rs
NT2R TR
The Shapiro Time Delay can be easily obtained from the isotropic form of the Schwarzschild
metric [8] (p. 237). Let us consider a light signal passing through the center of gravity
O at (minimum) distance R > rg, as in Figure 1b. Approximately, the path is given by

x=x, y=R, z=0. 5o,

(123)

P=+R=x>+R> =1 (124)
and (30) becomes
2
_Is 4
r
0=—| —4 | 242+ (1+2) a2 (125)
1 v
4r
The above equation is equivalent to
, 6
S
14 -2
FdfF = ~——2dx?, (126)
’'s
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which is written as

o\
1+ =
4r s\ dx rs dx
dt = ———dx = 1—|—7 =1+ == ]— (127)

(1 r5> Vx2+R?2) ¢
C [E—
4r

The integration of (127) from the nearest point of the path to O (x = 0) to the point with
x =X > 0gives

X rg, X+VX?+R* X rg 2X
My St Y 2 T8 2 B (128)

c R c ¢ R
where the last approximation is valid for X > R. The first term is the result of flat
spacetime, while the second expresses the Shapiro time delay. In the case that the signal
travels from X; > 0 on one side to X, > 0 on the other side, the total Shapiro time delay is

rs (X1 + v/ Xq2 +R2) (Xz + v/ X2 +R2) s 4XiX
; :

Atg =~ . In 2 In R2

R~ (129)

The experimental validation of the Shapiro time delay in our Solar system has been
done by transponders on the Viking spacecraft in orbit around Mars and on the ground on
Mars with an accuracy of 0.1%, in 1979 [25] (p. L220).

4. SR: Gravitational Field from the Central Scalar Generalized Potential
4.1. SR Gravitational Central Scalar Generalized Potential, Lagrangian, Equations of Motion, and
Correlation to GR Time Dilation

The motion of a particle P (with mass m) around a center of gravity O (with mass
M) is considered in this section, according to SR. The definition of the Lagrangian of a
gravitational system [8] (p. 205) in both the GR and SR [2] (p. 345) gives

L= mi ,V_mdSZ_ —mczd'rz_ 2 d
=mx" guXx = o= e, = —mc%; =47

(130)

In the frame of SR, gravity can only be studied as a field that comes from the SR
gravitational potential (VSR, $5R> because the geometry of spacetime has the constant
Lorentz metric (9). Thus, more terms are added to the SR Lagrangian of a free particle P. This

paper examines the case of scalar potential according to the weak EEP (1). So, it is w sk =0
and the SR Lagrangian in the rest-frame of mass M (RIO O) becomes [2] (p. 351):

1 2
Lsg = — mes — mVSR(

(131)
T(Bp)

rig)
where Vgp is the SR gravitational central scalar generalized potential. Moreover, central force
makes particle P move on the “plane” 6 = 71/2 and we use polar coordinates for the velocity:

.2 .2 1
Up2 =7 +I’2(P T i e (132)

. 2
rz—l—rqu
1_C72

which turns the Lagrangian to

2 52
r+r d
—Jmcz—mV

Lsg = —\/1 2 SR(rid) At

(133)
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The first integral of motion for the above SR Lagrangian is
n=2 (9L
E= Y (oo )i —Lspn=1,2 (134)
p=1 ox
which gives
OVsg ¢  OVog 7
* 2 2 SR SR
E* = yg,ymc” + mVSR(rM’) — mc ( % 2 + o c2>' (135)
The first two terms of the above equation give the quantity
Eisg = 7(pp)mc” + MYk irid) (136)
while the third term is the quantity
Vg ¢  IVeg ¥
Egsr = —mc? : 137
dSR mc<a¢ 2T 52 (137)
Thus, the quantity Eigr is maintained when
Vg ¢  IVeg 7
Eisr = (138)

o 2T 2

For instance, for Vsg = Vsg(y), the dSR energy is null and the tSR energy is maintained [26]
(pp. 11-12). Generally, the first integral of motion is the SR total energy

E* = Eisg + Egsr- (139)

Moreover, the SR generalized potential energy is defined as

(140)

oVsg¢ Vg 7
* _ ko _ o 2
Uu*=E E mVSR(r,W) mc < 84) C2+ 5 2

Observe that if the condition (138) is valid (e.g., Vsg = Vsgr(y) or the particle is unmoved), then
the potential energy is given by the formula:

U=mv,

SR(ri,¢)" (141)

It is noted that the coordinate ¢ is ignored in the SR Lagrangian (133) and the second
integral of motion can be obtained by

. OLg
J ' =— (142)
o
which becomes
J* = my g 2P — mavﬁ (143)
(Bp) 3
The first term of the above equation is the tSR angular momentum:
2. - _ 4
J=mh=myp,r'd; =4 (144)
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where h = [ /m is the tSR angular momentum per rest mass unit. The second term of (143) is
the quantity

9Vsr
Jasr = mhysgr = —m—— (145)

9¢
which is called the dSR angular momentum. Observe that the tSR angular momentum (J) is
maintained only when
Vsr(rid)
Jask = ————=0. (146)
d9¢
For instance, if Vsg = Vgg(,), the dSR angular momentum is null and the tSR angular momen-
tum (]) is maintained [26] (pp. 11-12). Generally, the second integral of motion is the SR total
angular momentum
J* =mh* =]+ Jasg = m(h+ hasr), (147)

where h* = J*/m is the SR total angular momentum per rest mass unit.
Moreover, the Euler—Lagrange equations

dt( FYL ) — o O H=12 (148)
give the equations of motion:
d . aVSR -2 BVSR
dt<’y(ﬁ1’)r Y ) ~Ypp)"P + o 0 (149)
. V. d
— * 2 SR .

Given all the above, a suitable function for the potential Vsg can be set. Fortunately,
GR can assist SR via the EEP in GR: “accelerated motions caused by the gravitational field
only (free fall) take place along geodesics of the metric, which corresponds to the particular
gravitational field” [2] (p. 248). So, the curved spacetime of GR assumes o force and also

the Lorentz y-factor is replaced by the GR time dilation tgg:

. dt
tGr = : 151
V(pp) 7 IGR = g (151)
Moreover, it is
ds? = —?dtgr?, (152)
or equivalently,
dtgr? dS?
2 LIGR
— = 153
dr? dr? (153)
which gives
_1
iop = -2 —dsT) >1 154)
CR ™ dror ~ \ c2de2 = (
Furthermore, the SR Lagrangian of a free particle P [2] (p. 351) is
1 2
Lsgr = — mc”, (155)
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which, with the use of (151), becomes

1, dt
Lsr = ——mc”; tgr = o (156)
tGR TGR

Observe that the above SR Lagrangian is not the same as the corresponding GR (32) (because
GR refers to spacetime with variable curvature, while SR works in Minkowski spacetime
with no curvature), but, as it is shown below, they give exactly the same results. Besides,
the combination of (156i) with (131) gives

L e ! 2 tmv, t d (157)
—mc" = me” 4+ m i)y FGR= 73—
T Kierd) dT6r
Thus, we obtain the potential
v 2! ! t ! t i (158)
i =C|—————|iter=——— ter = ,
SR(r,i.) ek em ) Vor , 1 CR = drer
(S
which contains the GR time dilation tgg = iGR(N P Of course, the substitution of the
potential (158) to (131) yields the SR Lagrangian (156).
Finally, the central scalar generalized potential and the weak EEP (1) give
Ve, .. oV, ..
A _ SR(rg) .. SR(r,7,¢)
F=mg; g =———=""70g=—>""" (159)

o
where F ;§ are the relativistic force and the field strength, respectively [2] (p. 342). The
positive value of field strength (¢ > 0) means gravity, while the negative value (g < 0) means
antigravity.

4.2. SR Gravitational Central Scalar Generalized Potential from the GR Time Dilation of the
Schwarzschild Metric: Field Strength, Lagrangian, Equations of Motion, Equation of Trajectory,
Precession of Planets’ Perihelion, Deflection of Light, and Shapiro Time Delay

The above procedure can be specified by combining the SR with the Schwarzschild

metric. The substitution of the time dilation of Schwarzschild metric (50) to (158) gives the
SR Schwarzschild Generalized Potential

.2 ) .2
5 rg 1 r r°¢ 1 . d
VSR(r,rAP) ¢ r + ) ro 2 + 2 Y pn) dr (160)

[T

r

The above can be regarded as a modification of the classical Newtonian potential with
relativistic effects taken into account and adjustment to the Schwarzschild solution known
in GR. Next, the following quantities are calculated:

N—=

.2 -2
dVsr 5 s 1 r 7’24) 5
——=—r¢|1-| =+ —+ — +7 ; 161
Y ¢ P s 2 PV (pe) (161)
;
_1
2
Vg 1 rg 1 i .
= - r{1—1] = ; 162
or rs P rsc? 2 ) (162)
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~ dVsg
§ = Tor T
- _ -
rs ) .2 . .2
1] rs 2 s 2r¢ rs 1 i r2¢
2| 2 2¢2 2 | rec2 (2 *
— 2 s _ 5
=c (1 — > (163)
p r
¢2
"
LT 26 l
Moreover, the SR Lagrangian (156) becomes
1
2 -2 ’
rs 1 7 . d
SR = —1mC A a2t T (164)
r

which is called the SR Schwarzschild Lagrangian. Furthermore, the substitution of (161)

and (162) to (135) implies

E*

or equivalently,
E* = 7(5P)mc2 +mYV,

S

_ 2
E* = 'y(ﬁp)mc + mVS

2
V(pp) M +mVgp

2
r2¢

R(r,7,¢)

R(r,7,)

r,if,(ﬁ) o

— 7’11C2

. .2
1 r 724’ 2§
2t TR T
7
f , (165)
.2 2 2
rg 1 i 7
- 2t 2 T2
o
_1
2
s 1 7 ¢
=1 2 2
r T_gC C
r . (166)
.2
r2¢ 1 7 v?
T2 T rec2 C72,Y(5P)
o
_1
2 2
LR S 3
r rgc® 2
r (167)
2:2
T 1 r V=Y (Bp)
C2 1’5C2 C2 r)/(ﬁp)
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in order to use the identity
2
v
2
L+ 2760 = Vi) (168)
So,
1
2
rs 1 7 ¢
1— ] =2 _r
P
* _ 2 2 o
E* = 7ygpymec” + mvSR(r,%,d:) —mc i r (169)
.2 2
B U S BT i
e T(r)
"
which is simplified to
1
.2 2
. rs 1 ¥ 2
r rgc 2
— 2 o
E* = mVSR(r’W) — mc 4 (170)
.2
r2¢ 1 1
e RS
7
The substitution of (160) to the above, gives
1
) 2
r 1+ 7
1— |2 S | -
r rs C C
E* = mc? r (171)
1
2
.2
rs 1 7 2 r2¢ 1 7
L R rec2 2 c? 2
s rsc
v v
or equivalently,
_1
.2 2
r 1 ¥ 7
E*=m?|1- |2 — (f
r rgC c
r 172)
.2 .2
. s 1 r2+r2 +r2¢ 1 ¥
r rgc  c? c? LT c2
7 7
Hence, the first integral of motion gave the SR total energy
_1
2 22 ’
7 1+ 72 7
Erom|1- |5y LT (1—S> >0, (173)
7 rgC c 7
7
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which is exactly equal to the GR total energy (53). Now, considering zero kinetic energy
(K = 0), when the particle is static (Bp = 0), we have
EE(,BPZO) = Erest + U, (174)

where U is the SR gravitational potential energy of a rest particle and

* 2 ’'s
E(ﬁp:O) =mc\|1— ~ (175)

is the SR total energy of a rest particle. The substitution of the above equation and (15iii) to

(174) gives
rs >
Uy = (\ll—r—l)mc <0. (176)

The above combined with (2) gives the SR Schwarzschild Potential of an unmoved particle

Vi) = (\/1—}’5—1)c2<0. (177)
» <
This is a central potential with field strength
-1
— av GM r R
dy=—at=—g (1 - ;) 3 (178)

Observe that this result is the same as the corresponding GR formula (60). Furthermore,
the SR mechanic energy is

En = E* — Erest' (179)
So,
1
2 -2 ’
r r 1+ 7 s
En=|(1-2) 1|2+ . ~1|me% 6= . (180)
4 r 1 rgC c 2

r

Note that this result is the same as the corresponding GR formula (61). A part of the above
energy is the dSR energy. Thus, the combination of (137) with (135) and (169) gives

-2 2 22 2
1,0 1 , s 1w ()" 1
_ 2 2] .2 17 A _ J(Br
Egsgr = mc 2|’ ¢ + Tsr 1 . a2t Yon (181)
1-= 1- =2
r r
Moreover, the ISR mechanic energy is defined as
Enisr = K+ mVSR(r,i',(i)) = E* — Erest — Eisr (182)
So, (182) with the use of (15i) and (160) gives
_1
2 -2 ’ 2
r 1+ 0% —Ypp) — 1
EmlSR — mC2 1— £+ 72+ f + (,BP) (ﬁp) (183)
r 1— rsc ¢ T(pr)

r
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Then, there derives the SR generalized potential energy

Nl—=

r r 1 P 2
U*=E*—E = (1—5> 1-| =+ S+ — —Y(pp) [m (184)

Observe that the above formula is not associated with Equation (141), because the condition
(138) is not valid for the generalized potential (160). Apart from this, the above result is
exactly the same as the corresponding GR formula (62). The case of circular motion is
obtained via the substitution of (162) and (163) to the equation of motion (149):

1
2

.2 -2
d 1. r A
al 7|+ rz?*ig *
LTS 1S
r r
4 (185)
s ) :
2| rg 72 T 2r¢g rg 1 r rqu —0
2|2 ro 2¢2 2 T 1 2 2 ’
1- ~ ’
For r = R = constant, the equality (186) holds:
2R¢2
Ts
T2 T 0. (186)

This gives the UCM, with the same angular velocity and the same centripetal acceleration in
classical mechanics and in SR, which are exactly the same as in the GR (43):

. dp  JGM 2o GM _ 187
W=\ T RTORE R Y )

As shown below, the orbit of motion derives via a similar way to the original Schwarzschild
space [8] (pp- 238-45). The substitution of (161) to (150) gives

2

.2 5.2
. rs 1 r¢ o d
W =rg|l1—|= =+ — ;= = 1
e r rgC? Tz ’ dt (188)
1- 22
"
Additionally, (173) implies
1
2 22 ’
r 1 ¥ 7 E*
1- |24 7+—f = (189)
r rs C C s
1-— mc? <1 - )
r r

Equation (188), with the use of the above (189), becomes

mc2h* (1 — 1’5)
r , d



Particles 2021, 4

562

Moreover, (189) is written as

c? E*

do

r

which, combined with (190) gives

+ £%2,2 -

» m2c?h*? s
rg <dr> r
7+ -
r

d¢ E*2p4

The following

1 1 dr ldu  ,du
T vag T wag T T ay
transform (192) to

1
2 2
.2 me- | 1—
1 rs 1 dr 2.2+r2cp (
rs c2 ¢

2\ 73
202p*2 (1 — 1’5) mc? (
r

du\ “m2h*2(1 —rqu)  m22h*2(1 — rou)*u?
[1 (rqur(d(P) £*2 + 2

mc*(1 — rsu)
E* '

Thus, the above equation gives

264(1 — rgu)?

Nl—

a4 E*2 E*2

du 2mzczh*z(l —rgu)  m2ch*2(1 — reu)*u?
1—rsu— P —_

which is equivalent to

E*Z

E*2 E*2 - E*2

. (du)zmzczh*2 m?c?h*2(1 —rsu)u®  m?c*(1 —rsu)

dg

Equation (196) becomes

2
du (1 —rsu) E*?
2 _
<d¢> A —rsujut = - h*2 + m2c2h*2’

which is differentiated with respect to ¢ and gives

dud2u+ du 3 2du_c2r5du
dpdg? " dp 7" dp T wZdyl

or equivalently,

d’u S 3 5 c%rg
dgz T TS T g
Thus, the equation of trajectory for SR Schwarzschild Generalized Potential (160) is obtained:
du  GM L 3CM 1
@ +u I’l*z 71/[ , U= ;,

(191)

. (192)

(193)

(194)

(195)

(196)

(197)

(198)

(199)

(200)
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where, from (188), h* is

N|—

. d
+ ; hy =1¢; ar (201)

Observe that the above equation of trajectory and the angular momentum are exactly the
same as the corresponding GR (63) and (76). So, it is easy to obtain the SR results, by just
replacing

hGR — h*,’ Egr — E* (202)

to the Schwarzschild metric results in Section 3.3. Thus, the same precession of the ellipse
that rotates about one of its foci (91) and the same magnitude of the total deflection of light
(116) are obtained again.

The deeper cause for the coincidence of the SR and GR approaches is the fact that even
though the SR Lagrangian (164) and the GR Lagrangian (32) are different, their Euler-Lagrange
equations of motion are the same. Indeed, the first GR Euler—Lagrange equation (34) and the
GR time dilation (50) yield the GR total energy (Egr) (53). This is exactly the same as the SR
total energy (E”) (173), which comes from the SR first integral of motion (134). Additionally,
the second SR Euler-Lagrange equation (149) combined with the GR time dilation (50) and
formulas (162)-(163) give the second GR Euler-Lagrange equation (35). Furthermore, the third
SR Euler-Lagrange equation (150) combined with the GR time dilation (50) and formula (161)
yield the third GR Euler-Lagrange equation (36).

In the case of UCM, the SR approach gives

. dp  [GM 2p - GM _
TV RIS TR T R A

GM GM 1 GM (203)
VEVTRTET VB R T R2’

_1 _1
o venR(1-2M) e (o) (1o 2MY T e o
= —eaxr) Bl \traxw) Ttme @

The gravitational field on a momentarily unmoved particle is studied next. Equation (163)

becomes
V. GM B
g= TR _ (1 - “’) . (205)

<

NI

or r2 r

While (205) is the same as the corresponding Schwarzschild metric (25), it is much different
than the corresponding UCM (203iv). The initial acceleration is calculated as follows: For

¢ =0, (42) becomes

. rs\7ts ,
27’ + (1 - 1’) ﬁc == 0, (206)
which, combined with (4), implies
. GM rs
ar:r:—rT 1—7 . (207)

It becomes evident that the initial acceleration of a momentarily unmoved particle is different
than the corresponding field strength (205) and (25). Moreover, observe that the acceleration of
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an unmoved particle on the Schwarzschild radius (r = rg) is null, while the corresponding field
strength is infinite!

In the case of the planet Mercury, it is « = 0.38709893 AU, e = 0.20563069, and
T = 87.968 days [27]. The values: AU = 1.4959787066 x 10" m, G = 6.67428(67) x
10~ "m3kg~1s72, ¢ = 299,792,458 ms~! (exact) [28] (pp. 1—1, 1-20, 14—2), and
M = 1,988,500 x 10** kg [29] give

i 2GM 5 os18(53) x 10-° < 1 (208
= = D. X .
a(l—e2) c2a(1—e?) (53) )

In the case of the Earth where & = 1.00000011 AU, e = 0.01671022, and T = 365.242 days [30],
the calculation gives

rs 2GM

= = 1.97476(2 1078 1. 2
=)~ (i) 97476(20) x 1078 < (209)

Now, with the above values, the combination of (93) and (91) gives the results in Table 1.
Observe that both SR and GR give the same precessions.

Table 1. Angular velocity of perihelion rotation (“precession”) for Mercury and Earth according to
the gravitational field of the SR Schwarzschild Generalized Potential (QQsr) and the Schwarzschild metric
(QGR), respectively. AQgg; (%) is the percentile relative change.

Mercury Earth
Qgr/"cy™! Qgr/"cy™1 AQgg; (%) Qggr/"’cy™! Qgr/cy™! AQgR; (%)
42.9820(43) ' 42.9820(43) D 0 3.83893(38) ©  3.83893(38) () 0

1 data from [27,28] (pp. 1-1, 1-20, 14-2), [29,30].

4.3. SR Gravitational Central Scalar Generalized Potential from the Time Dilation of
Teleparallel Gravity

The above procedure can also apply when combining the SR with Lorentz Gauge
Theory [9-14], Teleparallel Gravity [15-21], etc., with the use of the corresponding time
dilation. Furthermore, the gravitational Poincaré Gauge Theory formulated on Weitzenbdck
spacetime (T*) [9] (pp. 57, 68) is called Teleparallel Gravity. This is characterized by vanishing
the curvature tensor (absolute parallelism) and the torsion tensor, which comes from four
parallel vector fields. Albert Einstein in 1928 first gave its original form [15]. So, this theory
is called new general relativity [21] (p. 3524). The corresponding isotropic metric by a static,
spherical body (assuming that the spin of constituent particles of a body can be completely
neglected) [21] (pp. 3533-3537) is

p —-q
2_ 2 2_ [, Ts s 21,2
dS® = —cd1gr” = <1 2P7> <1+2q7> codt +

, 2—p , 2+q
_ 'S S 2 | 2302 | 2 a2 2
+ (1 2p’f> (1 + 2q7> (dr +72d62 + 7 sin® 0d¢ )

(210)

where

p= s VA 0040 -2 0= [ Ja-au-s 2 @

B k(C1+C2) o 1. _ 1'k—87TG 212
e——1+k(cl+4cz),01—a1+3fk,62—a27§, =g (212)
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and cy; cp; a3;ap are constant parameters that come from the corresponding gravitational
action Ig. Besides, we have

- k(cp +¢2) B 1 B
~ 1+k(c; +4c0) 1+ 3key
k(C1 + Cz)
1 B 1 B 1 (213)
1+ 3k 1y om0

T o= 3k a1+ ap a1

+1 1+ —

k(ﬂl +ap) an

Since the parameters p and g are real numbers, we have

1 a
—co<e< for—4< <0, (214)
4 ar
or
ai
e >1for — < —4. (215)
az

Observe that for c; = ¢ =0, eis equal to 0. Thus, it is p = 4 = 2 and metric (210) becomes
the (Riemannian) isotropic form of the Schwarzschild metric (27) [21] (p. 3537). This happens
because the field equations in Weitzenbock spacetime are reduced to Einstein’s field equations
under two conditions: (i) the axial-vector part of the torsion tensor vanishes identically; and
(ii) effects due to the intrinsic spin —1/2 of the fundamental particles can be neglected [21]
(p. 3539). In this case, where € =0 (p = q = 2), the corresponding SR gravitational generalized
potential is exactly the SR Schwarzschild Generalized Potential given by formula (160). In
any other case ¢ # 0 (p # 2, q # 2), we have to calculate the corresponding time dilation in
Weitzenbock spacetime. This can be done with the use of isotropic metric (210), but it is better
to transform the metric to

dS* = —d1er® = —f()*dt* + gy dr? +17d6? + r* sin® 6d¢?, (216)

in order to compare it with the original Schwarzschild solution of Einstein’s field equations
in a vacuum. The coefficients of df? in metrics (210) and (216) imply

1— 1+
—7l1- = 1425 (217)
=T 2p7 2q7
and (210) becomes

P =
2 2 2 ’'s 's 24,2
= = (1-2) [1+2
ds c“dtgr ( 2]7?) < + 2q7> codt +
, 2—p . 2+q
+1--= 142  d?+ 26 + r*sin® 0dg?
2pr 2qr

Unfortunately, we cannot obtain the accurate function 7 = 7(r). So, we have to apply
the following approximation in (217) (a first-order Taylor theorem around p = g = 2 for
variables p, q and then a first-order Taylor theorem for 7 > rg):

2 2
~ s 'sP=Aq) _~ s rs —4e
r_r<1+47> <1+47 5 )—r<1+47> <1+4ﬂ_5£> (219)

NI

(218)
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The experimental value of € (solar system observations of light gravitational deflection
and precession of Mercury’s perihelion) is [21] (p. 3538):

¢ = —0.004 = 0.004 (220)

~7(14 8 2 140015722 221)
R Y (

and we obtain the approximate function

2 2
~of1, T8 s\ ar(1L7s)
r_r<1+47> (1—1—0.015747) _r<1+4?> ;
_ _rs | 2r rsg rs
2l —(1+4/1-—=] -1 — =
’ 4(r5< + r) ) ' 2

We observe that we have approximately obtained the original Schwarzschild result
(26). The comparison of metrics (22) and (27) also implies

Thus, (218) becomes

(222)

1

2

rs 4
I-= r r 1
A oS (142 aR = ——dr?, (223)
1+ rs r 4y s

47, 7

which gives
1
d? = dr?. (224)

() (5)

The substitution of (224) to metric (218) gives

p -q
2_ 2 2[4 _Ts Ts 2142
dS* = —c*d1gr° = (1 2;?7) <1+2q7> cedt -+

r 2p r 2+ 1
1o 14 -2 A2t (225)
2pr 2qr ( 75) ( 7’5)
1+ =

=7 4
+7r2d6? + r? sin? 0d¢?,

which is the metric according to the Teleparallel Gravity that corresponds to the original
Schwarzschild metric. Once again, the approximation (a first-order Taylor theorem around
p = q = 2 for variables p, g and then a first-order Taylor theorem for 7 > rg) gives:

P —-q
_(1_T's s\ o
f(r) = (1 2]77) (1 + 2117) =

; 7 (226)
-~ rs rs _ rs
_<1+47> <1—47> +0(p—2) +0(g—2) =1~ —.
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Thus, the coefficient of time in Teleparallel Gravity is approximately the same as the
corresponding Schwarzschild metric. Moreover, the same approximation gives:

2— 24
g = 1— 1’75 ’ 1+ ri ' 1 =
v 2p7 297 < rs) ( rs>4
s I RN

(227)

1

4 4
1 4{(14”157) +;(p—2)—;57<1+:;> (q—2)]
(-5)(+5)

47

The above is rewritten as

o\

s

(1 + 4,17>

& = . N
5 5

rs rs rs
1+g<1—4};>(l’—2)—41;(‘1—2)

—4
1+ Z,SF<1 + f;) (h—2)- 20~ 2)] (228)

which becomes

8 = (229)

with the use of the approximation (the first-order Taylor theorem for 7 > rg). Furthermore,
we have

[as

&)

2
rs rs
Py 1+ 47(}7 —q)— 167(4 - 2)] , (230)

;
where the last term is extremely small. Thus, we obtain

1+f}(pq)] =

80 =
r (231)
1 1 rg —8\ 1 1 8¢ rg
T g THT 5] T re\~  1—D5edr)’

So, the coefficient of dr? is a little different from the corresponding Schwarzschild met-
ric. Finally, the metric by a static, spherical body (assuming that the spin of constituent
particles of a body can be completely neglected) according to the Teleparallel Gravity is
approximately:

T
ds? = —c?dtgr? = — <1 — f) AdP+

(232)

1 8¢ 15\ o, 2.0 2.2 2
+ r5<1_15€41’)dr +r=d0” + r” sin” 0d¢”~,

p
We observe that if ¢ = 0 (p = g — 2), the above metric becomes the (Riemannian)

Schwarzschild metric (22) and the corresponding SR gravitational generalized potential is the
SR Schwarzschild Generalized Potential given by formula (160). In any other case: € # 0
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p # 2,9 # 2), we have to calculate the corresponding time dilation in Weitzenbock spacetime.

T
Thus, we divide the above equation with —c?dt? and we have for § = 5

2 2 2
dwgr) rg 1 8 rg dr\ 1 ,(de\ 1
(cﬂ)o_r)_l @G_l—&h a) 2 \ar) e @9

r

This gives the connecting relation of the proper time of Teleparallel Gravity with the time of
RIO O (the Teleparallel Gravity GR time dilation with respect to RIO O)

_1
2
-2

.2
dt 8 1 2 d
= 1= rf+<1 : rs) o+ 1 =S (23

dtcr 11— 5edr rgc? 2 dt

r

The substitution of the above time dilation to (158) gives the corresponding SR Telepar-
allel Gravity Generalized Potential by a static, spherical body (assuming that the spin of
constituent particles of a static spherical body is completely neglected):

. .2
) rg 8 rg 1 i r2¢
= j1- 241 + -

V . — .
SR(r,r) r 1 — 5edr rs C2 C2

1-= (235)
1 ) . d
Tep) At

r

We observe that the GR Schwarzschild time dilation (50) and the SR Schwarzschild

Generalized Potential (160) can be regarded as the limit of corresponding quantities of
Teleparallel Gravity for e—0 (p = g—2).

NI=

5. Gravitational Red Shift

In the following, the first part presents the Gravitational Red Shift according to GR.
Let us consider two consecutive wave fronts passing from point A, which is located at
distance 7y from the center of gravity O. So, there are two events: A(t1), A(tp). Then, the
Schwarzschild metric (22) gives

dS42 = —ctdt 2 = — <1 — :5> cAdt 2. (236)
0

The square root and integration of the above (for one period of the wave/vibration) gives

* Ts
ooy = /1= 75 T (237)

where T(*m),T(rO) are the periods of the vibration at point A for the unmoved observer
located at A (local observer A) and the RIO O, respectively. Moreover, (237) implies

f(*ro) = f(’o)’ (238)
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where f(*ro), f( ry) 1€ the frequencies of the vibration at point A for the local observer A and

the RIO O, respectively. Thus, the corresponding GR total energies of a photon can be related
as follows:

_1
B —Een(1-T5) 239
GR(r) = FGR\ = | (239)

where EER( o) EGR are the energies of a photon measured by local observer A and RIO
O, respectively, E =h f Ecg = h f(r and h is the Plank constant. Evidently,

Equation (57) is obtamed once agam Moreover, the definition of the z-factor of Gravitational
Red Shift is

CE
Ao —AEL Ao fo fEL
z=—— —1l=—=—-1==—=-1, 240
AL ARL CE fo (240
fEL

where Ag is the observed wavelength of radiation, which is produced at distance 7y from
the center of gravity and Agy, is the wavelength of the corresponding radiation that is
produced in an Earth laboratory (both of them are measured by unmoved observers on the
Earth, where the speed of light is cg).

According to the literature (e.g., [8] (p. 188)), the periods/frequencies of the wave/vib-
ration are considered to be steady for the RIO O:

Tiry=t2 —t1 = Teo; firy) = foo- (241)

This consideration is valid only approximately, because the speed of a photon is variable
around the center of gravity O (see formulas (71i) and (73)). So, the corresponding electro-
magnetic wave has a variable period as well and this will be shown in the non-mainstream
SR approach below. According to this approach, the z-factor of the gravitational red shift in
the case of the Schwarzschild metric is:

_1
frr i) ) rs\ rs  GM
SO ) W O N I R P POR i 242

fo feo f(ro) To 2r  c2rg 242

The above exact formula and approximate formula (in the case of a large distance from the
center of gravity) derive from the additional assumption that:

firo) = fEL/ (243)

which is based on the fact that the energy levels of atoms are not affected by the gravita-
tion (even on the horizon, where the protons and electrons are unmoved). This con-
sideration is also valid only approximately. The application of formula (242) to the
Sun’s surface {rg = 6.9599 x 10 m, M = 1,988,500 x 10?* kg [29], G = 6.67428(67) x
1071 m3kg 1572, and ¢ = 299,792,458 ms~! (exact) [28] (pp. 1-1, 1-20, 14-2)} gives
Ztheoretical = 2-12244 x 107°. The observation of the 74 strong lines of the iron’s spectrum
Fe(I) gives accuracy

R= Zobserved/Z‘cheore‘cical =097+0.16 (El‘ = _3%)/
while all the 738 (weak, medium, and strong) lines have accuracy [31] (p. 247)
R = Zgpserved /Ztheoretical =076 £0.24 (Er = *24%)-

Note that the above mainstream consideration contains two approximations. So, it is valid
only for weak gravitational fields. This could be the cause for the fact that the above
observed gravitational red shift is smaller than the corresponding theoretical one. It is



Particles 2021, 4

570

also reminded that the anomalous gravitational red shift from type la distant supernovae
depends on the distance of the source from the observer. The corresponding variation is a
necessity for Dark Energy [32] (pp. 4-6).

In the case of SR, the gravitational red shift is explained via a different way. For
simplicity reasons, we consider the radial motion of the photon. As mentioned above, the
electro-magnetic wave has a variable period/frequency, because the photon speed is also
variable around the center of gravity O (see formula (71i)). So, this wave is given by another
differential equation/formula than the usual waves with steady speed

*Y  ,0%Y 27
=0, ¥ =Asin —

where A is the amplitude of vibration, ¢ is the initial phase, and the minus/plus sign is
referred to the wave moving toward the right/left hand. Additionally, the wavelength is
denoted by Ao, because the electro-magnetic wave around the center of gravity O has the
above form at an infinite distance. There exist many formulas for the differential equation
of a variable-speed wave [33] (pp. 496-97):

TR O r R T =0 (245)

0*Y Y Y 9 Lo

‘) %
The attention here is given on the characteristics of the wave (period/frequency and
wavelength), rather than the solution of the differential equation that gives it, which
must be covariant under the Lorentz boost and generally under the Lorentz transformation.
Considering a ray of light (electro-magnetic wave) emitted from a source at distance ry
from the center of gravity O, we have

dr
dt = —, (246)
€(r)
whose integral for one period of the vibration T(, ) = t(, ) — ;) is
Ero)+ Tirg) "0 (ry)
dr
dt = / , (247)
€(n)
K(ro) 0

where r1 —rg = £A ) is the displacement of the peak within one period of the vibration
atr =rp, A(,) its wavelength, while the + sign signifies whether the photon moves away
from O or approaches it. The above equation in combination with (71i) gives

1 dr 1
+ A, (248)

=4 1 —
E e C[“Lrs n(r —rs)l,’

t(ro) "o 1- -

or equivalently,

1
T(VO) = :EE i)\(,o) +7rgln ro—rs

"o+ Ay — rS] _ Aro)
c

A
14 nf1+ 200 )| (249)
)\() Yo —7s

1o
The usual electro-magnetic waves validate the condition

/\(,0) Lrg—rs, (250)
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which allows for the following simpler form of (249):
A A A 1
T(ro) (ro) 1+ ’'s (ro) _ Mn) 1+ , (251)
c )‘(ro) ro— g c ro ,
rs
from where
cT c
Ay ~ ——2 (252)
1+
7
o0 1 f(”o) 1+ »
rs 0
——1
rs
In the case of large distances from the center of gravity O
rg >rg, (253)
Equation (252) is further simplified to
cT
gy =~ —10 ¢ . (254)

142 1425
|1+

Of course, when ry — oo, (254) is simplified even further and gives the fundamental law of
waves with steady speed:

Moo = Too = —. (255)
foo

Moreover, the following formulas can be used for the period/frequency of the variable
speed of an electro-magnetic wave:

rs foo
T =41 2T f = 22
o) = 1~ 75 T for) -

1- =
o

(256)
Thus, the deriving SR z-factor of the gravitational red shift is the same as the above mainstream
GR approach (242i):

2_%_1_f}2)_1_<1_:§> 1 (257)

The above formula (in the case of a large distance from the center of gravity O), derives
from the additional assumption that:

firy) = fEL/ (258)
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which is based on the fact that the energy levels of atoms are not affected by the gravitation
(even on the horizon, where the protons and electrons are unmoved). Moreover, the
substitution of (256) and (255) to (254) gives

V o \l o
)\(70) ~ = Ao, (259)

r r
14— (e
o o

Furthermore, the corresponding GR total energies of the photon are correlated via the
multiplication of (256ii) by h:

Nl—

-
hf,) = Ecr (1 - r(j) = Eépir) (260)
where

The above formula is in accordance with the maintenance of energy of the system (a spherical
body with mass M and a photon with m = 0). Evidently, Equations (57) and (239) are
obtained once again. This justifies the use of formula (256).

6. The Reverse Procedure: GR Metrics from the SR Gravitational Central Scalar
Generalized Potential and the Case Study of a Non-Riemannian Metric from the
Newtonian Gravitational Potential

The procedure of correlation of GR metrics with the SR Gravitational Central Scalar
Generalized Potential can be reversed. Thus, if we substitute the SR gravitational central
scalar generalized potential (160) in formula (158ii), then the Schwarzschild GR time dilation
(50) and the GR (Riemannian) Schwarzschild metric (22) are obtained. However, if we
start from the Newtonian Gravitational Potential (3) according to SR, then the corresponding
metric of GR is non-Riemannian. Indeed, the substitution of (3) in (158ii) implies

dt 1 1 d
= ;== (262)

dter . 2 2 dr
TR G£M + ! rs ¥ 4+ 720" +r2sin?0¢p
(S S v

c2

or equivalently,

2 2 2 2
dtgr _1’52 1 dr 5 dé 2 .9 d¢
(m) =l al\@) T\ @) el g ) |

2 2 2
rs 1| (dr o[ df y 2 d¢
—7 1_C2|:<dt> +r (dt + r#sin“ 6 a

The above equation gives the non-Riemannian metric of GR:

(263)

ds? = —2dd, =

2 2 2
B rs 1] (dr ,[df 5 . 2,( 9P
= — 177 1C2[<dt> +r (dt + r2sin“ 0 a

+dr? + r2d6? + r sin® 0d P>

1’52

L7 | P+ (264

+
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which produces the ‘Finsler’ geometry [8] (p. 173) and gives the same results as the Newtonian
Gravitational Potential (3) according to SR. Thus, the approach described in this paper
can be applied to any gravity theory (Riemannian and/or non-Riemannian) with the use
of the corresponding time dilation. So, the Lorentz Gauge Theory [9-14], Teleparallel
Gravity [15-21], etc., can be used. In the case of small velocities of the test particle, or
equivalently, r > rg, the above non-Riemannian metric (264) becomes Riemannian:

2
.
ds? = —c*dreR? = — (1 - 2i> c2dt? + dr? + 12d6? + 12 sin? Gdgbz; r>rs, (265)
but it is not in accordance with Einstein’s field equations in a vacuum and the corresponding
conditions (17). The above procedure proves that SR can be used for the description of the
gravitational interaction combined with the suitable SR Gravitational Scalar Generalized
Potential. This potential is completely free of conditions, because formula (159) implies the

>
relativistic force (F), while the corresponding four-force in the rest frame of the spherical
body (RIO O) is given by [2] (pp. 329, 342):

fizy(ﬁ c . (266)

The four-force in any other frame (RIO Q') is obtained with the use of the Lorentz
transformation (SR relativization). So, the SR approach of gravitation can describe the
gravitational interaction of GR field equations (original or new) [21], but it is not limited
to them.

7. Discussion

In the context of SR, the gravity can be treated as a field in spacetime, in contrast
to GR where it is a property of the spacetime (curvature and/or torsion) [9,21]. This
is the only approach in a Minkowski space (M*) with constant null curvature (K = 0),
which is enriched with the Lorentz metric and it is exactly the same as in the case of the
corresponding electro-magnetic field. Moreover, according to the bibliography, SR cannot
explain all the gravitational phenomena that the Schwarzschild metric can explain, i.e.,
(i) the precession of Mercury’s Perihelion due to the Sun’s gravity; (ii) the Gravitational
Deflection of Light; (iii) the Shapiro Time Delay; and (iv) the Gravitational Red Shift. This
paper proves that this is not true when the suitable gravitational generalized potential (160)
is used.

Furthermore, in SR, the gravitational generalized potential can be arbitrary, in contrast
to the metrics of GR, which derive from Einstein’s field equations and /or the corresponding
field equations of new GR [15,21]. The SR Gravitational Scalar Generalized Potential is
completely free of conditions, because formula (159) implies the relativistic force and
the corresponding four-force in the rest frame of the spherical body (RIO O) is given by
(266). The four-force in any other frame (RIO Q') is obtained with the use of the Lorentz
transformation (SR relativization). This is an advantage of SR, as any SR gravitational
generalized potential can be used for the explanation of the experimental data in hand,
while in GR only the metrics that are in accordance with Einstein’s field equations and/or
the corresponding field equations of new GR can be used. The dark matter and dark energy
hypotheses show that the SR approach of a gravitational field can be useful [32]. Besides,
the SR approach to gravity may also be useful for the concept of a unified description of
the basic physical interactions, where the biggest barrier is the GR approach to gravity [9].

A number of solutions to gravitational problems have appeared during the first
century of GR’s existence. The Schwarzschild solution and the corresponding Teleparallel
Gravity are used in this paper for the corresponding SR gravitational generalized potential.
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This method may have many more applications. For instance, the potential (160) can be
modified as follows:

. -2
s 1 7 r2¢ 1

2
C
VGSR(r,if,qa) &2 ¢ |1 ’ re 2 2

;= d (267)
MGETD) ' dt
’

The above potential cannot be produced by a GR time dilation in accordance with
Einstein’s field equations (or new GR field equations [21]) and the scalar relativistic po-
tential, but it clarifies the aforementioned gravitational phenomena by using Classical
Mechanics (1—0) or SR (¢1 = 1) [24] (p. 28). This can be regarded as a modification of the
classical Newtonian potential with relativistic effects taken into account and adjustment to
the Schwarzschild solution known in GR.

In GR, the work is usually done in curved pseudo-Riemannian spaces and especially in
those that are reduced locally to Minkowski spacetime [8] (p. 175). Thus, this method can
use the time dilation in spaces with the Kerr metric or the Kerr-Newman metric, etc., in order
to obtain the corresponding SR gravitational generalized potential.

In addition, the procedure of the correlation of GR metrics with the SR Gravitational
Central Scalar Generalized Potential can be reversed. Thus, if the gravitational central scalar
generalized potential (160) according to SR is used, then the Schwarzschild metric (22) is
obtained (this is a Riemannian metric). However, if we start from the Newtonian Gravitational
Potential (3) according to SR, then the corresponding metric of GR (264) is non-Riemannian.
Thus, only GR in accordance with ‘Finsler” geometry [8] (p. 173) can produce the same
results as the Newtonian Gravitational Potential (3) according to SR.

The approach described in this paper can be applied to any theory of gravity (Rie-
mannian and /or non-Riemannian) with the use of the corresponding time dilation. So,
the Lorentz Gauge Theory [9-14], Teleparallel Gravity [15-21], etc., can be used. More
specifically, Teleparallel Gravity is a gravitational theory formulated on the Weitzenbick
spacetime, characterized by the vanishing curvature tensor (absolute parallelism) and by the
torsion tensor formed of four parallel vector fields. This theory is called new general relativity
because Albert Einstein in 1928 first gave its original form [15,21] (p. 3524). The corre-
sponding isotropic metric by a static, spherical body (assuming that the spin of constituent
particles of a body can be completely neglected) is given by (210), which contains constant
parameters p = p(¢); q = 4(¢), where ¢ is an arbitrary parameter with an experimental low
value (220). When ¢ —0, then p = g = 2 and metric (210) becomes the (Riemannian) isotropic
form of the Schwarzschild metric (27). This happens because the field equations in Weitzenbock
spacetime are reduced to Einstein’s field equations under two conditions: (i) the axial-vector
part of the torsion tensor vanishes identically; and (ii) the effects due to the intrinsic spin
—1/2 fundamental particles can be neglected [21] (p. 3539). When ¢—0 (p = g = 2), then the
corresponding SR gravitational generalized potential is the SR Schwarzschild Generalized
Potential given by formula (160). In any other case ¢ # 0 (p # 2, q # 2), we calculate
the metric by a static, spherical body (assuming that the spin of constituent particles of
a body can be completely neglected) (232) and the corresponding time dilation (234) in
Weitzenbock spacetime. The substitution of the time dilation (234) to formula (158) gives the
corresponding SR Teleparallel Gravity Generalized Potential (235). We observe that the
GR Schwarzschild time dilation (50) and SR Schwarzschild Generalized Potential (160) can
be regarded as the limit of the corresponding quantities of Teleparallel Gravity (234) and
(235) for e—0 (p = g—2) (assuming that the spin of constituent particles of a static spherical
body is completely neglected).

Finally, it is noted that a weak field approximation is used in the standard GR in order
to obtain the gravitational redshift due to a spherical mass. This approach is not mentioned
in the bibliography, which considers that the standard Schwarzschild gravitational redshift
is valid in strong gravitational fields as well. This fact could be the cause for the smaller
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observed gravitational red shift in the solar spectrum than the corresponding theoretical one
(Er = —3% for the strong lines of the iron’s spectrum Fe(I)) [31].

8. Conclusions

The gravitational field can be described equally well via either variable metrics of space-
time according to General Relativity (GR), or Gravitational Generalized Potential according
to Special Relativity (SR). In this paper, the GR gravitational results are obtained by using
SR via the SR Lagrangian, which contains the corresponding GR time dilation. On the scale
of a black hole, a planetary system, or a star system, the Precession of Mercury’s perihelion,
the Gravitational Deflection of Light, the Shapiro time delay, and the Gravitational Red Shift can
be explained equally well with either the Schwarzschild metric according to GR, or the
SR Schwarzschild Generalized Potential (160), according to SR. The aforementioned can
also be explained by using the suitable Gravitational Generalized Potential (267) for ¢;—0
according to Newtonian Physics.

The above procedure can be reversed. Thus, if the gravitational central scalar generalized
potential (160) according to SR is used, then the Schwarzschild metric is obtained (this is a
Riemannian metric). In contrast, the Newtonian Gravitational Potential (3) according to SR
leads to the corresponding non-Riemannian metric (264) of GR. So, the approach described
in this paper can be applied to any gravity theory (Riemannian and/or non-Riemannian),
such as Lorentz Gauge Theory [9-14], Teleparallel Gravity [15-21], etc., with the use of the
corresponding time dilation.

In this way, the work with the gravitational fields can be done in the same manner
as in any other type of field (such as the electro-magnetic) in Minkowski spacetime with
the Lorentz Metric, avoiding thus dealing with the motions of particles in the curved
spacetime of GR. This may also be useful for the concept of a unified description of the
basic physical interactions, where the biggest barrier is the gravity according to GR [9].
Finally, it is shown that the mainstream consideration of the Gravitational Red Shift contains
two approximations that are valid in weak gravitational fields only.
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UCM  Uniform Circular Motion
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