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Abstract: In this paper, a simple example to illustrate what is basically known from the Gauss’ times
interplay between geometry and mechanics in thin shells is presented. Specifically, the eigen-mode
spectrum in spontaneously curved (i.e., up-down asymmetric) extensible polymerized or elastic
membranes is studied. It is found that in the spontaneously curved crystalline membrane, the
flexural mode is coupled to the acoustic longitudinal mode, even in the harmonic approximation. If
the coupling (proportional to the membrane spontaneous curvature) is strong enough, the coupled
modes dispersions acquire the imaginary part, i.e., effective damping. The damping is not related
to the entropy production (dissipation); it comes from the redistribution of the energy between
the modes. The curvature-induced mode coupling makes the flexural mode more rigid, and the
acoustic mode becomes softer. As it concerns the transverse acoustical mode, it remains uncoupled
in the harmonic approximation, keeping its standard dispersion law. We anticipate that the basic
ideas inspiring this study can be applied to a large variety of interesting systems, ranging from still
fashionable graphene films, both in the freely suspended and on a substrate states, to the not yet fully
understood lipid membranes in the so-called gel and rippled phases.
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1. Introduction

It is my pleasure and honor to present my work in the Special Issue of journal of
Physics, dedicated to the 70th birthday of Prof. Mikhail Tribelsky. Many years ago, we
collaborated with Misha (as I became used to calling him), investigating phase transitions
in biaxial liquid crystals. Misha came up with the idea of our joint article and guided me
through the long process of writing. The paper I am presenting now (also from the realm
of soft matter physics) is a small token of my gratitude and respect to Misha Tribelsky.

The study is motivated by a recent influential paper [1], where the authors found
that even in the harmonic approximation, in-plane and out-of-plane vibrations of a low-
dimension (D = 1 , 2) elastic system can be coupled. The harmonic coupling in Ref. [1]
occurs if the stress-free state of the membrane is curved. Provided that the ”up-down”
symmetry of the system is not broken, the only way to couple the modes is related to
the Gaussian curvature, which is symmetric (even) with respect to “up-down” inversion;
for more details, see monographs and review [2–6] or original papers [7–10]. However,
in many realistic and experimentally relevant situations, the “up-down” symmetry is
spontaneously broken [3,5]. Moreover, it can be nonuniformly broken over the membrane
surface, e.g., due to asymmetric adsorption of different molecular species. In such a
situation, the up-down non-symmetric free energy in the harmonic approximation can
be written in terms of the scalar out-of-plane displacement f and the 2D vector u of the
in-plane displacements: [2,3,5]

Felastic =
∫

d2r

1
2

κ(∇2 f )2 + C0(r)∇2 f +
1
2

λu2
ii + µ

(
∂ui
∂xj

+
∂uj

∂xi

)2
 , (1)

Physics 2021, 3, 367–371. https://doi.org/10.3390/physics3020025 https://www.mdpi.com/journal/physics

https://www.mdpi.com/journal/physics
https://www.mdpi.com
https://www.mdpi.com/article/10.3390/physics3020025?type=check_update&version=1
https://doi.org/10.3390/physics3020025
https://doi.org/10.3390/physics3020025
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.3390/physics3020025
https://www.mdpi.com/journal/physics


Physics 2021, 3 368

where κ is the bending (curvature) elastic modulus, the subscripts i and j take on the values
1, 2 for the Cartesian axis within the membrane plane (in the limit of small displacements,
the topological Gaussian curvature contribution is neglected here), µ and λ are the stretch-
ing Lame coefficients, and C0(r) is non-uniform over the membrane spontaneous curvature.
In the linear approximation, the only term allowed by symmetry is

C0 = γintdivu , (2)

where γint is the curvature-induced mode coupling coefficient.

2. Basic Derivation

With the free energy expansion (1) one can find the eigen-modes of the system. Since
the intent of this study is to investigate dynamic behavior of spontaneously curved mem-
branes, first of all, the free energy (1) has to be supplemented by the kinetic energy terms
related to the in-plane and out-of-plane displacements dynamics. As a result, one gets the
dynamic action,

S =
1
2

(
∂ f
∂t

)2
+

1
2

(
∂ui
∂t

)2
+ Felastic , (3)

where, for the sake of simplicity, the units with the mass density ρ = 1 are used, and t is
the time. Then, in the Fourier space, the corresponding Euler–Lagrange equations for the
coupled eigen-modes read:

ω2 f̃ − κq4 f̃ − iγintq2qiũi = 0 ,

ω2ũi − iγintqiq2 f̃ − µq2ũi − µqi(qjũj)− λqi(qmũm) = 0 , (4)

where f̃ and ũ are the Fourier transforms of the displacements

f (r, t) =
∫ d2q

(2π)2
dω

2π
exp(−iωt + iqr) f̃ (q, ω) ,

and similarly for the in-plane displacements ui.
From Equation (4), one can see that the out-of-plane displacement is coupled to the

only longitudinal component (with respect to the wave-vector) of the in-plane displace-
ments, similarly to the case of up-down symmetric crystalline membranes considered in
Ref. [11]. Therefore, it is convenient to express the in-plane displacements in terms of the
longitudinal, ul , and transverse, ut, components, namely,

ui = ul
qi
q
+ utεij

qj

q
, (5)

where εij = −εji is the antisymmetric second-rank tensor. Then, the equations of motion
can be rewritten as:

ω2 f̃ − κq4 f̃ − iγintq3ũl = 0 ,

ω2ũl − iγintqiq2 f̃ − (2µ + λ)q2ũl = 0 ,

ω2ũt − µq2ũt = 0 . (6)

3. Eigen-Modes in Spontaneously Curved Membranes

From Equation (6), one can see that the transverse acoustic mode, which is decoupled
from flexural mode in the harmonic approximation, has the standard dispersion law:

ω2
t = µq2 . (7)
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In the harmonic approximation, the dispersion laws for the two coupled (in the sponta-
neously curved membrane) longitudinal acoustic and flexural modes are:

ω2
1,2 =

κq4 + (λ + 2µ)q2

2
±
[(

κq4 − (λ + 2µ)q2

2

)2

− γ2
intκ

2q5

]1/2

. (8)

This expression is the main result of this paper and is ready for further inspection. From
Equation (8), one arrives at the two following conclusions.

• For the sufficiently strong spontaneous curvature-induced coupling, there is an inter-
val of the wave vectors,

(λ + 2µ)2

κ2γ2
int

< q <

√
λ + 2µ

κ
, (9)

where the coupled-modes dispersions acquire the imaginary part, i.e., effective damp-
ing. The damping is not related to the entropy production (dissipation), since there is
no any dissipative term in the action (3). The damping occurs from the redistribution
of the energy of the modes.

• In the limit of weak coupling,

γ2
intκ

2q5 <
(κq4 − µq2)2

4
, (10)

the coupled modes remain purely propagating, and their dispersion laws read:

ω2
1 = κq4 +

γ2
intκ

2

λ + 2µ
q3 , (11)

ω2
2 = (2µ + λ)q2 −

γ2
intκ

2

(2µ + λ)
q3 . (12)

Therefore, the curvature-induced mode coupling makes the flexural mode more rigid,
and the acoustic mode becomes softer.

4. Outlook and Conclusions

To summarize, in this paper, the eigen-mode spectrum in spontaneously curved, i.e.,
up-down asymmetric, extensible polymerized or elastic membranes is calculated. It is
found that in the spontaneously-curved crystalline membrane, the flexural mode is coupled
to the acoustic longitudinal mode, even in the harmonic approximation. If the coupling,
being proportional to the membrane spontaneous curvature, is strong enough, the coupled-
mode’s dispersions acquire the imaginary part, i.e., effective damping. The damping is
not related to the entropy production (dissipation): it comes from the redistribution of the
energy of the modes. The curvature-induced mode coupling makes the flexural mode more
rigid, and the acoustic mode becomes softer. What concerns the transverse acoustical mode,
it remains uncoupled in the harmonic approximation, keeping its standard dispersion law.

Let us close with some conclusions about where the results presented here can be
applied. First, one may think about the famous graphene films [12–16] either on substrate
or freely suspended. In both cases, experimental observations suggest that the graphene
film becomes spontaneously corrugated. Although the main physical phenomena leading
to the graphene film corrugations are not yet fully understood (see, e.g., Refs. [17–19]), the
conclusion of the very existence of the corrugated state seems inescapable. The second
system one might have in mind is a rippled state of lipid membranes, below so-called main
phase transition [4–6]. The macroscopic structure and physical properties of the rippled
gel state are still debated in the literature; see, e.g., Refs. [20,21]. The simple calculations,
presented in this paper, are a step forward to check whether the state is liquid, liquid-



Physics 2021, 3 370

crystalline (liquid layers), or crystalline (with a positional order within the layer). Analysis
of eigen-mode spectra provides a hint to disentangle both states.

It is worth noting that only the mean-field approximation was considered in this paper.
However, the membranes are effectively two-dimensional objects (on scales larger than
the membrane thickness). Therefore, thermal fluctuations can affect behavior, first of all,
renormalizing the membrane elastic moduli. This renormalization of the bending modulus
κ is well known for liquid-like membranes. It turns out that thermal fluctuations make
the liquid-like membrane softer, i.e., reduce the bending modulus [5,6]. For crystalline
membranes (see Refs. [9,10] and recent studies [22,23]), the bending modulus increases, i.e.,
the membrane becomes harder, whereas the stretching Lame coefficients µ and λ decrease.
Similarly, one can also find the fluctuation renormalization of the spontaneous curvature or,
in terms of this study, the curvature-induced mode coupling coefficient γint. The one-loop
approximation calculations [5,6] yield the following scaling law:

γint ∝ (3T/4πκ)−1/3 ,

with T being the temperature, i.e., thermal fluctuations decrease the curvature-induced
mode coupling. In this paper, only the surface of this reach subject is stratched. This study
deliberately focused on the most limited possible question, which can be answered by
calculations ”on a back of the envelope”. There is a plenty of work ahead.
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