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Abstract: The canonical formulation of general relativity (GR) is based on decomposition space-time
manifold M into R x X, where R represents the time, and X is the three-dimensional space-like surface.
This decomposition has to preserve the invariance of GR, invariance under general coordinates, and local
Lorentz transformations. These symmetries are associated with conserved currents that are coupled to
gravity. These symmetries are studied on a three dimensional space-like hypersurface X~ embedded in a
four-dimensional space-time manifold. This implies continuous symmetries and conserved currents by
Noether’s theorem on that surface. We construct a three-form E; A DA! (D represents covariant exterior
derivative) in the phase space (Ef, Al) on the surface ¥, and derive an equation of continuity on that
surface, and search for canonical relations and a Lagrangian that correspond to the same equation of
continuity according to the canonical field theory. We find that X7 is a conjugate momentum of Al and
SPFi is its energy density. We show that there is conserved spin current that couples to A, and show
that we have to include the term PyviF?‘Vi in GR. Lagrangian, where F' = DA/, and A’ is complex SO(3)
connection. The term F,,;F*"" includes one variable, A’, similar to Yang-Mills gauge theory. Finally we
couple the connection A’ to a left-handed spinor field ¢, and find the corresponding beta function.

Keywords: gravitational Lagrangian; complex connection A’; left-handed spinor field

1. Introduction

Gravity can be formulated based on gauge theory by gauging the Lorentz group SO(3,1) [1]. For
this purpose, we need to fix some base space and consider that the Lorentz group SO(3,1) acts locally on
Lorentz frames which are regarded as a frame bundle over a fixed base space. We can consider this base
space as an arbitrary space-time manifold M with coordinates x#, and consider the local Lorentz frame
as an element in the tangent frame bundle over M. By that we have two symmetries; invariance under
continuous transformations of local Lorentz frame, SO(3,1) group, and invariance under diffeomorphism
of the space-time M, which is originally considered as a base space [2].

Since the group SO(3) is a subgroup of SO(3,1), the Lagrangian of gravity has an internal gauge
symmetry group SO(3). Thus the elements of SO(3) act locally on some spacial Lorentz orthonormal
frames (e!, €%, %), we consider these frames as a basis of the tangent vector bundle on the three-dimensional
space-like hypersurface £. Using some local coordinate system ¢?, a = 1,2,3 on L, we expand these
basis vectors into ¢/ = ¢,do?, so defining the gravitational field e/, with metric g, = (5i]~e;ei on Y. Using
the isomorphism between Lie algebra of SU(2) and that of SO(3), one can regard ¢, also as a local
su(2)-valued one-form. So we have an SU(2) vector bundle with real spin connection w'/ [3]. These facts
can be generated into self-dual and anti-self-dual formalism of general relativity (GR) with complex
connection A’ and complex conjugate one-form field E;.
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This paper proceeds as follows: We start with the four-dimensional (4D) Palatini Lagrangian and
perform a 3 4 1 decomposition based on the decomposition M — R x X, where R represents the time,
and X is the three-dimensional (3D) space-like surface, thus we specify the Lagrangian part L;(g,) on X.
Then we try to show that L1(g,;) is independent of time on this surface, we try to prove this fact using the
fact that there are no dynamics in the space-like region of M. After that we use %Ll (ap) = 0 to getan
equation of continuity on X, and search for canonical relations and Lagrangian that correspond to the same
equation of continuity according to the canonical field theory. We find that £ is a conjugate momentum
of Al and Z?b F; , i its energy density. We obtain a Lagrangian for the connection Al in 4-manifold M, then
we couple it to a left-handed fermion field and find the beta function.

2. Decomposition Space-Time Manifold M into R x X

The formulation of GR based on decomposition space-time manifold M into R x X is needed for
expressing the metric of space-time as a solution of an equation for time evolution, such as in the
Hamiltonian formulation. Thus the time evolution is the changing of the geometry of this surface. This
decomposition preserves the continuous symmetries (gauge invariance and diffeomorphism invariance)
of GR and its canonical quantization, so we can use it for the gauge theory of GR [4-7].

We define gravitational field as a one-form e/ = ei, (x)dx! that is related with metric g;,(x) on an
arbitrary space-time manifold M by g, = 71 ]ei,e{/, with spin connection w!/(x) € Q'(M,s0(3,1)), where
s0(3,1) is Lie algebra of Lorentz group SO(3,1). The spin connection defines covariant derivative D), that
acts on all fields which have Lorentz indices (I, ], ...):

Do’ =9,0" + wiﬂjv].
We start with the GR Lagrangian of the form
L(e,w) = (1671G)~ ele](Rw) e, 1)

where
RY = dw + w'g Al

is the Riemannian curvature tensor and e/ 1 ' satisfies e 67 = 9. I
By the decomposition M — R x X, we decompose this Lagrangian into

L(e,w) = (167TG)*1efe§7(Rab)"je + (16nG)*1egelI’(Rab)0]e + (16nG)*1e?e?(R0u)”e, (2)
where i and j are Lorentz indices for I =i =1,2,3,and a = 1,2, 3. The part
L= (16nG)7le?e?(Rub)ije

has the gauge symmetry of the group SO(3), which is a subgroup of SO(3, 1), it also relates to the geometry
of the surface X(¢) under the variation in the direction of X(¢c) subject to defj = 0, (Swg = 0, since it
depends only on the metric g,, = (Sijeﬁ,eé which is defined on X(¢”), which is intrinsic geometry.

Since (R,;)" is an anti-symmetric tensor, we can introduce a new one-form field E¥, the Hodge dual
of ¢’ A ¢/ in the internal spin space on the surface X(c*); E' = E}do?, it is called the gravitational electric
field [8,9]

Lap b ab k
5 (e”e] —efel) =" e Ee.
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In self-dual formalism of GR, Ef is complex given by [10,11]

. 1 . ) . )
E = Ze"Pjjefel, with Ely, = Xy, = Pjjeje} 3)

where P j is a self-dual projector given by

for 1 =1i,] = j, and Py = —Ply = 26, for 1 =0,] = j #0. @)

o1
pl
T2 2%

i
2 ks

la — 1gabc(,2,3 4 7,0,1
For example E'* = 5e"(epe; + ieye; ).

For the Lagrangian part L on X(¢”), we use the first one:
L1 = (1670G) " Eée™ et (Ryp) e. ©)
The remaining part
Ly = (167G) ~tefef (Rqp)”e + (167G) ~Lelef (Roa) e,

associates with the time evolution under the variation in the normal direction of X(¢?), it is subject to
def =0, dwy = 0, and changes the geometry of the surface X(¢*) during the time. Dynamics, such as
propagation g,;(x) — g,p(x") in the time-like region (Ax)? = gy, (x)Ax#Ax¥ < 0, and determines how the
surface X (o) is embedded into the 4D manifold M, which is extrinsic geometry. But the surface X (c*)
is embedded in a space-like region in M; V1,V € T,X(c*),g(V1,V2) > 0, so there are no dynamics on
T, (0"). We can see this fact by noting that V;g,, = 0 (the covariant derivative of the metric is zero), so

dLl (gﬂb)dt — aLl(gub) v

at agub tgabdt =0.

We will rewrite V;g,, = 0 as t*t"V,g,;, = 0, for t* € Ty%i(0"). The formula t't'V g, = 0 is more
general than V;g,, = 0 since thereis V;g,, ¢ T (T*X¢(0?) x T*L4(0”)), and so its projection onto T,X(c*)
is zero. This case appears in the diffeomorphism maps of X.(¢*) into another space-like surface, as we will
see.

We can study the embedding of 2 (¢*) by letting the time derivative of a position vector on its tangent
space be in the direction of the normal to this tangent space T,X(c”). We can see this by considering
a position vector t* € T,%;(0”) that satisfies it, = £,t* = 0. Let i* € N,¥;(0”), where N,%;(0?) is the
normal space to %;(0?) = {t} x £(¢?), and {* = V#? is a covariant derivative of t* with respect to the
time t € R C R x (c*). From t, = g,t’, we obtain i; = $,t? 4 gapt’, s0 19, = t7g,t" + 9,0, Since
i1 € NyZi(0”), we have #7g,,f" = 0, thus we get ¢,t"t” = t't'V,;g,, = 0 which means that the points of
M do not expand nor contract covariantly in the space-like T,X:(c”), but t* tP9;g.p # 0 is possible.

Therefore, for a diffeomorphism map of X(¢?) into another space-like surface (consider this as time
evolution), it must be

Vi(gap) & T (T*24(0") x T"Z4(0)),

and
Vi(ga) € TIN*Zi(0") x T*E(0")) @ T(N*Z(0") x N*Et(07)).
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This means for each x,x’ € %;(0”), the covariant propagation g,,(x) — u(x') = gw(x) +
&'V ugap(x) does not occur in Ty 2 (o) x T;X¢(0"), but it occurs in

N;Zi(0%) x TEEi(0") @ NjEi(0) x NiEq(0%).

This is a changing in the embedding of £(c?) in M. Let t, € T;X;(c”) satisfy (f,) = n, where
(+) is matrix notation and # is the normal to X¢(¢?). This normal is in the direction of the time, so
it carries one index; n = n, thus (f,) = ng. It must also satisfy (") ¢ T,Z;(c"), so (ga)(#) = 0.
Using this in (f,) = ($a0)(t?) + (ga) (£7), we obtain (f,) = ($45)(t?), so we get ng = ($a)opt?. Thus we
get ngn® = n%(g.p)opt?, and by ngn® = 1, we obtain n%(g,)0pt? = 1. This formula is for determining
(4a1) = Vi(gay) € T(N"Z (%) x T*E4(0%)).

Let us suggest a formula for determining ($,,) € I'(N*X¢(0?) x T*X;(0?)) like

Vigab = f980c  fop = foa 105 =0,

where g € T(N*Zi(0”) x T*Z4(0")), and guv = (00, §0a, Sab) is the full metric. Let us write f}. using
matrix notation f7, its elements are (%), = f{.. Let f, satisfy (fa)%( F)pe = 8¢ . Thus we get the inversion

(Fo) ™V igar = (Fo)™ (" )angocr = &€ Qoo = Soc, ©6)

this is obtaining the metric component go, from V;g,;; the changing of the metric g,;, with respect to
the time. Thus if we fix the metric component ggo, like goo = —1, we obtain the map g, (t) — guv =
(=1, 204, ap)- SO we have an immersion I'(T*%(0?)) — ['(N*Z¢(0?) x T*%¢(0?)) C I'(T*M). In another
words, for an immersion M — M"+1) and under some hypotheses, we can construct a metric on
M(+1) ysing the metric on M”. Our hypothesis here is tt'V;g,;, = 0.

First we find the matrices f* then f,. The matrices f* are symmetric and satisfy t"t°(f*),. =t (f*)t =
0, where the vector t ' = (t1, 15, t3), is the unit vector in T,%(0*)), we can write them in a simple form like

0 0 0 cos(6) 0  sin(6)
fl=1| 0 cos(6;) sin(6;) , fP= 0 0 0 ,
0 sin(f;) —cos(6;) sin(6,) 0 —cos(6)
cos(f3) sin(f3) O
= sin(63) —cos(3) 0 |,
0 0 0

the angles 61,0, and 65 can be determined to satisfy t*t’(f),, = 0, thus we obtain

-6 -4 B8
tan(6;) = TR tan(6,) = TR tan(63) = TR



Physics 2019, 1 343

Therefore the matrices f, can be written in the form

0 c1 cos(63) 0 —2¢q1sin(f3) cpcos(f3)  cos(63)
fi=| cicos(63) 2cisin(f3) sin(6;) |, fo= 1 cos(63) 0 ¢z cos(67)
0 sin(6;) 0 cos(63) cpcos(f1) 2cpsin(by)
0 cos(63) 0
fa=| cos(f3) —2c3sin(f;) c3cos(6r) |,
0 c3cos(6r) 0

the constants ¢y, cp and c¢3 are determined to satisfy

PP av = )" ()b = (B (FPap = 1.

We can consider that as a continuous changing in the embedding of ¥;(¢?) in M;which is a
diffeomorphism map. Since the Lagrangian L; depends only on g,, while the term L, depends on
(200, S0ar &ap), thus by the previous discussing we have a map L1(g,5) — L2(800, S04, Sap) (time evolution),
with o0 = —1, 800 = (fa)?"Vigpe- As illustrated in the following Figure 1.

light-like line C<t<t)

r

P,

b P>

(t=r)cX,

Figure 1. Propagation of space-like surface.

Let ¢ C ¥, which propagated to ¢/ C ¥, <t<t,, both surfaces are space-like, but the trajectories of the
propagation p; — p’; and p, — p’, lie in the time-like region. The length of ¢ is also increased. Thus, this
means that the 3D metric g,;, mapped to 4D metric (oo, 0, $ap) by Equation (6), which means the length
' is given by

P
02— / (—dtdt + goadtdo” + gubda“dab>,
Ph
which again can be mapped into a space-like surface X, by an isometric map such —dtdt + go,dtdo” +
gupdotdot = ¢ a,b/dU“/dUb,. which results in Figure 2:
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((t=1)cx,

Ph—r————p

(t=1)cX,

Py
07— 2= / (—dtdt + goadtdo™®).

’

Py

Figure 2. Changing distance between two space-like points after propagation.

P
- / (—dtdt + go,dtdc™).
Pl

The limit £"> — /2> = 0 corresponds to dt = 0 and do” = 0, not to —dtdt + go,dtdc”® = 0 (with dt # 0
and do” # 0). For example, if two particles P; and P, exchange photons with wavelength A = / ~ ¢ — o7
int = t;, thenin t = t, they measure a different wavelength, namely A + AA = ¢'. The difference is given
by 2AAM = —AZ 4+ gog)\z, where we set dt = do® = A. Thus the two particles P; and P, measure after a
time dt = A the difference 2AA/A = —1 + go,, Where gy, is given in Equation (6).

Thus we study the embedding of 3D surface Xy and its changing in 4D manifold M using the 3D
metric g, on X and its derivative with respect to the time.

The Lagrangian L1(g,) is a function on the space-like space T;%¢(c"), therefore, it is independent of
time, %Ll (8av) = 0 on T;E;(c"). We can see this by using the fact

Vi(gay) € TIN"Zi(0") x T*E(0")) @ T(N*Ze(0") x N*Zi(0")),

we have

La(ganlt+ 1)) = La(gun(0) = (g0t = 5200, (g )t

which is a function on Ny%(0") x T;Zi(0") & NyZi(0") x NyZ¢(0”), not on T;Z(c”); which means
there are no dynamics on the space-like region (Ax)? > 0.

Let us write dtd;L1(g.) = (Z(c?),d0), where (£, V) is a projection of V € A% T; M onto a surface Z,
the inner product of V with tangent basis in T,%, defined below in Equation (17), and 6 is three-form in
the phase space (E;, w'/) on (c?). Thus we write

d d
<Z(¢T“),dt A dte) =dt - L1(ga) = 0.
If we write 0 as
0(E, w,%i(0")) = (167G) " ?e;u EF AR, @)

with R = (Ry,)7do® A do? and E' = Eldo®, we obtain

(Z((T”),dt A ;te) - (16nG)_1/2dt%(Efs‘lbcsijk(Rﬂb)ije)

= (167rG)1/2dt%L1 = 0.
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Since 0 is three-form on X(c*), so do* A %9 = 0, if we add it to the last formula, we get

0 d
X(o* — = (Z(c” =0.
( (o ),that9+da“/\aaa9> (X(c"),d0) =0

This relates the Lagrangian L; and 6 with this surface. Under arbitrary transformation (t,c”) — x¥,
the two Lagrangian parts L; and Ly will mix. Thus do* = %dx?‘ and the basis on X transforms as

dxH axV oxf

9y A9y A dp. 8)
Therefore, the components of three-form 6 transforms as

90" b 9o

Oave = Opvp = Gubcﬁwﬁ-

To keep the invariance under this transformation, that is (X, d0) = 0 still holds, we write the three-form
0 in the phase space (E;, w'/) on M, and let (X, d6) be its projection onto X.. Therefore we write

0(E,w) = (16wG) "/ 2e; EX A RY, )

thus we get three-form 6 in the phase space (E;, w'/) on M, it has internal SO(3) symmetry. Its projection
onto X;(0?) is

RY
1]kRab'

(Z¢(c"),0(E,w)) = (16wG) ™/ 2Ekeee
We write 0 using self-dual formalism (Plebanski formalism) [11] in which the connection Alis a
three-complex one-form given by

wll — A= Pl (10)

where P! j is self-dual projector given by Equation (3). The curvature which associates with this connection
is
F'=dA +e 3 A\ AR,

On the surface X;(0”), it is

Flb:

a

(abA;‘, — Al gl jkA{;A’g) :

N[ —

Also
egael;} — Pillegae?] = Efb — ¢"U°E;.. (11)

Thus we have self-dual plus anti-self-dual projection:
eleiR(w)L] — e E; Fl + e E; F, (12)
where E;, and Fé . are the Hermitian conjugate of E;; and Fl’; .- This projection relates to the decomposition
of Lie algebra of the Lorentz group SO(1, 3) into two copies of Lie algebra of SL(2,R) [12].
We write the components of the curvature as

10 =5 (DaAy = DyAL) = 5 (304} — AL + €A} AL) (13)

N —
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where 1
D, Al = 9, Al + Eei K ALAY,

which motivates introducing a notation of the covariant derivative like [7]
i P O
DV'=dV —i-EsjkA]/\V ,
or |
DV = 3yVi+ € ALV = 05— 3 AL(TH Ve,
so |
Dy =0 — éA;(Tﬁx),

where the matrix elements (T))* = —ie/* are the elements of the generators T/, in the adjoint

representation of the group SU(2) [13]. The coupling constant here is ¢ = 1. In general we write
this covariant derivative as )
P
Dy =9y, — EgAJP,(TA). (14)

Using the projection in Equation (12), we rewrite 6 in the complex phase space (Ef, A}) as
0(E,w,2(c")) = (1671G) V2", Fi, (A)ed®s,

where we take in consideration only the first part, the second is obtained by taking the Hermitian conjugate.
We can write it as three-form on M as done in Equation (9), we obtain

0(E,A) = (16wG)~V/2E; ADA'. (15)
Its projection onto X (c*) is
(Ze(0),0) = (167G) V2™ E;, Fl(A),
where A’ is complex SO(3) connection, and E; is a complex one-form as defined in Equation (11).

3. Equation of Continuity on the Hypersurface ¥;(c")

We have showed that the Lagrangian L1(g,;,) is independent of time, %14 (gap) = 0 on X(c*) since
Vi(gan) & T(T*L(0") x T*E¢(0")). This relates to the fact that there are no dynamics in the space-like
TXt(c")); the points of M do not expand nor contract covariantly in this region, V,t* # 0. Note that
although V,t* = 0, but it may be 9,t* # 0. We had

Vi(gap) € TIN*Z4(0%) x T*E(0%)) @ T(N*Z4 (") x N*Ei (")),
which shows that the two parts of the Lagrangian L; and L, mix by time evolution. Then we wrote
dt%Ll (gap) = 0as (X(c“),dB) = 0, where 0 is three-form in the phase space (E;, w/) on M (Equation (7)),

its projection onto X;(c?) is Equation (17)

(Ze(0"),0(E, @) = (167G) "/ 2e 3™ EL R (w).
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In self-dual formalism, we obtained 8(E, A) = (167tG)~'/2E; A DA!, with
(Zt(c"),8(E, A)) = (16mG) 1/ 2e"E,, Fl (A).

Our condition (X(c*),df) = 0 makes sense here because of the decomposition R x X and fixing a
coordinate system ¢“ on the hypersurface X, this yields to an equation of continuity on this surface. For
this purpose, we take the inner product of the four-form 46 with a tangent basis on the surface %¢(c”) at
an arbitrary point, we get a one-form co-vector (X(c*),df) in the direction of the normal to this surface at
that point. Then we set (X(c“),d6) = 0, we obtain an equation of continuity on X;(c”).

Now taking the exterior derivative of Equation (15), we obtain
(167G)V/2d0 = d (Ei A DAi) — (DE;) ADA' — E; ADDA!, (16)

where Ey; = 0. The tri-tangent basic on X;(0?) is 9, A 9, A 0, we rewrite it as (1 /3!)eﬂbcaaabac. The
projection of 46 onto this basic is

(167G)1/2 (de, sﬂbcaaabac) - ((DEi) A DAi,s”bCaaa,,ac) - (Ei ADDA, s“hcaaabac)
where (-, -) is contraction pairing defined by
(prgdx” AdxV AdxP Adx?, sﬂbcauabac) = s”bCVngdx[}‘(Sgég(SZ], 17)

where the bracket |....] is anti-symmetrization of the indices. Although DD A’ is zero in 4D manifold M,
but the contraction pairing of E; A DDA! with 3D basis eabcaaabac is not zero as we will see, since we do
not sum over the time index u = 0 as we sum over the spatial indices s = 1, 2, 3, because we regard dx¥ as
normal to the surface X¢(c*).
For cotangent basis {dx"} and tangent basis {9, }, this pairing can be defined simply by using inner
product like [14]
(dxt,9,) = &},

in which we consider dx” = do” fora = 1, 2,3, so Ey; = 0 regarding to our gauge.
Starting with the first term

((DEZ-) ADA, eﬂbcaﬂabac) = D, E,;Dp AL (dx Adx’ A dxP A dx”,9,9,9,)
we get

4 ((DEi) A DAf,s”hCaaabac) =
— "Dy Ep D Ajdx? + € Dy Eyy Dy Abdx! — e D, E i Dy Aldx + "Dy, Eyi Dy Abdx.

The second term is

(Ei A DDAi,s“hCaaabac) — ¢E, Dy Dy Al (dx# A dx¥ A dx® Adx”,9,950c) -
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Doing the same thing, we get

4 (Ei A DDA, e“bcaﬂabac) -
— e EyiDy D Alydx? + e E gDy Dy Aldx? — €™ Eg; Dy Dy Aldx" + e"°E ;i D, Dy Aldx.

Adding the two terms, we obtain

4(167G)1/2 (de,s“bcauabac) -
—e"° DBy D Alydx! + e Dy Eyy Dy Abdx? — €™ DyEyi Dy ALdx! + €Dy, Eqi Dy Aldx™
+€"°EyiDy D Aydx! — e EgiDy Dy, Aldxt + e EqiDy Dy Aldx — € E ;D Dy Aldx.

We define the curvature by using the covariant derivative from Equation (13) as

1 . N L i
Fie = 5 (DAl = DeAl) = 2 (3,AL = dcA) + gl Al AY), (18)

therefore

vai — gpﬂgch;ic _ % (DpAvi _ DvApi) ; ngyv —0.

Its Hodge dual on the surface X with respect to the coordinates (¢*) is
F — 8ahc FZ
o
Also we define the complex two-form field from Equation (3) as
Zlbc — Ellgc — EbcuEui — SabcEm"
Using them in the last formula, we get
4(167G)1/2 (de, sﬂbcaaabac) = 26"(D, Ey) Fl dxt — 2(D,yEy) Fdc!
+2(Dy,Eqi) Fdxt* + 2E° Dy F, dx + 2Eq; D F¥dx? — 2 ;D F*dx.

And using
€™ (DaEp) Fldx! = —&"(DyEpi) Fydx = —(DgE{°)Fcdx”,

we obtain
2(167G)1/2 (d@, s“bcaaabac) -
— (DaE{)Fjedxt — (D,4E,;) F"dx"+ (DyEqi)F¥dx" — E}*DyF,dx"

+EDy Fdx" — E;D,F*dx".

With
—(D4E{*)Fldx! — E{DyFl dx = D, (EfCF;Cdx%‘) )

it becomes

2(1671G)/? (de, s”bfa,,abac) = —D,(E{°F},)dx — Dy(E;F*")dx" + Dy (EqiF")dx".
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As we suggested before, we let the normal of the surface £(¢*) be in direction of the time dx?, so
(dG, sﬂbcauabac) is in direction of the time. Therefore we set i1 = 0, thus we get

2(167G)'/? (de, sﬂbcaaahac) = —D,(EPF},)dx® — 2D, (Eg;F™)dx® + Do (E,F™)dxC.

The vector (df), sﬂhcaaabac) is one-form in the direction of the normal to the surface X;(c*). It is zero
as we mentioned before, thus we get

— D, (E*F.)dx® — Da(EgF™)dx® + Do(E,F*)dx® = 0,
or
—Dy(ESE).) — Da(Eg;F™) + Do(EF™) = 0.

We write it as
Dq(E{Fly) — Da(Eog;F™) + Do(EgF™) = 0.

The term (E,;F*) is scalar, so Do(EF™) = 9y(E4E™), the vector EbeéO is a usual vector field on %, it
does not carry a Lorentz index, so D, (E® Fjy) = 0a(ES F},) and Eq; = 0, thus we get

3a(ESPFly) + 00(ExiF™) = 0,

using EyF = JEqp PP = 1%, F
ab i 1 abi
9 (21. Fb0> + 39 (zzabip ) - 0. 19)

This equation shows that there is a relation between ¥/ and F! in the space (X!, F') on 3 + 1 manifold
R x ¥. Usually this relation is written as F! = g/ ij + ¢ jif . We can find that relation by regarding
this equation as an equation of continuity with respect to a Lagrangian like L(F*, DA’) that satisfies
the action principle 6S(DA') = 0 and the invariance under continuous symmetries of GR. Therefore we
regard 3., F"" as energy density T, and ¢4 F}, as momentum density T%, where c is constant for
satisfying the units. Then we search for a suitable Lagrangian and Hamiltonian with canonical relations
that correspond to the same continuity equation according to the quantum fields theory, we do this at the
flat-space—time limit and generalize it to an arbitrary curved space-time.

In scalar field ¢ theory, the Lagrangian is [15]

L(¢,0¢) = mdop — H(7, ),
the conjugate momentum is 77 = dp¢ = —3°¢. The conserved momentum-energy tensor is
T® = H(r, ¢) = mdop — L(¢,9u¢) and T™ = P* = 3°pa"p = —710"¢.

In the flat limit of the space-time, our momentum-energy tensor is

T0 = 2", F% = —cxF) = cxfPF,
and 1 1
T = SeS'Fy, = jeefefFy, (20)
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comparing it with the momentum 9°99“¢ = —79?¢, we conclude that our conjugate momentum is
bt~ —FOb [16-19].

By considering a Lagrangian of the form L(F%, DA') with corresponding Hamiltonian like
H(rm,;, DA') and using the action principle 6S(DA’) = 0 and the diffeomorphism invariance on the
surface X (0”), we obtain the momentum-energy tensor like [16-18]

T% = 71, FO% — L(F%, DA") and T = crr, F*".

Comparing them with our momentum-energy tensor T% = %cZabiF“bi and T = cxe, Fobi
we conclude
TOLI — nbi}jubl — CzabiFOZn. (21)

In general, the curvature F;;V can be written as [20,21]
= l/f'jziw + 9 S (22)

SO Z?VFi = ¢!, since I"'E V = 51 and ZW =0.
Using Equation (22) in Equatlon (21), we get

00 _ n,bilpijzahj 4 nhilplijiabj — cxo, POV
therefore we set l,b’i]- =0, so FP"W = gbijZLV, and Z;w = (gb‘l)ijF]ﬂv, we obtain
ﬂhi¢ijzubj — _cxUiFy,; so bt = C(lp—l)ijFObj — x0i 23)
which means that Z% is conjugate momentum of A%. Using it in the Hamiltonian H = T%:
H = 7, F% — L(F™,DA") = —c%,,F — L(F*,DA’),

then using our energy density 3¢, %, we get the Lagrangian
. . . 1 .
L(E,F% DA") = 7, FO — H = — X, FO% — Eczabl-P“‘”. (24)

Therefore
1 Oai a0i 1 abi
L(E,F) = _EC(ZOMF + Zoai F™) — Eczubilz ,

S0
1 ; 1

L(E, A) = —ECZPW'FHW, or L(E,A) = ——CZVWFVW \/7‘14

where ¥/ = E’ and F' are defined in Equations (3) and (18). This Lagrangian has a symmetry of the complex
group SO(3) and the self-dual of Lorentz group SO(3,1). The contraction is defined by using the metric
S =11 ]elﬂei. This Lagrangian corresponds to self-dual part of Equation (12). To get the total Lagrangian,
we add the Hermitian conjugate, we obtain Ly, Gr(E, A, E, A) = Lief Gr(E, A) + Lrignt gr(E, A):

_ —C . —C_ .
Laa cr(Z, A2, A) = 725‘“1?;“,(; + TZ?VF;we, (25)
the curvature F' is the Hermitian conjugate F' = Pf]RIf (10). The Lorentz group is SO(3,1),

its Lie algebra is reducible and can be decomposed into two copies of the Lie algebra of SU(2):
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SO(3,1,C) = SO(3,C)reft x SO(3, C)Right-

The complex connection A’ = Pi ]wU takes values in Lie algebra of SO(3, C)r.f, while its Hermitian
conjugate Al = P} ]RI ] takes values in Lie algebra of SO(3,C) Right- Thus the Lorentz invariance is satistied
by the uni-variance under the two groups SL(2, R)reft and SL(2, R) rigns [11,12].

To determine the constant ¢, we write this Lagrangian in the form
(167G) _16?6? (Rw)”e,

by using properties of the projection P}I
A o 1 o
PP, + PPy, = 5(5{45{ —515)), and P}, P/ =0, (26)

the Lagrangian (Equation (25)) becomes (—c/2)e ](RW)U e, thus —c/2 = (1671G)~!. Therefore

- - 1

1
£, A) = 1 GZWFZV e+—=5"F e (27)

Lauar Gr(AZ, e

this Lagrangian is similar to the Plebanisky Lagrangian, but it is not multiplied by the imaginary number i
and does not include the cosmological constant term.

4. Yang-Mills Theory of Gravity

By regarding the local Lorentz symmetry as a gauge symmetry with spin connection w'/ (or A’) as
gauge fields, we recognize Yang—Mills theory in gravity. But not full gravity, since in the Yang-Mills theory,
the variables are connections and conserved currents, while in the gravity the metric is also variable.
The local Lorentz symmetry generates locally conserved currents, and those currents are coupled to spin
connection w!/. This makes the local Lorentz symmetry a gauge symmetry with the Lorentz group as a
gauge group. Also, these currents must be conserved and vanish in the vacuum.

From the formula F! = lpiij + Il_Ji]-if , we can get the inversion ¥/ = éfi]-Fj + Cfi]-Ff by inserting it back,
we obtain '

98+ 8 = 6, and ;& + '8y =

We can get the equation of motion ¥/ = & ij + ¢ jl:"f from this Lagrangian (Equation (27)) by adding

terms like ' '
167G Lo Gr(A,Z, 5, A) = X[ F e — =S e — 9l 55 e + C.C,

therefore the 6L/ Zl}-w =0and JL/ 51-“;'“, = Oyields Fi = ¢ ]Z] +9 ]Z] and DX/ = 0. But by using properties

of the self-dual projection from Equation (26), we obtain ZW’Z/}W =0and ZF“”Z] = 67, but this does not
change the equations of motion.

But as we will see, if there is a Lorentz current, like the spin current of the spinor field, then 6L/JF i v F
0, therefore to keep DX/ = 0, and to also keep De! = 0, we add a term like EyiF Wie, This is done in order

to insert back X ~ F! in ¢; ]ZF“”Z] v into the Lagrangian. Therefore we write

Lauar cr(E,E,Z, A) = (167G) 1 (Z}"Fl e — lpijZ””iZLV)e+kF1”VFlive+ ..+C.C,

where k is a constant can relate to a coupling constant of Lorentz current with the spin connection A’.
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This Lagrangian includes F WiFL,,e, F! is given in Equation (18), similarly to Lagrangian in Yang-Mills
theory with gauge group SO(3), and the self-dual of Lorentz group SO(3,1). It depends only on the
connection A, thus it describes the changing of the local Lorentz basis. Therefore FVViFliVe reads the
invariance only under the local Lorentz transformations. Also, it is a topological invariance, so it allows
the free propagation of spin connection A’. But by relating A’ with the triad ¢!, and relating e’ with the
metric gy by guv = 11 ]elﬂe,],, this breaks the free propagation of spin connection A’ as free waves, except
in the background approximation of the metric, the result is gravitational waves. Similarly to the free
electromagnetic field.

By using the properties of self-dual projection, this Lagrangian can be written using the Riemannian

tensor R(w) as
1

~ 167G

We find the role of the term F P‘”F;‘We by including the interaction of mass-less spinor particles with
gravity. Since they are massless, their energies are small so that their interaction with the gravitational
field e! is weak, but their interaction with spin connection takes place. The interaction term is

L Re + kR?e + ....

T I
wil kv Siype = wil e, (28)
where | ? ;= el}é ] f] = eﬁt/_ﬁyK Sijy is Lorentz current. If we add this term to the Lagrangian
(167G) 716?6}/ (Rw)”e,

we get
(167TG)_16?€?(RW)”3 + w{,]]?]e.
So the equation of motion for w{,] is
—(167IG)*1Dy(eﬁe}“]e) + ];‘] =0.
In self-dual formalism, this equation becomes

—(167G) 1D, =M 4 TV = 0.

These two equations say that the Lorentz current is the source for the gravitational field e, but this is
not right since the energy is the source for it, also we choose De! = 0. Thus, these equations do not hold.
But if we use the Lagrangian

L= (16nG) 'St Fl e+ kFl"F e+ AyJ'e + C.C, (29)
the equation of motion for A becomes
—(167G) ' Dy (ZMe) — %kDVF”""e + ]V =0.
Thus we choose Dy, (£#"'¢) = 0 and

1 . .
— SkDuF ]V = 0. (30)
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The term D, F " includes only the spin connection A’, so the Lorentz current evpy! Sty contributes as
a source for the spin connection A, and so interacts with it. This relate to the fact that we can regard the
local Lorentz symmetry as a gauge group with spin connection w!/ (or A) as gauge fields. The Lorentz
current is conserved since

. , 1. .
DyDuF"" = 2Dy, DylF" = €l Fly F*** = 0 = DyJ" = 0.

N —

Furthermore, Equation (30) allows us to calculate a Lorentz current for a given curvature F’iv, although

the curvatures Rﬁ, and F;w are calculated using only the energy—-momentum tensor. Although there are
Lorentz currents associated with matter, those currents relate to the local Lorentz symmetry.

We need to prove V¥R, = 0in the vacuum, where R;,,5s is Riemann curvature tensor, it satisfies
Ryvpe = —Ruppos Ruvpe = —Ryuvep and Ryype = Rpgyy. In the vacuum, we have the equality

Ryy = constant X ng,
where Ry is a Ricci tensor and R = g Ry, This equality is equivalent to another equality [11]:
Ryy = constant X Rguy < *Ryuvpe = R jvpo,

with Hodge operator

1 1,0 1 i
"Rywpo = Eewy " Ryrvipor R pwpr = ERHVP’U’ep e
the anti-symmetric tensor €7 is the volume four-form for metric guv- Therefore in the vacuum, we have

1,0

! ! 1.0 )
G}wﬂ v Rylv/{m = pr/l,/ep v 00s SO G}W}‘/V/Ry v oo = Rw/p v eP/U'P‘T’
acting by V., on both sides, with V. elf? = 0 we get
ghy Viy v g

1., [
v Vo R o0 = Vo RinP 7 €prrps
The summing here is over i/, v/, p’ and ¢/, while y, v, p, o and 7y are fixed. Then multiplying both sides
by TV

15,0 U
e’)/]ﬂ/txeyl/y,v/ V'YRH v o0 — e’)/}ll/ﬂé v’)/RI/“/p [ €p/g/pg-

We note that by summing over v, y, v in €7#"® VVRWP/‘T/ for each fixed p, 0, &, we obtain the Bianchi
identity eWW‘VyRWP"’/ = 0, therefore

YA
E(WV“GHVH/V/VWR# v pr = 0.

It becomes

2(6% 67, — 81,08 V4RIV py = 0 = 2V, RY pg = 2V, R™ pp = =4V, R7py = 0,

‘ul 1.//

50 V¥Ryype = 0 in the vacuum. Therefore the Lorentz current ]H = VH R,ﬂ{, = elpel 7VH#Ryvpe vanish in
the vacuum. Using the self-dual projection, we find

i j i I
]11/ = VVF;IW = P;JVHR;]V
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also vanish in the vacuum. Therefore this current associates only with matter. We can also prove this by
using the formula F' = ¢/;¥/ 4 ¢;£/, and by setting §/; = 0 in the vacuum [11]. Using

(xd « F'), = V'F,,,
with «F! = ¢';(xZ)) + §';(xZ/), and
¥ = i3, «5 =%/, (31)
Hodge operator here is with respect to the metric g,,, we get
VVE], = i(x(—d/ 2] + d ),

The first term becomes

d(g'2)) =d(y' X + %) —d(§' /%)), sod(y'x)) = dF' —d(¢';5)),
and by Bianchi identity dF' = 0, we obtain d(y/;%/) = —d(¢p';£/). Therefore
VVE, = i(x(d(§'[2)) + di'j5))), = 2i(xd (') = —2i(xd(9';2)) . (32)
Since ¢ij = 0in the vacuum, we get V“Fﬁy =0.
Therefore for a Lorentz ];, current that associates with matter, we get
VVE, = 2i(xd(§'}))), = ], so —2id§'; AT = «]',

Where we used d¥/ = 0 and | = ]de", with property of Hodge dual twice operation on p-form V in n
dimensions: * x V = (—1)P1"'V, where ¢ = n — p, and t is the number of negative eigenvalues of the
metric tensor [14]. In our case wehaven =4, p =3, t = 1.

Same thing we get for lpij, (Equation (32)):
VVE, = =2i(x(dy'; AZ))), = Jj, so —2idp'j NX = «]".
Therefore ,
—2i(Dylplj)Z{,pdx” Ndx" NdxP = J'eyypodxt Ndx Ndxf /3!,
so ‘
2i(Dy ') T e = ]
But ‘
S0 PH7 /31 = (xX) )1 = (—ix)H,
(we used self-dual properties Equation (31)), we obtain
]iv

(D! = = (33)
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The quantity 2(Dyl/1i j)27VV depends on the triads e/, and on spin connection w!/, while J* relates
matter. Therefore by solving this equation for a given Lorentz current J*, we get solutions for e’ and
w!l. But this formula reads only the contributing of Lorentz current in lpi]', there is a contributing of
cosmological constant and matter in symmetric part of ¢; tr() = —A — 27 GT, where T is trace of
energy-momentum tensor T, [12,22]. Since Lorentz current generates local Lorentz transformation, we
expect that D¢’ j in Equation (33) is anti-symmetric, this distinguishes contributing of Ji¢ from those of
cosmological constant and matter. So we write

2(Dytpr )T = I, (34)
thus J** contributes in anti-symmetric part of ¢’ ji= Pkt j» where ' is vector field in local Lorentz frame.

Let us write Dylpi = P}'K ];IlK, with Lorentz current ];ﬂK = I{Keﬁ defined in Equation (28). The
relationship (linear) between ]]ﬂK and JV = ]}elv can be determined by inserting Dygb" = P}'K ]PIIK in
Equation (34). It is easier to solve

Dyy' = P;K];{K
in region away from matter where | ;I4K = 0, so we can solve it in background approximation, g ~ #, thus
' — (¢, ¥%,¢?) in spherically coordinates. If we assume that the vector field " depends only on the

radius 7, we get
1 a’
2P () =05 ¢ (1) = 5,

where a” is constant vector. Therefore the contributing of Lorentz current ] in the curvature F;iw is
, 1 s
i . ki 5]
F]/”/ = ﬁaks ]ZHV'
therefore the contributing of J** in F? is

, 2 ‘ ,
i phV 2 : W] s]
Fy k= 2 with X%, = 4;.

F;iv“ dS = 47\/2a% = constant, it is similar to electric field §; E - dS = Q/«o.
This is similarity between GR and Yang-Mills theory.

This formula satisfies ¢ ‘

The Lorentz current is not associated only with spinor particles, the Lorentz symmetry for arbitrary
field produces a global conserved Lorentz current like ([15], section 22)

MUK — (JTIK _  KTI]
T'K is energy-momentum tensor in flat space-time. Locally we write this as
MMK = ¥ (e] THK — KTH)),
where 4V is constant, therefore

V.MMK = 0; Vel =0, v, THK = 0, THK = eKT.
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The existence of a conserved spin current ]L that couples to A’ lets us to believe in local Lorentz
symmetry as a gauge group with spin connection w!/ (or A’) as gauge fields similarly to Yang-Mills theory.

5. Beta Function

We assume that the interaction of mass-less particles with the gravity is dominated by interaction
of their spin current (Lorentz current) with the connection A;. We can use the Lagrangian FHW«FVV" to
describe the interaction of left-handed fermions with the connection A;,. We choose a representation of
SL(2,C) in which we have K' = iJ', where K’ are boost generators and ' are rotation generators [23]. Our
connection A’ is a one-form complex given by the self-dual projection A;l =P ]wf,] of the spin connection

w;,] according to the decomposition s0(3,1: C) = s0(3 : C) @ so(3 : C) [24]. Therefore
AT = Re(AN]' + ilm(AD]' = Re(A)]' + Im(AHK,
or A'Jt + AK!, where A’ and A" are real.
For simplicity let us choose A’ = yA!, with a constant y € R. Thus the connection becomes
AT £ AK = AT 4 iqAlJE = A (]i + z'ry]i) = AT € Q'(M,s1(2,C)),

with new generators T = [ +iyJi = (1+iv) J' € s1(2,C).

Therefore the coupling of the connection A’ with left-handed spinor field is % gA;e? p+olTipe, where
g is coupling constants comes from using the covariant derivative seen in Equation (14). So we write the
fermion-gravity Lagrangian as

. 1 o
L(A, ) = iej " o0 pe + g FiF" e+ EgAlye?l/ﬁ‘TITllP&

Using the metric g,y = 77; ]ei,e,/;, we obtain

. Iy . 10 :
FuiF""" = gy gy FMV IV = elep el e, FI* VI,

In background space-time, we have e;(x) = 5;1 + h;l(x), so guv(x) = 171](5{,51{ + ..., where 7 is the

Minkowski metric. Therefore the gravity and spinor Lagrangian approximates to
. _ 1 A : 1 H _ P
L(A, ) =ipT "0, + iiyywnwFV VIFMVE EgA;erU”T’w +...

The remaining term includes the interaction with the fluctuated gravitational field h;(x), this
interaction relates with local invariance under diffeomorphism of M. Let us consider only the part

C o4 1 Iy 1 . o
L(A, ) = iy 5" 0up + oy PV 4 Sg ALyt T,

which is invariant under local Lorentz transformation, the compatible currents take values in s!(2,C),
thus A’ is coupled to Lorentz currents. By that we have included only the invariance under local Lorentz
transformation and excluded the local invariance under diffeomorphism of M. Thus we describe the GR
using Lorentz frames as vector bundle over basis space M with connection A’ € Ty M xsl(2,C).

It is similar to the Lagrangian of Yang-Mills theory for spinor field, but with the generators 3T =
3 (1+iv) J', so to get results from the usual theory, we just replace the generators J' with 3 (1 +iv) J'.



Physics 2019, 1 357

For example, to get the beta function f(g) = dg/dln(M) for our Lagrangian, we use the beta function of
Yang-Mills theory for spinor field with symmetry group like SU(N), it is given by [15,25]

3
Blg) =~ | 3 T(A) — 3nT(R) | £ +0(g")

The numbers T(A) and T(R), are given in
Tr(J&Jr) = T(R)S™ and Tr(J4]3) = T(A)6™,

where ] are generators for the fundamental representation of SU(N) and ] are generators for the
adjoint representation. To get them for our Lagrangian, we have to start with the commutation relation
[, J°] = if**J° and note that we can multiply both sides by 1 (1 + i7)? to get

1 1
5 i) ] 5 (i) =iz (1+iv)f““%(1+i7) I,

N

thus we get new anti-symmetric structure constants % (1 + i) f¢, although the new generators are not
hermitian, but this does not violates the methods of deriving the beta function, the necessary thing in
deriving it is keeping T(A), T(R) and £ constants [15,26,27]. Anyway, we will absorb the modification
factor § (1 +i7) into the coupling constant g, so we have SU(2) gauge group with complex coupling
constant like 1 (1 +i7) g. Therefore we obtain

TR = TRIS™ = Tr |3 (L i) iy (1) Tk = § (14 i? T(R)S™

and
TG = T Tr [ Lk in) Jog (L+in) 5] = § L+ inP ()8

Thus to get beta function for our Lagrangian, we replace T(A) with 1 (1 + i7)? T(A) and T(R) with
% (1+4iv)*T(R), so using this in the beta function

3
Bls) = - | 5 T(4) ~ 51, TR)| 15 +0(e),
we get

3
Blg) = —3 (1+i)* [ 5T(A) - SnT(R)] 155+ 0(?)

For the group SU(2), we have T(A) = 2 and T(R) = }, so for ny = 1, we obtain beta function like

5 , 3
B(g) = —3 (1+1) 55 +0(g").

Taking in consideration the first statement we obtain
3
g

g _ 5 .2
s ~ 31 e
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which can be solved for energy scale M as

10 M
-2 _ N2 M -2
$2M) = 5oy (14 i) () +¢72 (o),

Usually the coupling constant is real, so for our one, we consider that the interaction strength is
governed by the real part of the coupling constant g, this is

202y _ 10 2 M 2
8int (M) T 3.16712 (1 Y )li’l (MO + Sint (MO)I

thus the behavior of interaction of the left-fermions with the spin connection A’ according to our
Lagrangian depends on v, if ¥ > 1, then B(g) > 0, which means that this interaction becomes stronger as
the energy increases, until breaking the perturbation at some energy scale. It is natural to consider v > 1
since we expect A" = Al > Al . = Alinnature; the gravity effects the particles by changing their
energies (like accelerating a particle via a gravitational field) not by changing their angular momentums.
So from A’ = yA, we have v > 1 for this case.

But when does the case v > 1;(g) < 0 appear? it appears when A! . . > Al in this case,
the gravity induces a rotation of the inertial frame (the Lorentz frame moves with a particle, or the
Lorentz frame in which the particle has a constant speed) more than changing the energy of that particle
(accelerating). This occurs when there is the smallest distance between two particles which interact by
their gravitational field. At this distance, the velocities of the two particles are constant, so the interaction
by the gravity is dominated by changing their angular momentum, thus A’ > A so y > 1. This situation

appears in the back holes; which is a confinement of 5(g) < 0.

6. Conclusions

We have considered the spacial Lorentz orthonormal basis (e!,e?,¢3) as an element in a vector

bundle with real spin connection w'/, which takes values in the Lie algebra of group SO(3) or SU(2). We
considered this vector bundle as a tangent vector bundle on the 3D hypersurface of constant time X (c*),
this allowed us to define three-form 6 = constant x sijkEi A Ri¥ in the phase space (E?, w,ij ) on this surface.
By arbitrary transformation of x¥, the three-form 6 becomes on M, but (X(¢?),d#) = 0 is always satisfied.
By doing the same thing, we obtained the equation (X(c”),df) = 0 using self-dual and anti-self-dual
formalism. This equation produces an equation of continuity on the hypersurface ¥;(c”). We found that
£ is a conjugate momentum of Al where Z0°F éb is its energy density. We saw that we have to include the
term L(DA")ed*x = (1/ 4)PyviPP“’ied4x in the GR Lagrangian, since there is a conserved spin current that
couples to A’. This is the similarity between GR and Yang-Mills theory of gauge fields. If we can solve
the GR equations using only spin current, we may consider GR as Yang-Mills theory of gauge fields on a
curved space-time manifold with spin connection A’ as a gauge field.
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