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Abstract: An unambiguous definition of gravitational energy remains one of the unresolved issues
of physics today. This problem is related to the non-localization of gravitational energy density. In
General Relativity, there have been many proposals for defining the gravitational energy density,
notably those proposed by Einstein, Tolman, Landau and Lifshitz, Papapetrou, Meller, and Weinberg.
In this review, we firstly explored the energy-momentum complex in an n'" order gravitational La-
grangian L = L <g#v/gyv,ilfgyv,iliz/gﬂv,ilizisf T
asLg = (R+ agR? + Zle axROFR)/=g. Its gravitational part was obtained by invariance of gravi-

» & v iyinis iy and then in a gravitational Lagrangian
tational action under infinitesimal rigid translations using Noether’s theorem. We also showed that
this tensor, in general, is not a covariant object but only an affine object, that is, a pseudo-tensor.
Therefore, the pseudo-tensor 7, becomes the one introduced by Einstein if we limit ourselves to
General Relativity and its extended corrections have been explicitly indicated. The same method
was used to derive the energy-momentum complex in f(R) gravity both in Palatini and metric
approaches. Moreover, in the weak field approximation the pseudo-tensor 7, to lowest order in
the metric perturbation & was calculated. As a practical application, the power per unit solid angle
Q) emitted by a localized source carried by a gravitational wave in a direction £ for a fixed wave
number k under a suitable gauge was obtained, through the average value of the pseudo-tensor
over a suitable spacetime domain and the local conservation of the pseudo-tensor. As a cosmological
application, in a flat Friedmann-Lemaitre-Robertson-Walker spacetime, the gravitational and matter
energy density in f(R) gravity both in Palatini and metric formalism was proposed. The gravitational
energy—-momentum pseudo-tensor could be a useful tool to investigate further modes of gravitational
radiation beyond two standard modes required by General Relativity and to deal with non-local
theories of gravity involving (7 terms.

Keywords: energy-momentum complex; pseudo-tensor; gravitational energy

1. Introduction

A widely accepted definition of gravitational energy density and its localization in
curved spacetime are serious problems that afflict the general relativity. Several prescrip-
tions for gravitational contribution to energy-momentum density and more generally
for energy-momentum complex have been suggested by Einstein, Tolman, Landau and
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Lifshitz, Papapetrou, Moller, and Weinberg [1-10]. These attempts are based on the in-
troduction of a super-potential or through the expansion of the Ricci tensor in the metric
perturbation h. Thus, the gravitational part of the energy—momentum density transforms
as an affine tensor not as a covariant tensor, and for this reason, it is not really a tensor
but a pseudo-tensor. This affine property of the gravitational stress—energy tensor makes
the gravitational energy—-momentum density not localizable. However, integrating the
density over a suitable spatial region at a certain time such as over an asymptotically flat
spacetime, viable for isolated systems, the gravitational energy—-momentum becomes a
four-vector, as meaning that changes in right way under asymptotically flat coordinate
transformations. Over all space it becomes quasi independent of the coordinate system,
that is, the gravitational energy—momentum of the spacetime exists, but it cannot be local-
ized. In this review a generalization of Einstein’s pseudo-tensor to Extended Theories of
Gravity [11,12] is proposed by imposing the invariance of the higher order gravitational
Lagrangian under an infinitesimal rigid translation and by using Noether’s theorem. Then,
thanks to a continuity equation, a Noether current and a Noether charge were derived
that correspond to a gravitational energy-momentum pseudo-tensor and gravitational
energy—momentum, respectively, both locally conserved. By weakly perturbing the met-
ric tensor around the Minkowskian metric, a weak-field limit, in a suitable gauge, the
gravitational energy-momentum pseudo-tensor for a Lagrangian of n'" order appears an
object easier to handle. Then, by averaging of the pseudo-tensor over a suitable spacetime
domain, it is possible to calculate the power emitted by some localized astrophysical source
carried away by the gravitational waves. This approach could be relevant for searching for
polarization states of gravitational waves in addition to the two standards of general rela-
tivity [13,14]. Finally, after deriving the gravitational energy—-momentum pseudo-tensor in
F(R) gravity formulated in Palatini and metric formalism, some cosmological applications
were discussed, wherein a flat FLRW metric the total energy density was obtained in both
approaches [15,16].

For more details on the issue of energy—-momentum localization in modified the-
ories of gravity such as f(R), f(R,0R,...,[0FR) [16,17], teleparallel gravity and its ex-
tended version f(T), see Ref. [18]. Meanwhile, for a study of wavelike solutions of
modified teleparallel gravity necessary for future applications of the pseudo-tensor, see
references [19,20].

The review is organized as follows. Firstly in Section 2 some definitions of gravitational
pseudo-tensors in general relativity are listed. In Section 3.1 we derived the gravitational
energy-momentum pseudo-tensor for a general Lagrangian of n'" order through two
procedures: the first method uses a variational principle under rigid transformations via
Noether’s theorem and the second adopts the Landau-Lifshitz procedure [1] without
the introduction of the super-potential. Hence, in Section 3.2, we proved that a stress—
energy object is transformed in the correct manner under linear transformations but not
under diffeomorphisms and, therefore, is a pseudo-tensor and not a covariant tensor.
In Section 3.3, we calculated the Euler-Lagrange equations and the gravitational energy—
momentum pseudo-tensor for f(R) gravity, always using Noether’s theorem applied to a
particular one-parameter group of diffeomorphisms given by rigid translations. Therefore,
in all models of gravity we obtained the continuity equation for an energy—-momentum
complex. In Section 3.4, we derived the gravitational energy—-momentum pseudo-tensor
of a gravitation field for a particular Lagrangian Ly = (R + agR* + ZZ:] axROFR) /—g.
Section 3.5, is devoted to the weak-field limit of the gravitational stress—energy pseudo-
tensor expanded to lowest order in a small perturbation #, i.e., up to h? order, and we
have shown two simple cases where the index p is equal to zero and one. Hence, in
Section 4.1, we averaged the pseudo-tensor over an suitable region containing the isolated
sources and then we found the emitted power carried by the gravitational radiation.
Afterward, in Section 5.1, in Palatini f(R) gravity, related field equations and related
gravitational energy—-momentum pseudo-tensor were obtained. Therefore in Section 6,
by adopting a flat FLRW spacetime, an explicit calculus of an energy density complex for
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power law cosmological solutions was performed, also in the metric formalism of f(R).
Conclusions are summarized in Section 7. Finally in Appendix A.1, we proved that the
additive terms related to the symmetries of g,, and its derivatives yield a mean of zero, i.e.,
((Ap)T) = ((Bp)T) = 0. While in Appendix A.2, we explicitly showed the six polarization

24
tensors associated with the gravitational waves present in higher-order theories.

2. Several Definitions of Gravitational Energy-Momentum Pseudo-Tensor in
General Relativity

Here are some of the most important definitions of gravitational energy—momentum
pseudo-tensor in general relativity in the scientific literature, for details see [21].

2.1. Einstein Energy—Momentum Complex

In special relativity the law of conservation of energy and momentum is given by

aT}lV
oxH

with T* the energy—momentum tensor of matter and non-gravitational fields. In general
relativity this principle becomes for general covariance

vy ™ =0, 2)

which does not correspond to any law of conservation of physical quantities. Einstein
therefore formulated the conservation law in the following way

1%
2, 9

Tu = (Vs(T ) =0, 3)

where tyv is an pseudo-tensor. So what is conserved is not only the tensor of non-

gravitational fields and matter THV but a pseudo-tensor t},v must be added to it. This
pseudo-tensor added can be interpreted as associated with the gravitational field and the
energy due to the sum of the contributions of the gravitational fields plus those due to the
matter is conserved. However, the pseudo-tensoriality behaviour of tyv makes it dependent
on coordinates and the gravitational energy becomes non localizable. In order to write the
Equation (2) in the form of an ordinary divergence equation Equation (3), Einstein starting
from the following Lagrangian density which is a non-covariant scalar density

L=/—-gs" (Fﬁvfﬁp - FZPF%) , )

introduced a pseudo-tensor defined by the relation
v 1 oL oo

2.2. Landau-Lifshitz Energy—Momentum Pseudo-Tensor

The gravitational energy—momentum pseudo-tensor defined by Landau-Lifshitz has
the great advantage of being symmetric unlike Einstein’s, which in general is not.This
allows defining the angular momentum and therefore the related conservation law. We
adopt a system of geodetic coordinates where the first derivatives of the metric tensor
g" vanish. Then, the Equation (2) is reduced to (1) which can be written in terms of the
following antisymmetric quantity in the last two indices y#"7 = —yH7¥

817 wvo

L
T g )
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Since the Levi—Civita connection I' vanishes at one point, in such coordinate system it is
possible using Einstein’s equations in the presence of matter written in such coordinates, to
express the stress—energy tensor of matter T#¥ as

‘ -

9 [ 1 3
Hv — _ _ WV 00 _ S HO VP
T e {16naxp[( 8)(8"g™ —gMg )]}, )

A

—g) ox

where indicating the term in braces with the antisymmetric quantity in the last two indices
h*7 = —htY, we get
ah]/tl/ﬂ'
ox”
Returning to an arbitrary coordinate system the previous difference does not cancel any-
more so we can indicate it with (—g)#*" or

— (=T =0. ®)

ah]/ll/(f
oxv

(=) (T + ) = ©)
Quantities t#” are symmetric but are not the components of a covariant tensor but affine.
Using Einstein’s field equations again it is possible from Equation (9) to get an explicit
expression of t¥, defined as the energy-momentum pseudo-tensor of the gravitational
field, by means of the derivatives of the components of the metric tensor, that is

1
167(—g) pHv :gﬂvrpg.ﬂv,‘r _ g#P’ngag + nggpagpa ﬁgﬁga
(g”Pgmg 507 88008 0™ ) + 20gP " ag" 5 (10)

+ g(Zg”Pg — §"87) (2848871 — 8pr8un) 8™ 0”7

where g = \/—gg".

2.3. Moller Energy—Momentum Complex

The energy-momentum pseudo-tensors t#" of both Einstein and Landau-Lifshitz
besides having the flaw of being tensors only affine and not covariant also depend on the
choice of coordinates. Then, Moller looked for an expression for energy and gravitational
momentum independent of the particular coordinate system. To do this Meller exploited
the fact that the pseudo-tensor including matter plus gravity 6#V = T* + t#*¥ can be defined
at less than a magnitude S*¥ at zero divergence 9,5V = 0. In 1958 Meller proposed the
following complex tensor of energy—momentum complex 7, Y= GHU + SP,V looking for the
S P,V such that 7, " transformed as a tensor for only spatial transformations

1
Tu' = 5% [\/ —8(8uor — gm,a)gm’g"f’} , (11)
where the expression in square brackets is the antisymmetric super-potential U, = UHP !

such that
WT," =0. (12)

2.4. Papapetrou Energy—Momentum Pseudo-Tensor
Papapetrou in 1948 used the generalized Belifante method to derive his pseudo-tensor

due to the complex of energy—-momentum contributions using Tolman’s expression of
Einstein’s total pseudo-tensor GP,V (3),ie.,

10 (e
T 8roxe | P ag"’ 2“ a“ﬁ ’
o

(13)



Particles 2022, 5

302

where L is Einstein Lagrangian give by (4) and g"“ have been defined in Equation (10).
Belifante’s method consists in finding a symmetric quantity Q" = Q'* divergence free
which differs by UVPGPV only for an antisymmetric quantity divergence in the first two
indices BMP = —BIPF j.e.

QW = U#PQPV 4 %BWP , (14)
such that 5

with 7, = diag(1, —1, —1, —1). Expressing B*"f in terms of of the field spin density S#"*
Bl — 7%(51@ + SPHY 4 GPVHY | (16)

you get after a few counts the expression for the total pseudo-tensor (*”

v 1 82 v, 00 Vo [ vo
O = o o [V=8(8M 0 = g1 — gP v = g7)] (17)

This geometric object is symmetric with respect to the first two indicesy e v.

2.5. Weinberg Gravitational Energy—Momentum Pseudo-Tensor

Weinberg [22] derived the gravitational energy—-momentum pseudo-tensor by adopt-
ing a quasi-minkowskian coordinate system. In this system the metric tensor g, tends to
that of Minkowski 77, at great distances from a localized material system. We write the
metric g,y as the sum of the metric of Minkowski 77, plus h,, that goes to zero to infinity

Suv = My + Py - (18)
We linearize Einstein equations G;“, = —87TGTW, expanding Ricci tensor RHV in terms of
powers of hy, as
R~ %W,,R(l) = —87G [Ty + t] , (19)
where
by = & (RW - %gwR -rRY + ;UWR(U> , (20)

is the gravitational energy-momentum pseudo-tensor. So in the Equation (19) you see
that reading the equation from right to left, ¢, assumes the meaning of the source of the
linearized curvature together with the tensor of the non-gravitational fields and of the

1)

matter T,,. From the linearized Bianchi law to which quantity R TSt satisfy, we get

the following local conservation law

a%(TW +HY) =0, (1)

The pseudo-tensor t,,, to the second order in & is

1

1 1 1
- [ -= 14 = oo p(1) 2 _1 oo p(2) 3
o = 87IG( M R+ SR R, = SR pg) +o(P), @

where Ry, to first order in h is

RO _1 Prty azhAP >*ht, Phyuy 23
w2\ oxMoxY  9xAdx?  dxAoxt | 9xtoxy | (23)
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while to second order h becomes

RO _ L[ Fhp Py Py Ph
v 2 oxVoxt  9xvoxr  oxPox*  9xPax}
1( 00y oW, (oh7, ane, Oy
+4(2 9xP  ox oxv * oxi 0xy ’ (24)

_ 1 ohgy + ahg/\ _ al’l/\v ahgy ahU/\ B ah/\y
4\ oxH oxv ox’ 9x dxH %,

3. Energy-Momentum Complex in Curvature Based Gravity

7”7

3.1. The gravitational Energy—Momentum “Tensor”” of n'" Order Lagrangian

Let us examine the energy—momentum complex for a fourth order gravitational La-
grangian, that is, which depends up to fourth derivatives of the metric tensor g,, as
L=1L( Spvs §uv,pr Suv,pAs Suv,pAEs v p /\(:U), whose field equations, in general, are of eighth or-
der in metric formalism (see also [23,24]). In this manner we include all possible curvature
invariants, not only [J operators, into the gravitational action. Then, we will generalize the
approach to a gravitational Lagrangian of n-th order, i.e., which depends up to n'* deriva-
tives of metric tensor. We will derive the energy—-momentum tensor using the Noether’s
theorem, imposing that gravitational action is invariant under global translations [1]. In
this review the metric signature of g;,, adopted is (+ ,— , — , —), while Ricci tensor is
defined as Ry, = Rf upv and Riemann tensor as R* Buv = ngrﬂ + ...

Let us vary the gravitational action with respect to metric g, and coordinates
xH [11,25,26]

1:/ d4xL—>51:/ d4x’L’—/ d4xL:/ dx[fL+0,(Lox")],  (25)
Q (04 Q Q

where § stands for the local variation while § means the total variation, that is, keeping the
value of coordinate x fixed. By infinitesimal transformations as

X' = x4 €t (x), (26)
the total variation of the metric tensor reads
08uv = §uv(X) — v (¥) = —€"0uguv — uudve” — guadpue” . (27)

Under global transformation, d e” = 0, the functional variation of the metric becomes
08y = —€“duguv- If we also require that the action to be invariant under this transforma-
tion, that is, I = 0, from arbitrariness of domain of integration (), we have

0 = 0L + 9, (Lox™) = (aLapaL +apaA87L—ap 29z JL
98y v, 98uv,pA 981,008 (28)
oL ) .«

where the explicit expression of gravitational energy-momentum tensor, that we will see
being a pseudo-tensor or affine tensor, is



Particles 2022, 5 304

1 oL oL oL oL
Tl = -0 + 0,0 — 03070y ————
O 2xy/g Kagﬂv,ﬂ Aaguvm * gaguv,ﬂfté e Uagﬂvmév B

n oL 3 oL 499 JL g n JL 3 JL g
- Y , - LOA
9w,y ¢og upyg g wpnee )5 WBuphy  O8uvprge )

oL
+ 38w ,X—JZL} . (29
agﬂl/,p)\ﬂlf Shvpre ( )
If the metric tensor g, satisfies the Euler-Lagrange equations for our gravitational La-
grangian
oL _ oL 3, oL 43,0, oL 3099; oL 4 3)9,0:00 oL _ 0, (30)
58 v 3g v 3g W0 ag HV,pA 38 HV,PAE ag w,pALT

for an arbitrary €*, we get a local continuity equation for our Noether current

a(v=st) =0. (31)

In a more compact form, the gravitational energy—momentum tensor takes the follow-
ing form

Tr/ B 1 |:i (_1)"’1 aiL
x ZX\/jg m=0 agVV/WiO“‘im ,l‘O"'i’”g‘uV,a

2 3 . oL
+3, ) <—1)1<> &uviria — OdL| , (32)
Jdg-ij

j=0m=j+1 agyv,riio---im

where we used the following notation

04 if m=1
O if m=2
. :]L‘ . .= M2 ,' P .
(),lo ()110"'Zm (),iliZis lf m = 3 (),lklk (),lk
and so on

Let us now generalize our approach considering a general Lagrangian density depending

up to n'" derivative of g, thatis, L = L(gu, Suviys v inins Suvyivinizs *** » v ininiz---iy ) - TOtal
variation of Lagrangian L and its Euler-Lagrange equations yield

1 oL é oL
SL=Y — 2 beuii = Y i i 0%, (33)
mg() ag}lv,iﬁ"'int g]/“//lo l m;() agVV,iO"'inl o glﬂ/
6L L oL
= -H)"9;..; — =0, 34
5g;u/ mgo( ) fortm ag‘uv,io...im ( )

where 6/6 Sy is the functional derivative, while it is possible to exchange the variation
0 with the derivatives dg,i;...i,, = 9iy-.i,,08uv, because we are varying keeping x fixed.
So, we can find a most general local continuity equation which allows us to define the
energy-momentum pseudo-tensor (which is an affine tensor as it will be proved later) for
the gravitational field of 2n*" order gravity
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a1 {”21(_1)," oL
o 2xv/—8 0 agﬂvlﬂiomim ,io'”img}tv,lx

nZZ Zl - i iw—OdL|, (35)
2 +°°[ . o Euv ijiq---ima al],
Jio i

j=0 m=j+1 agPW/’IZO‘“lm

where © is the Heaviside function

1 if né€la +oof

®[u’+°°[(n) B {0 otherwise ' (36)
If fields and its derivatives vanish on boundary of our spatial region or rapidly decreas-
ing to the spatial infinite on an infinity spacelike hypersurface, the gravitational energy—
momentum tensor is totally conserved and satisfies a more general conservation law. An
alternative way to obtain the tensor (35) is the procedure developed by Landau [1]. For
example, we start by deriving the tensor (32), because its generalization to higher order
Lagrangians is the same. First of all, let us impose the stationary condition and vary the
action with respect to the metric to find the field equations under the hypothesis that both
0gyuv and the variation of derivative 60" ¢ vanish on the boundary of integration domain,
canceling the surface integrals. Hence, the following occurs:

or=0 /Q XL (8ws Syv.ps GuvpAs SuvpAes Suuprce) =0, (37)
I
JL 8 oL 49 8)\ JL apa,\agaiL + apa)\agagaiL =0. (38)
ag uv ag [2Y ag v, ag UV,0AG ag UV,pAGT

Now, we perform the derivative of Lagrangian respect to metric tensor and then we put it
into the field equations (37). We obtain

aiL_ JL agyv JL ag;w,p JdL aguv,p)\
oxx gy 0x*  Oguy,p Ox* 9guv,pn  0X*

aL ag}ﬂ/,p/\é E)L nglp/\gg
ag;w,p/\g ox* agyv,p/\@a ox*
= ap ag]iv, Suv,a — apaA ag g]uux + apa/\agagiégyv,zx — apa)‘aéagmg}wﬂ
RIS s aL L
A p Suv,pu R Suv,pra + % 8 v, oA En 3gw,p/\gg Sy pAion

=30 (5o ) ~ 2 (aA Lo ) +o, (aLg,w,,m>
8uv.p 98 v, 98w, pA
+9p <aAa§ agva,pm;gW’“> + I (ag;ngVV'Pé"‘)
~a; (aAag:fMgw a,J) 3 (aAagaaagjiwgw,Q
+0d,) (agljimfg}w,pémx> —d¢ (aA agji)@gw,pm)

oL
+ ag (3@3,\ agw//p/\gagyy,‘oa> . (39)
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Grouping together terms and renaming dumb indices, we obtain

oy (v=stl) =0, (40)

that is, the pseudo-tensor is locally conserved, where 7, is the tensor defined in (32).
The energy—-momentum complex, instead, can be derived considering the material
Lagrangian L, = 2x+/—gL with stress—energy tensor given by

® 2 5(\/jg£m)
= V=8 08 . .

Thus, we use the field equations in presence of matter, namely

P1% = xT*, (42)

where 1 oL G
g . . 7T
- with the coupling x = —— . (43)
V=8 0&1a pme

!
By field Equation (42), we obtain

<2X\/ *8707> . ==V *8Pp08p0,oc =XV *8Tp08p0,tx
— 250y/=gTily — (ZXW/—gT,,'Z) . (44)

Z

9 [\/Tg(fﬂ +Ti )} = V/—8Tdy 45)

P =

being

OL + 9y, (Lox!) = —P"\/—gdgu + Oy (ZX\/—gTJZ)e"‘

= [\/Tgl’”“gw,a + 3y (ZX\/TSTJZ )} " =0, (46)

and because from symmetry of tensor T/, one gets

1
V=8Thy = (V=sTi) , 28eea V=g (47)

The relation (45) tells us that the conservation law of the energy—momentum complex, i.e.,
the sum of two stress—energy tensors due to matter plus gravitational fields, is related to
the covariant derivative of the only matter part. From contracted Bianchi identities we get
the total conservation law and conversely

Gl =06 P =0 T =06 9,[/=g(<d +T!)| =0, (48)

1
where G"* = R — 3 ¢'"R is the Einstein tensor and the locally conserved energy—-momentum
complex is given by
T = =3(d+T). (49)

In a nutshell, the contracted Bianchi identities lead to the local conservation of energy—
momentum complex or, viceversa, the local conservation of matter and gravitational
fields involves the contracted Bianchi identities (see also [27] for a detailed discussion in
modified gravity).

From the local continuity Equation (48), it is possible to derive some conserved quanti-
ties, Noether charges, such as the total 4-momentum of matter plus gravitational field. If we
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require that the metric tensor derivatives up to the n** order vanish on the 3-dimensional
space-domain %, the surface integrals are zero over the boundary 0%, that is

EN /Z d3x\/Tg(TV° + T”O) - /az dai\/Tg(TVi + T"i) —0, (50)

where X is a slice of 4-dimensional manifold of spacetime at ¢ fixed and JX its boundary.
Such conditions are fulfilled by when we are in the presence of localized objects, where we
can take a spatial domain that becomes flat to infinity, i.e, a asymptotically flat spacetime.
So, the energy and total momentum conserved become Ref. [28]

pr :/Zd?’x\/fg(T%OJrrW). (51)

These quantities are very useful in astrophysical applications [29].

3.2. Non-Covariance of Gravitational Energy—Momentum Tensor

We will prove that the tensor 7, is not a covariant object but affine, that is, it is changes

like a tensor under affine transformations [30], i.e., a pseudo-tensor. We will limit ourselves
first to a particular case, n = 2, where the tensor (35) reads

1 JdL JdL JdL
n_ Ul
T, = —0 + — oL, 52
o 27( /7_g l (ag;”/,r] A ag],”/,y]/\ ) gVVrlX agl/“//’?‘: gVV,Ctx o ] ( )

We will show that, while under a general diffeomorphism transformation x” = x/(x), the
tensor changes as

T () AT (x), (53)

with Jacobian matrix and determinant defined as

ox' oxT 1
n_ -1t _ _ _
N=5e Ti-gm  de(f) == 54)
under the following affine transformations
=AUt T =A |Al#£0, (55)

the tensor is transformed as

7 (x') = AIATITT (%) (56)
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Generally, following identities occur
V-8 =v—-8 where g is a scalar density of weightw = -2 ,
L'=JL where L is a scalar density of weight w = —1 ,

Ghwa (x') = T3V ane(0) + 3[40V g (x)

9y Lr(wew | o\ s lvarhre

. = > | (akap +ovey ) ol vaptys = 1YI0E

AL i (uw)y OL ety OL
=TT =] JJJ”

08 juv,1 TP T ogp e

tensorlal density (3,0) of weightw = —1,
Sunea (¥) =TT Wgaha () + 02 17307 8 (%)
+9, [r”rlv”]rg Saba (%) +9; [rl”rlj’rﬂgab,c<x) :

98pre _ (41 ) (1 c;‘ () yny)
oL iy(pp)iligd S
A I e =TI
tensorial density (4,0) of weight w = —1,
oL’ oL oL
9 _71Mv77/\71087+a/ 11H ,
agr, =) IR o L P

and by symmetry of Byg, i.e., Byg = Bg, follows that A("‘ﬁ)Balg = A“ﬂBaﬁ. Then we have

oL’
O puv,1

JdL

_ oL
g;wa_] 1]’(] o ag g“rPTF( ) T—

T s Wi

x/D(

oL
NG —
agyv nA

_ oL
g;w,zx( ) =] l]T] 1catrag

JL
+ —1yHv ’73
L

oL
08 yp,7e

Zave + 3 [T 00 [T gun ()

oL
980,

ab,to

gub,c ’

AU I R e A R

oL’
08 v 2

I I Qanax )wzlra — T [T e ()

oL
8rp

g OL

©0gp,ve
oL

9gop,re”

gyvérx( )_] l]’?] x5 gfyp,we(x)‘i‘] 18/2 [] lu] 1b]guh( )] ]p]r]

Finally, taking into account previous relations we get

2 3
/ -1 0°x 9°x
T (X)) = T8 0 (x) + {terms containing 32 9B [ (57)
Extra terms that include derivatives of order equal to or greater than two vanish for each
non-singular affine transformation but not for generic diffeomorphisms. This proves that
gravitational stress—energy tensor is non-covariant but affine, that is, it is invariant under
affine transformations due to non-covariance of the derivatives of the metric tensor Spvs
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that make it at least affine. Generalizing to n-th order Lagrangian, metric tensor derivatives
change as

a1 —1j T
Svyiyerima (X)) =T W P iil...] AT g e (X)

Im

%x omt2y
+ {containing terms EG IR W}, (58)

and derivatives of Lagrangian as

oL’ oL

; = ]_1]5,];]2]2 . ];’:l E TS tensorial density (m+3,0) of weight w = —1,
& 1w, 1ig:+im E0,Tj1fm

so that the non covariance of tensor 7,/ appears. Otherwise, we obtain for affine transfor-
mations
2y om+t2y

w2 T gymiz = Uy

Tl (x) = AT (%),

that is, the energy-momentum tensor of gravitational field is a pseudo-tensor. This result
generalize to Extended Theories of Gravity the result in [1]. The affine character of the
stress—energy tensor T, is a exhibition of the non localizability of gravitational energy
density. Specifically, the gravitational energy in a finite-dimensional space, at a given
time, depends on the choice of coordinate system [28,31]. It is worth highlighting that the
existence of particular Lagrangians for which extra terms in Equation (58) vanish cannot

be excluded a priori. This is because terms depending on derivatives in the bracket (57)
92 gm+2
ax/J;r Tty ax/erJ;r

pseudo-tensor T, become a covariant tensor. However, due to the structure of (57), in
general, 7, is a pseudo-tensor.

such as

can cancel each other out. Consequently, the energy-momentum

3.3. The Gravitational Energy—Momentum Pseudo-Tensor of f(R) Gravity

Let us examine the gravitational stress—energy tensor in the f(R) gravity. Now, the
gravitational action is given by

1
SFR) = 5.2 /()d4x\/jgf(R) (59)

with the coupling x> = 871G /c*. We perform the variation § with respect to the metric gV
and coordinates x* for a generic infinitesimal transformation

W =xt ot gM(x) =g (x) +og" g (x) =" (x) +48"  (60)
= 1
0S5(R) = 5.2 /Q d*x[6(y/=gf(R)) + 0 (\/=8f (R)éx")] (61)

where ¢ is the global variation keeping x fixed. Thus, we get [11,27,32-35]

510 = 57 [ #44V/78| F (RIRw = 38 f (R) = V, Vo f (R)

+ gwf'(R)

sgh’ + /Q d4x8a{ 2;:2g {Bﬁf/(R) (g'ipg“ﬁ — g"‘”gpﬁ>(5g,7p

+F R (P 10 ) g+ (5757 = ") + R0 } (62)
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where f'(R) = 9f/0R. By the condition of stationarity of the action at x fixed, that is,
S F(R) = 0, in a given domain () where the total variation of both metric and its first

derivatives are zero on the boundary, that is, 6g,y loao = 0and § (aa gw) laa = 0, the field
equations in vacuum become

pf(R) _ 262 OLsr)
g g

= F(R)Ry — 38 f(R) = Vuf (R) + gulf (R) =0 (63)

where 2x2L £(r) = v/—8f(R). For an infinitesimal transformation such as a rigid translation,
one gets
W=t el = ogu = —€' g (64)

because d,,e" = 0. When the local variation of the action vanishes and the field g, fulfils
the field equations, we obtain the continuity equation

SSf(R) :0:>ag(\/—graw(m> =0 (65)
where the gravitational energy—momentum pseudo-tensor of f(R) gravity is defined as
26777 r) = 20pf (R)g" g P g0 0
+f/(R) [(r e —1 Wagap)gr]p,/\ + Zgg[qgﬂpgqp,r)\} — f(R)o5, (66)

o o o o
with T P19 = g"€g"% T P eprand T ", = g*r T.+. Now to derive an equation of continuity
for energy-momentum complex, we must also include matter fields, as in matter action

Su= [ d*Ln (67)
o)
where L, depends, at most, on first derivatives of metric g;,,. Varying the matter action
(67), it gets
oL V=8 \ plm)
_ 4 mos U __ 4 v
(5Sm_/0d X8 _/Od x( _ )Tw 5¢ 68)
where the energy—-momentum tensor of matter fields T;(“T) is defined as
(my _ 2 OLm
Ty’ = Nk (69)

So minimizing the total action 87 = S¢(g) + S and imposing suitable boundary condi-
tions, field equations in presence of matter take the following form

fR)Pp,, = 2T . (70)
According to contracted Bianchi identities and following formula
V'V Vi f(R) = R, Vo f(R) + V,Of(R) (71)
we derive equivalences

VG =06 V' (fPp,) =00 v'T =0 (72)
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The variation (62) of gravitational action, the rigid translation (64) and the matter field
equations (70) give

V&
5Ly Ry 30 (Lpi) ") = Y55 Phiry 08w — o (v/=g7) !
1
= {—2«/—gT(};:)gW//\ — 9 (\/—g7%) |*. (73)
Taking into account Equation (47), the expression Equation (73) yields

SLs(r) + e (Lpr)0%”) = [~90(v/=8T) + V8T — % (v/=gT0)]€". (74

Imposing the local variation to zero, under rigid translations, we have

OLy(r) + 90 (L)) = 0= 36 [ =g(t5 + T0)] = V=gVoTa.  (75)

From the contracted Bianchi identities (72), we derive local conservation law for the energy—
momentum complex 77 in f(R) gravity

o[V )] o 2

where

= V8 (T T T) 77)

3.4. The gravitational Energy—Momentum Pseudo-Tensor of Higher Order Gravity

Let us now address theories of gravity of order higher than fourth, where terms
containing [] operators occur in the action up to # times. In supergravity and, more broadly,
in gauge theories concerning with gravity [36-38], these theories are not only effective
field theories, but also fundamental theories. Actually, there is at least a subclass of local
higher derivative theories, the so called Lee-Wick theories, that are unitary and super-
renormalizable or finite at quantum level as demonstrated in [39,40]. Then, we consider the
linear and quadratic part of the Ricci scalar R, the first R depends only on first derivative of
metric tensor g,y and the second R* depends linearly on second derivative of metric tensor,
as follows [1,22,30]

R=R"+R, (78)
R* = gﬂV (rﬁv,p - rzp,v) ’ (79)
R=g" (r;ﬁvrgp - rfwrgp) . (80)

Hence, we want to derive the energy-momentum pseudo-tensor 7, for a gravitational
Lagrangian given by
B p
Ly = (R+aR*+ Y atROR) /=g, (81)
k=1

that has been first considered in [41]. Therefore, for the purpose of derive the pseudo-tensor

7./, we have first to calculate derivatives present into the Equation (35), namely
R P P k
oL _ | R + (200R + Y g OFR IR + Y uR IR . (82)
98w, 98w, k=1 Ouvy (= 98uy

+ ZﬂkR

Ouvyr =1 98w

(i)l

a8 Hu A

p
<2aOR + ) 4OR
k

) aR p okR
=1

) ., (83)
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4_915(—1)"1(%.) :Ei(— dig-- zml\ﬁﬂkR 'R

m=2 aglﬂ/ g~ Im Jige-i m=2k=1 WV i - -im
2p+3 oFR
= 2 ( 1)malo 'im [\/ _gakRai
k=1 m=2 8uv i+ im
2k+1 DkR
= 3 Y ()"0 [V gERS |, (84)
k=1 m=2 gP“/ﬂ?lo “im
where A =iy, n =2p+4and
o*R
— =0 if m>2k+1. (85)
981w pyig-++im
Then, after algebraic manipulations, one have
n—2 n—1 . oL
LT (s
j=0 m=j+1 Epv,aio-im Jig-i
p 2p+2 2p+3 "R
=2 ) ) (V guRs——— ] . (80)
h=1 j=0 m=j+1 Spvinio-im Jig-i

Thereby, after observing that j +1 < m < 2h+1 — j < 2h, we finally get

n—2 n—1 2h  2h+1 h

; oL J0"R

2, El, (1)]<a .. ) _ZZ Z (” ahRa ) )
j=0 m=j+1 Swviio-in ) i i h=1j=0m=j+1 Epv,ipig-im g

By inserting these expressions into (35), we obtain the gravitational energy-momentum
pseudo-tensor for the Lagrangian (81)

IR _OR
Oy, Sma T 38 A

_ kR
T;Z—TZ‘GR ZX\/i{w/ <2a0R—|— ZakD )
dR
-9, [ /=g <2aoR +Y akaR> ] Suva

k=1 9gyu,nA

g pn/,Azx‘|

P (2h+1 "R
+ O 400[(P) Y Z(—l)qaio...iq[\/—gahRau}gw . (87)
h=1\ q=0 g;n/,mo---zq
2h 2h+1 o'R
+Z Z 10 1|:V ahRa :|gVV,i]'+l"'i;an}
j=0m=j+1 v, iig-im

P
— Y <a0R2 + Z akRDkR> ,/—g}

where the notation 0;, = Iis the identity operator and T;7| g Indicates the energy-momentum
pseudo-tensor of general relativity [31] defined as

1 oR -
1 U
TyGR = 7 (agw » Suv,a — On R) . (88)

Given that only R contributes to the field equations we can replace scalar density \/—¢R
with /—¢R,which is not a scalar density. This makes the gravitational pseudo-tensor easier
to manipulate and for a straightforward generalization of results see in Ref. [25].
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An important extension of local Lagrangian (81) to non-local Lagrangian is possible
allowing p — oo. Let D be a linear differential operator defined by
p
DP = Y o, (59)
k=0

If the weak or strong convergence is guaranteed under suitable assumptions for the co-
efficients a; (e.g. Y p—|ax] < o) and for the domain of the operator D, we obtain the
following non-local operator F([J)

lim f a0 = F(D) (90)
k=0

p—

and also our local action becomes non local, i.e.

I:/Qd‘lx[ﬁwLRF(D)R]\/jg. 1)

Accordingly integral operator acts as
D(x) = / d*yF(x — y)R(x) = F(O)R(x) . 92)
Q

Let us carry out now the limit n — oo for the energy—-momentum pseudo-tensor of n-order
Lagrangian (35), we may obtain the non-local pseudo-tensor, that is

lim 7,/ (x) = T} (x) . (93)

n—o0

Whereas T, (x) transforms as an affine tensor, we could show that also its limit for 1 — oo,
i.e., T!(x), is an affine tensor. For an linear transformation

X =ANx" A #£0 (94)
the following affine pseudo-tensor changes as

T (x) = APAITO (X)) (95)
Substituting (95) in (93), we have

) = Jim AN () = ATUAL Jim T () = ATUATEE ()09

which implies that 77 (x) transforms as an affine object also in the limit n — oo.

3.5. The Weak-Field Limit of Energy—Momentum Pseudo-Tensor

The gravitational energy-momentum pseudo-tensor (87) related to Lagrangian (81) in
weak field approximation can be performed perturbing weakly spacetime metric around
the Minkowski metric 7, as

g;w = 7’]]41/ + h;u/ being Ihlﬂ" <1 , (97)

where h = ##"hy,, is the trace of perturbation. Thus, we expand the energy-momentum
pseudo-tensor to lower order in &, namely, retaining terms up to h?. Let’s see what becomes
the weakly perturbed pseudo-tensor (88) in harmonic coordinates where ¢"'T7,, = 0. The

quadratic part of the Ricci scalar R yields

R=—g"(TT?,) 98)
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that is 1
R=-— Zgwgmgpe (gey,a + 8eou — g}m,e) (g)w,p + Srov — gvp,/\) . (99)
Keeping terms up to second order in h?, we get
oR W W (1 « B
g 5 (gocﬁ,é) = <2h , ’yhaﬁ,é - h’y, htxﬁ,é) ’ (100)
[ /’)/

according to

aR 1
Fo - 8ups =~ 4{ (g’*’*g"”‘g” + Mg gPe — g”"‘g‘”gﬁe) (8epo + Zeou — Sope)
Sap,y

+ (gﬁvg'mgpa + gwgﬁ)\gpzx _ gmgﬁvgm> (g/\v,p + 8o — gvp,/\) }g“,;,(; , (101)

and also

=(2 1
R® = =2 (b —2npt, ). (102)

Hence, when we put these terms into (88) , the stress—energy pseudo-tensor in general
relativity up to order h? takes the form

L1, , Lor(rory, o AP
Tr = 37 {anhw — Wiy — 200 (W7 =205 )| (09)

Now, we have to expand to second order in / the corrections of the pseudo-tensor (87) due
to extended gravity terms. To lower order in & we consider the following expansions

(0)
oR 1 (0)
— Z ok vA HA v Hv A
(%w) 5 (818" + g g —2g"g")

= % (™ g — 2y, 104)

(0)
oR hg 1
( > (g}w,)w‘)(l) — (hAi7Aa o h'ﬂa> — (h/\ﬂ — 17'7/\h) N :g 7511"7“ , (105)

98 yuv,A “
JR © 1) _ (1A A
aor )" aor | aor Y
— yi2h e (”yilqvv _}714V7777i1) L. (107)

Then, we take into account only the terms up to #? in harmonic gauge, as

hZ

P oR hg 1 & 1

200R+ Y TR | g = = | Y a0 | 1 + Zagh™, O, (108)
k=1 Euvia 4\i= 4

o

hZ
P
—0d)|v/—g| 2a0R + Z ﬂkaR IR Suva h.:g. aodh 5 (h)“? — ;7’7/\]’[)

k=1 9w :
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1 4
+5 Y o, (W - Wh) , (109)
k=1 ’

Z zo dg |V T ahRa v,
=1 q:O v io--+ig
hZ
hg 1 h+1 nA _ A U
zhgam o (W1 =y h)la+(Ap)a, (110)
p 2k 2ht1 h oy
JJ"R hg 1
2 Z 2 - 10 i [\/ ahRa g;tv,ijﬂmima £ Z 2 hDhDh ”7
h=1j=0 m=j+1 v, ig-im =1
1 p—1+h ) ‘ )
+5 Z y 2 (1) a0 (1% — ) T ()L
j=h m=j+1-h r*h

In Equations (110), (111) and (107), we have disregarded the index permutations (yv) and
(niy - - ~ipp41) because (Ap)" and (B,)” terms, averaged on a suitable spacetime region,
vanish, according to Appendix (A.1). Hence we calculated only the term deriving from
(AT) without considering the index permutations (uv) and (#iy - - - i 11). This because,
taking into account terms obtained from permutations in (A,)" and (B,)", averaged on
a suitable spacetime region, we obtain that are equal to zero as we will see below in
Appendix A.1. This mathematical trick is essential to calculated the averaged gravitational
energy—-momentum pseudo-tensor and the power emitted by a source.

So, by inserting equalities (108), (109), (110) and (111) into (87), we find the extra term
of pseudo-tensor 7, to second order owing to extension of general relativity , that we call
i'g , that is

a2 LTS o, 4 Ly g (h* —yn)
o 2)( 4 = k o 7 = t A ’“
1L P2

1 5 Z Z Z (—l)hamDmfj (hn/\ . ’717)»;1) ' DjJrlfhh/\ih

h=0 j=h m=j Al

1F
+ 7 Loaud (1 = Onol ) Oh + ©p 4y (p) | (49) + (B,)!] } , (112)
1=0

where conventions used are

Onig = 0 1y =y

In summary, we can split the gravitational energy-momentum pseudo-tensor in the general
relativity part and in the Extended Gravity part, that is

n? -
T = Ta|GR + 1. (113)

Now in the particular case when p is equal to 0 and 1, extended corrections of the pseudo-
tensor 7, was derived. Then, for p = 0, that is, Ly = (R+ a9R?)\/—g as in the case
discussed in [25], we obtain

2
n h-
TIX - TD¢|GR + T(X 7
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with

2
7L %)C (éh’”aDh + k" Ot — 1, Ol — }L(Dh)zéz ) . (114)

While for p = 1, thatis Ly = (R + a9R? + 1 ROR) /=g, one has

n k2o

=1
Ty = x|GR + T,

where extended corrections to pseudo-tensor are

1

i 1 { 1 <2a0|]h i almzh)hf’{x n % (2aomh,A + alﬂzh,/\> (W - Wh)

W= 4

p

1 1 1
- nA _ A - nA _ A 2 - nA _ A la
+ zallil(h 7 h),aDh,A+ S (h 1 h),aD I — 5 (h 7 h)lmljh,A
1 1
+ 3@ OO — 201 [ao(Dh) o (Dzh)] O+ (A1) + (Bl)Z} . (115)

The iteration can be performed to every p introducing new contributions into dynamics.

4. Power Emitted Carried by a Gravitational Wave

We wish to calculate the power emitted in the form of gravitational waves by an
isolated massive system considering the local conservation of the energy—-momentum
pseudo-tensor (40).

4.1. The Average of the Energy—Momentum Pseudo-Tensor

Let us now regard the wavelike solutions of the linearized field equations in vacuum
associated with Lagrangian (81), for details see Ref. [42]. Gravitational waves solutions can

be expressed as
p+2

hyy (x) = 2/ d?)ik(Bm) (k)e!km)ar® e, (116)
14 = fo) (27_()3 nv

where
Cuv (k) for m=1

(Bm)‘m/(k) = {:1)’ |:17§W + (km) :|Am(k) for m>?2 ’ (117)

" (km) v
Kl
with Cy,y (k) related to transverse-traceless polarization tensor typical of general relativity
and A, (k) the amplitude of wave at k fixed. Here “c.c.” stands for the complex conjugate.

The trace of tensor (117) is

C} (k) for m=1

, (118)
Ay (k) for m>2

(Bu)) (k) = {

and the k}, = (wm, k) is the wave vector with k2, = w? — |k|?> = M? where k2 = 0 and
k2, # 0 for m > 2. Keeping k fixed, we derive the following relations

p+2 ]
ha! =2R6{ Y (=1)(K), (k) Aje”‘f"} , (119)
j=1
p+2 m )
0", _2Re{(—1)mi IMONG) Afel"fx}/ (120)
j=1

07 (W — ) =2Re{<—1>qz’pf<kz>m (k)" (B — W(Bo,@]efk”f} , (121)

I=1
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O"h 7 :ZRe{( 1)"+t Z (k2> A]-eikfX}, (122)
+
0 (W —yh) :zRe{(—l)‘?“ pz (k) (), (1) [ (B = 77 (B )] eikl"} , (123)
’ =1
2

P2
Ok :2Re{(—1)” y (k%) Are’k"‘} . (124)
r=2

Now, we choose a domain of the spacetime Q) such that |} > ‘17‘ [22]. Then, we can

perform the average of the gravitational energy—momentum pseudo-tensor 1, over our

region and all integrals, including terms such as e i(ki—kp) <" , tend to zero, by means of
following identities

Re{f}Re{g} = SRe{fg} + 3Relfg) (125)
(ko [(B0™ — i eryg) =~ 82, (126)

In the harmonic gauge, after averaging and some algebraic manipulations, we find (see
Appendix A.1)

(m+q)

m q (1A _ A —(_ m+q+1p+2 n({12 2
(2 (w7 = ) ) =(-0m Y ) (8)

1=2

<Dmh,KD’7 (hq/\ _;717)\],[) > =(-1) m-+q+1 Z kl (kz)( +q)+1|Al|2,

Fogs

(DA =2(—1)" 1! Z(kr)“(kr)’](kf)(m+q)|A,|2,
(@7 HOk) =2(—1)"+ Z (kz) a2,

((Ap)]) =((Bp)]) = 0. (127)

A set of polarization tensors forming a basis for the linearized solutions , is given in
Appendix A.2. According to equalities (127), we can calculate the average value of the
energy—-momentum pseudo-tensor as

<Tﬂ7> = i [(kl)q(kl)a (C”VC]jV _ ;|c;\\|2)]

! 1) 5 k) (k). — K260 ) |A,2
+§ 6 ; (J)(J)a_ija |41
]_
1 P P+2 AT

1y 2o 247
—ED uzz(k) APsLE, (128)
1=0

with gravitational coupling x = 8?—4(3. In TT gauge for the first mode associated with k; and
only in harmonic gauge for residual modes ky;, in the momentum space, it gets

(129)

(k1),CH =0 A cQ:o if m=1
(k)(Bm)W: 3(Bu) K if m>2"
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We now explore a gravitational wave propagating in the +z-direction at k fixed, with
4-wave vector given by k" = (w,0,0,k;) where w? = k?if k¥ = 0 and k2, = m? = w?, — k2
otherwise with k, > 0. Accordingly the averaged time-space tensorial component which
can be seen as flux of gravitational energy along the z axis through the surface that delimits
our domain (), reads

(8) = ot (Ch+Ch) + 1

1 p+2
<_6> Z wjkz‘Aj|2
j=2

4 ! axy 2(1+1)
+ Y (12 (1) Y wikemy VAP | L (130)
1=0 j=2

Finally, we can calculate the emitted power per unit solid angle (), radiated by the
localized sources, in a direction £ at k fixed. By choosing of the suitable gauge, for the local
conservation of the energy—-momentum pseudo-tensor (40), the power is given by

AP i/ i
g-'% <T0> . (131)
By ranging the index p of the pseudo-tensor (130) over {0,1,2}, we obtain the following
three cases

forp=0

ctw? ct 1
(7)) = g [Ch+Ch| + M{ (—6)w2|A2|2k2 +2a0w2m§|A2|2kz} , (132

forp=1
<T5’> = ;4:2 [C%l + C%z} + 16C;G{ (é) (wz|1‘\2|2 +w3|A3|3)kz

+ 2ag K(uzm%]Az\z + w3m§|A3|2|2)kZ} — 3 {(wzm%|A2|2 + w3m§|A3|z)kz} } , (133)

and forp =2

4, .2 4
3\ _ CWiT 2 c 1 2 3 2
()= S8 ch ] g (L) o = s i)
+ 2ag [(wzm%|A2|2 + w3m§\A3\2 + w4mi|A4|2)kz}
— 34 [<w2m§|A2|2 + (U3m§‘A3‘2 + w4mi|A4|z>k2}

+ 4a; [(meg|A2|2 + w3mg|A3|2 + w4m2|A4|2)} } , (134)

where the gravitational coupling x has been explicitly indicated. By Formulas (132)—(134)
it is obvious that the first term comes out of general relativity and the corrections strongly
depends on p. In any context where corrections to general relativity can be investigated,
this approach could constitute a paradigm to search for higher order effects.
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5. Energy-Momentum Complex of f(R) Gravity in Palatini Approach
5.1. The Gravitational Pseudo-Tensor of f(R) Gravity in Palatini Formulation

In Palatini approach the metric tensor g, and the connection I, are independent,
that means that we do not assume any relation between the metric and the connection, and
Riemann and Ricci tensors are, in general, defined as

Ry (T) =0aT%, — 0T + T4, Ty — T8\ T, (135)

R(gT) IR;w( )8H. (136)

So, the Palatini gravitational action of f(R) appears as [43]

S= 21? / d*x /=g f(R), (137)

with the coupling k2 = 871G/c* and ¢ the determinant of metric tensor Suv- By varying the
metric ¢"” and the connection I}, for a general infinitesimal transformation coordinate x*
it gets

X't =xt 4 5x¥, (138)
g (x') =g (x) +dg"", g™ (x) =g (x) + oM, (139)
rlyav(xl) rfw( x) + 51—‘;';1// r;fv(x) :r o (%) + 5r?§w (140)

where § is the local variation and ¢ is the variation that keeps the coordinates x fixed.
The variation of the gravitational action with respect to the metric g*” and the connection
ﬂ , yield

5= e (o
+ frg" mw} +0u (\/—gf 6xt) } (141)

where fr := df(R)/dR. According to the following Palatini identity
SRy = Va (5r‘;,v) -~ v, (5%). (142)

the action (141) takes the form

58S = 21? / d*x {H(ﬁz”@w - ;ng) og"
+ 0T, [~V (V88" fr) + Val(v/=88"6} fr)|
19, [\ﬁ fR( gk _ M(sg)(sr“W +/—gf M} } (143)

By the principle of least action or stationary action (137), by imposing that the variation of
metric and its derivatives vanish at the boundary, we obtain field equations for the metric
tensor and the connection in vacuum, i.e.,

1
SRR () = 58uvf =0, (144)
Va(yv/—g8"fr) =0. (145)
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Given that we adopting an arbitrary non-compatible connection, the symmetric part of the
Ricci tensor, R ,,,), enter in the Equation (144) and then the Ricci tensor is non symmetric,
that is
A
Ruv = Rup + R\ » (146)

being Riemann tensor R”

R

Apy 1O longer antisymmetric on its first two indices, i.e., the term

does not vanishes. For a generic infinitesimal transformation, the metric tensor and

Auv
the connection change as
Xt =xt 4t (147)
ag” gt
TUV (VAN A GHV A nu va Yo
g () gt (xh) = & axA + o T8 (148)
or* T bl oET e
Ay ~ A AW P
U0 26 =8 5 4 TG ~Dovgg ~ Ty ~ grgwr 049

where we have neglected terms of higher order in ¢¥ in the series expansion. Under a rigid
infinitesimal translation, that is, d,¢" = 0, we obtain

g
g (xt) ~ gt (xh) — &t é’; - (150)
are,,
oxt

rm;v(x)\) = rtx;w(x)L) - CA (151)

Therefore, the Palatini action (143) becomes

Sg = 22 /d4 { (fRRW Zng) & gwr/\
- Fﬁvw [*vﬁ(\/jggvyfR) + Vi (\/jggw‘%fn)}
+ 9, [* V—8fr (8’”52 - g“(SZ) P, s+ /—8f gﬂ } (152)

If the metric g#¥ and the Palatini connection I'} , are solution of Equations (144) and (145),
the stationary of the local variation of the action (152), gives the local conservation of
gravitational energy—-momentum pseudo-tensor T)‘ﬁ of Palatini f(R) gravity, namely

BA(\/ngAﬁ) —0, (153)

where ’r)‘/g is defined as

s = 503 [FR)5) — fr(R) (85} - ¢80 T 5] 54

It is worth noting that the pseudo-tensor defined in Equation (154) has the opposite sign of
the one defined above. In order to derive the energy—-momentum complex, let us analyze
the action containing the matter part, that is

S = / dix /=g L. (155)

Generally, the matter Lagrangian £, depends on the connection as, for example, occurs in
presence of fermion fields. Here, we consider only material Lagrangian which does not
depend on the affine connection I'. Then, the matter energy-momentum tensor is defined
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as in (75). Hence, field equations for metric and connection, i.e., Equations (144) and (145),
in presence of matter yield

1
FRR(u) = 58 f =T, (156)
Va(v/-88" fr) =0. (157)

As already pointed out above the connection can be non compatible with the metric g,
ie., Vagu # 0. In compact form, we can define a new metric, conformally related to the
metric Suv, as

h i= fRSu- (158)
so that Equation (157) becomes
VA(\/ﬁhW) —0. (159)

Thus the Palatini connection I'*,, appears as the Christoffel connection for the new metric
hyy,ie.
Hvs ’

I = szl(R)g“ﬁ [0, (fR (R)gug) + v (fR(R)8up) — 9 (R (R)guw)] - (160)

The Palatini connection I'*, and Levi-Civita connection r “ v are related as
Iy =T%w +6,Av + 6 Ay — g A", (161)

where the four-vector A, is defined as

_ 1
2fr

For f(R) = R, we recover the Christoffel symbols constructed by the metric g, that is

Ay Vufr - (162)

o

1
Iy =T = ng (8B + 8pvu — &uv,p) (163)

this means that in general relativity no difference results in metric and Palatini formalism.
The Ricci tensor Ry in Palatini formalism and that in metric formalism Ry, are related
as follows

R =Rt 5 o (Vi f2(R) ) (9 ()

1 o o 1 o

—— ——= R), (164
fR(R) (Vva >8mv D)fR( ), (164)

where E]::% H %y and % denotes the covariant derivative associated with the Levi-Civita

connection. Contracting tensorial equality (164) with g#”, we obtain the relation between
R and R, that is, the Ricci scalar in both approach

I S o 3 o
R—R+2(fR(R))z (W fR(R)) (v VfR(R)) +f7z(73) fr(R). (165)
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Adopting the Palatini connection I'*, (160), the symmetry of Ricci tensor is restored on
account of the relation

2 /=
r, = 2UrV7S) (J;RV 8, (166)
frV—8
which implies
R[P‘V] = a[HFV} =0. (167)

Furthermore the connection is non compatible with metric g,y being

S fr. (168)
fr

Despite this, the covariant derivatives associated with Palatini connection commute each
other, as displayed below

V/\g;u/ = -

[vpl V)J Euv = 0. (169)
Thus, we restore the antisymmetry on the first two indices of Riemann tensor, namely
R;w)\p = *va\p- (170)
by the definition of Riemann tensor for an arbitrary tensor ],
Vo, Vallw = =R yonJaw — R o Jpuc (171)
In addition, the contracted Bianchi identities are fulfilled, that is

v, (RW - % gWR> =0. (172)

According to the Palatini connection Equation (160) and from the symmetry of energy—
momentum tensor T, taking into account that for the new metric 1, we have

r,= v (173)
VvV —h
and
1
ruv)\ + Fvw\ - EaAhuv/ (174)
so we derive the following useful expression
1
V_hV,T%, = 3y (\/ nTe ) - 2TRTAP&)V;W,\/—TZ. (175)

Field equations in matter (156) lead to
v —h
2 fR

and from Equation (175), after some algebraic manipulations, we get the following 4-
divergence of energy-momentum complex not vanishing

2
T T

From contracted Bianchi identities and the field equations, the following relations are
satisfied

0=—5 T gw,séu%{ﬁziz [F(R) 3} — fr(g"ok — gt F"‘W,,g}cﬁ}, (176)

T Vafr —

ag[Jfg(T”ﬁ —i—t”ﬁ)} -

TVsfr.  (177)

[V, V| V¥ fr = R Vafr, (178)
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and

VTV, = R Vafr = [V, V| Vifr . (179)

The trace of Equations (156) gives the so called structural equation of space-time [44], that is

T= LR -2f(R)], (180)

where T = T,,¢"". For a given f(R), we can, in principle, solve this equation and get a
relation R = R(T). Thanks to Equation (180), considering T = 0, the theory reduces to GR
with a cosmological constant. Substituting Equations (179) and (180) into Equation (177),
we get

ag[\/fg(T",3 n r(’ﬁ)} — */TgGABvAfR, (181)

x2
where G)‘ﬁ is the Einstein tensor. After some algebraic manipulations, we find the following
expression

GYVafr = =K Vi T, . (182)

The right hand side of Equation (182) vanishes [45-47] and then, according to Equations
(181) and (182), the energy—-momentum complex for Palatini f(R) gravity, ‘7/'3, is locally

BU[\/jg< ”ﬁ+rf’ﬁ)] —0, (183)

conserved, namely

with

=T ) =

6. Cosmological Applications Both in Palatini and Metric Approach in f(R) Gravity
6.1. Palatini Formalism

We consider a flat FLRW spacetime whose metric is
ds? = —dP + a*(t) (dx® + dy? + dz?), (185)

with scale factor a(t) and cosmic time ¢. From the relation (164) and the field Equation (156),
we obtain

(2

2k2TY) = —f+6fR(H+ HZ) + fr — 3{% —3Hfg, (186)

where H = 4/a is the Hubble parameter and dots stands for derivatives with respect to the
cosmic time t. The gravitational energy density 17, is defined as

2
2279, :ff6fR(H+H2) f3f'R+3ffR —3HfR. (187)
fr

So, the energy density complex is
(1% + T%) = —fr — 3Hfr. (188)

In general relativity , i.e., f(R) = R, we obtain a null energy density complex

(tOO + TOO) ’GR ~0. (189)
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We postulate that perfect fluids including radiation and non-relativistic dust describe the
matter and that the components of the energy—-momentum tensor are

(T%) =diag(—pr, pr, Pr, Pr) with equation of state Pr :%pr, (190)
r

(T%)m =diag(—pPm, Pm, Pm, Pm), with equation of state pm =0, (191)

where p; and p; are the energy density and pressure of each fluid component. From the
conservation of energy—momentum tensor, we obtain, respectively,

pr + 4Hp; =0, (192)
fm + 3Hpm =0. (193)

Choosing a form for f(R), we can solve the structure equation Equation (180) and then
explicit R as a function of T. Now, let us assume a polynomial form as f(R) = R +aR?,
which is a model extensively studied in Palatini formalism, see for example [48,49]. Thus,
the solution of structural Equation (180) becomes

R = —«T. (194)
This model implies power law cosmological solutions [50] as
a(t) =apt", (195)
where m > 0 is a real number. From Equations (192) and (193), we get
Prot(t) = pm(t) + pr(t) = pmot " + prot " (196)
with pmo and pyp initial values. Therefore, we obtain the gravitational energy density

6m(1l—m)

2k2 170 = — + K20mot ™ + 6m(5 — 2m)ak> oot "2
2,2,4 —6m—2
S
and the energy density complex
0 + T% = —6ampmot "2, (198)
The total energy density of gravitational and non-gravitational fields is then
V=87 + T%) = —6ampmot 2, (199)

that tends to zero as the inverse square of cosmic time.

6.2. Metric Approach

We consider also in this case a flat FLRW spacetime but in metric formalism. We can
explicitly write the time-time components of the gravitational energy-momentum 7, and

the matter energy-momentum T",, respectively, as follows

K2 7%, :%f(R) —3(H?+H) fr(R) +3HR frr(R), (200)

K270 = — %f(R) + 3(H2 + H) fr(R) —3HR frr(R). (201)
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Subsequently, the total energy of the gravitation and matter vanishes for FLRW space-
time, i.e.,

%+ T1% =0, (202)

unlike Palatini approach where energy complex does not vanish Equation(199). Now, we
can assume a power-law evolution for matter and radiation fluids such as Equation (195).
We have

™% =pm(t) + pr(t)
=pmot " + prot " (203)

The Ricci curvature scalar, in this case, reads
R =12H? + 6H = 6m(2m — 1)t > (204)
while the Friedman equation is reduced to

m

NI

frr R? m—1 1 R
(2fan 0 " 2w /RR - 2f+K2pm0<6m(2m - 1)>
R

2m
2 _
T pr0(6m(2m—1)) =0. (209

From this Equation (205), we get the explicit form of f(R) that shows a power law behaviour,
that is

Ry = Mmm 1) (R NP 2Cpe(mo1)( R\
12m —11 6m(2m —1) 10m? —8m +1 \ 6m(2m — 1)
+C1R%_%_%\/m+czlz%—%+% m2+10m+1‘ (206)

When m = 2/3 and p;0/pmo < 1, occurs f(R) ~ R and GR is restored.

7. Conclusions

Attempts to extend the general relativity through corrections to the Hilbert-Einstein
Lagrangian, by introducing curvature, torsion and non-metricity invariants, both local and
non-local, have increased in recent years. All of this is to address gravitational divergences
at ultraviolet and infrared scales, and more generally to deal with cosmological and astro-
physical issues such as current and early cosmic acceleration or the structure formation,
without introducing exotic components such as dark energy and dark matter. For a detailed
discussion on infinite derivative theories, see Ref. [51-57], while for non-local wavelike so-
lutions, see Ref. [58—-60]. However, most of the main features of general relativity should be
retained to obtain self-consistent theories. In particular, a thorough study of the properties
of the gravitational energy-momentum pseudo-tensor are indispensable in view of both
the foundation and applications of any gravitational theory.

This review is devoted to generalizing the gravitational energy-momentum pseudo-
tensor 7, to general n' order Lagrangian of the form

L= L(g]ﬂ/r 8uv,iyr 8uv,ivins 8uv,iyinizs - - - rg;tv,i1i2i3~~in> ’

showing that in this model gravity a local conservation of energy—-momentum com-
plex is fulfilled. Specifically, we considered Lagrangians such as Ly = (R + aoR? +
yF_, axROFR),/=g and L = F(R), both in Palatini and metric approach. It has been
shown that 7,/ is an affine and not covariant object because it changes as a tensor, under lin-
ear transformations but not under general coordinate transformations. The pseudo-tensor
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of higher order gravity has been weakly perturbed up to the order 1?, thus obtaining the
weak field limit of the gravitational energy—momentum density. After averaging this object
over a suitable four-dimensional domain under suitable gauge, by local conservation of
pseudo-tensor, the power emitted by a gravitational source was found. Hence, the grav-
itational wave (116) associated with higher order Lagrangian express, under the chosen
gauge for a wave propagating along the +z-direction, in terms of six polarization tensors
(see Appendix A.2) reads as

huw(t2) = A (1 - z)e,(;,r) + A (¢t — z)e;(ﬂx,) +ATD (¢ — maz)eﬁT)

+ AT (¢ — maz)egs) +AM (¢ — maz)eﬁ) +AD (- vcmz)el(ﬁ,) , (207)
where v, is the group velocity of the m,;;, massive mode (see also [13,23]). Thanks to
these solutions, it was possible to derive an expression of the power emitted in terms of
amplitudes of the waves A;(k), C11(k) and Cpy(k), and the free parameters a,,. Three
special cases for p equal to 0,1, and 2 have been shown where the extended corrections
to the power are clearly visible. It was given a cosmological application of the pseudo-
tensor in f(R) gravity in both Palatini and metric formulation. Therefore, in a flat FLRW
spacetime, we have derived that while the energy density complex vanishes in the metric
formalism, in general, it does not vanish in the Palatini approach.

The analysis of gravitational waves and gravitational energy—-momentum pseudo-
tensor are two indispensable tools for finding the viable theory of gravitation. Indeed, by
wavelike solutions of linearized theory of gravity and by the locally conserved pseudo-
tensor, it is possible to calculate the emitted power by isolated system. Then, from the local
conservation of the energy-momentum complex, it is also possible to take into account the
energy—-momentum content of the source, which, through a multipole expansion, could
also allow us to derive a generalized formula of the quadrupole formula. This procedure
could lead us to fix the order of theory [41,61], to investigate additional polarization states
of gravitational wave and to establish the range of the masses m; of modes.
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Appendix A
Appendix A.1. The Average of ((Ap)") and ((Bp)") Terms

Let us now demonstrate the last two relations in ((127)), thatis ((A,)") = ((B,)") =0.

The general formula for O"R -derivative, according to symmetries of Suv and its derivatives,
is [61]:
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oI"R . o . o
T Y gl glanfani b pod (1 5v) (0 5iy i si2n 1‘2h+1)
agﬂvr”/il"‘i2h+l § § T8 {5a 5d % 51’ 512 5]2115]2h+1

_ 5511451])5(77511 512 . 512}1 5’2h+1) } (Al)

a7 Jon” Jan+1

We have to verify that <(BP)Z> = 0 holds. Inserting ((A1)) in the Lh.s. of ((111)) that, in the

weak field limit up to the order h? becomes

p 2h 2h+1 . aDhR
h=1;=0 Z+1(_1)]ai0ml}[ —gahRagW% i, | S ima
¥ v iy iy
P j (0) R i2fs Jonjans1 4,00 ,cd ( v) 5(1] 5iy 5in iy siani1)
=hzlg(*1) V=8 apdiy. Ryl -yl gty Yollapal . gl
=1j=
_ 5(1‘51’)5(’75i15i2 . (5i2h(5i2h+1) W .
a "p vc Td)h Jon” Jant1 WV tjgr-- g1 &
P 2h 3. (1) (,7,'1..4,‘2,,“)]/1’”/ A2
h;]ﬁ() ah o ’/ Q(yv) Ajr1lanp @ ( )
with
(i1-+iopy1) _ 1 ity
Q = Sl T ) Quv
(nv) 2!(2h 4 2)! P
1iy-iop 1 €0 (v ippy1)
and
Q( (it--igpy1) _ 5((’75i1 ,7i2i3 .. .;7i2hi2h+1) _ ,7(;“/),7(771'1,71'21'3 .. .;7i2hi2h+1)

20 - )
where o(uv) and o(niy - - - iy 41 ) represent the set of index permutations in the brackets.
Averaging ((A2)) by fixing k over a suitable spacetime region adopting a harmonic gauge,

we get
P 2h o
<h§1]':o( )aha,o i (1>Q(w(gllmlzm)hw,/ij+1-~-i2h+1a>
= »3 J R i pv A3
h; ¥ 2h+2 (=1)ay HVG;(W) (9ig--i; R™ Quuy W i) (A3)

iy ip 1 €0 (1ix o 41)
The average of ((A3)) is independent of index permutations in the lower and upper

cases of mel'”l”’“ , that is

2
@ (500 Q2 ) = 2T 0 () A (a0
igeei; v djpr i T m m m) | Am

2 m=2
By substituting ((A4)) in ((A3)), we get
P 2h 2h+1 aDhR
<Z 10 LAY gahRaf gyv,ij+1-~~ima>
h=1j=0m=j+1 Epv.piy-im
P 2h p+2
2y S U Y () ) ) A
h=1j=0 m=2

if( 1) ”h(kfn)Ml(km)”(km)alAmF (AS)

Averaging the right term in ((111)), we have
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p " 11
Z ayOh "y + 5 )

1?1*:

( )ha m—i (hiy)\ _ U”Ah) ‘ Dj+17hh,/\ih>

Ank

NH

—h
ff(“ 3)a0"(8)"7 ) G an - (A6)

Finally, by averaging in the weak field limit Equation (111) and from ((A5) and (A6),
we obtain:

((Bp)i) =0 (A7)

A similar argument gives ((A,)7) = 0. Itis

p 2h+1 J0"R
<Z 10 dg |V T ﬂhRa g;n/,zx>
h=1 q:O v nix-++ig
hZ 1 4 p+2 h+1 2 ]’l+1 7 2
XL L a0 () k) (k) Anl (A8)
h=1m=2
5 1 p+2
Y Ty (=) ) DY Y =) () k) (k)| Anf? (A9)
h=1m=2

((Ap)) =0 (A10)
that completes our demonstration.

Appendix A.2. The Polarizations of Gravitational Waves

The six polarizations in the solution (207) can be defined in a suitable matrix base.
That is [42]

00 0 O 0 00O

(+) 1101 0 O (x) 110 0 1 0
€ = — € - =

w V210 0 -1 0 w V210 1.0 0

00 0 O 0 00O

1 000 0 0 01

(TT) _ 0 0 0O sy 1 {0 0 0 O
€ = € —_

g 0 00O w v210 0 0 0

0 00O 1 000

0 00O 0 00O

@m 1101 00 (L) 0 00O

€ — € =
w200 10 w 0 0 0O
0 0 0O 0 0 01

The + and X are the two standard of general relativity. The other are related to the position
of non-null terms with respect to the trace (T). See also [23] for another derivation in fourth
order gravity.
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