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Abstract: The Updated Lagrangian method for nonlinear elasticity with contact is presented. First,
we describe the Total Lagrangian for a compressible Neo-Hookean material. Next, we introduce the
Updated Lagrangian formulation for Neo-Hookean and Ogden compressible materials with contact.
An advantage of this approach is that at each iteration only a linear system is solved. The linear
problem to be solved is written in the updated domain. Numerical results are presented: compression
of a Hertz half ball and of a hyperelastic ring against a flat rigid foundation, and contact of an elastic
cube and a ball.

Keywords: nonlinear elasticity; frictionless contact; Updated Lagrangian formulation; Neo-Hookean
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1. Introduction

Mathematical modeling and numerical methods for contact mechanics can be found in
many textbooks, for instance [1-4]. There are different possibilities to treat the contact con-
straint: Lagrange multiplier and augmented Lagrangian methods [5], mortar method [6],
penalty methods [7,8], semismooth Newton methods [9], active set method [10-12], multi-
grid method [13], Nitsche’s method [14], smoothed finite element method [15] and cut
finite element method [16].

The incremental method (see [17], Sections 6.10-6.12) varies the forces and the im-
posed displacement by small increments from zero to desired values to successively solve
linearized problems written in the undeformed domain. The Updated Lagrangian method
is similar, but the linear problem to be solved is written in the updated domain (see [18]
Sections 2.6-2.8 or [19] Section 14.8). This method was developed initially for nonlinear
elasticity, but recently it was successfully employed for dynamic fluid-structure interac-
tion [20]. An advantage of this approach is that at each time step, only a linear system is
solved. A stability result is obtained in [21].

Nonlinear elasticity equations with frictionless contact can be formulated in term of a
constrained nonlinear optimization problem: the nonlinear cost function is the deformation
elastic energy, and the constraints are the non-penetration condition of the elastic structure
into the obstacle and the imposed displacement on some boundary. The Lagrange multiplier
and augmented Lagrangian methods, as well as the mortar, penalty and active set methods
come from the constrained nonlinear programming algorithms, where the cost function is
written in the undeformed domain.

By introducing a positive function defined on the contact zone, in Nitsche’s method
the problem is formulated as a system of equations which can be solved by generalized
Newton’s method. The semismooth Newton method can be considered related: the problem
is reformulated using non-differentiable approximating equations.

The purpose of this paper is to present the Updated Lagrangian method for nonlinear
elasticity with contact. The novelty is to use this method for contact problem. We can also
highlight that the linearized problem written in the undeformed domain for Neo-Hookean
and Ogden compressible materials are derived.
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In the second section we describe the Total Lagrangian for compressible Neo-Hookean
material. In Sections 3 and 4, we introduce the Updated Lagrangian formulation for Neo-
Hookean and Ogden compressible materials with contact. The last section is devoted to the
numerical results.

2. Contact without Friction in Non-Linear Elasticity Using Total Lagrangian Framework

We consider )9 C R? an undeformed structure domain, and we assume that it
is an open, bounded and connected subset. Its boundary is Lipschitz and admits the
decomposition 90y = Tp UTy UT¢, where I'p, Ty and T¢ are relatively open subsets,
mutually disjointed. On I'p we impose a given displacement Up, in {3y volume forces f are
applied, and it is subjected to surface loads h on I'y. A portion of I'c will be in contact with
a rigid foundation after deformation.

A particle of the structure whose initial position was the point X = (Xj, Xp) will
occupy the position x = ¢(X) = X+ U(X) in the deformed domain ¢(Q)), where
U= (U, Up): O — R? denotes the displacement.

If A is a square matrix, we denote by det A, tr(A), A~1 AT the determinant, the trace,

the inverse and the transpose matrix of A, respectively. We write A~ = (A1) T, and
cof A = (det A) (A’l)T is the cofactor matrix of A.

We denote by F(X) = I+ VxU(X) the gradient of the deformation, where I is the
unity matrix, and we write C = F'F, J(X) = det F(X). The first and the second Piola—
Kirchhoff stress tensors are denoted by IT and Z, respectively, and the following equality
holds: IT = FX. For the hyperelastic material, there exists a strain energy function W such
that % =ITand 2% = X (see [22], Chapter 6). The Cauchy stress tensor ¢ is computed
by o(x) = GFZFT> (X), where x = X+ U(X).

The rigid foundation is modeled as the graph of a function ¢ € C'(R), and we denote
its graph by

graph(y) = {(X1, %) € R, X5 = p(X1) |
and its epigraph by
epi() = { (X1, X:) € R, X > p(X1) }.

We assume that the undeformed structure domain Q) is into epi(¢).
The problem to solve is

Ueargian(W):/ WdX—/ f-WdX—/ h-WdS )
(ON) [ON) I'n
subject to
¢(I'c) C epi(y) )
U=Up, onTp. ®3)

3. Updated Lagrangian for Compressible Neo-Hookean Material with Contact

We suppose that the material is homogeneous, isotropic and can be described by the
compressible Neo-Hookean model ([18], p. 239); the strain energy function is

A
W =L (r(€) —2) —pInJ + Z(InJ)?
and the second Piola-Kirchhoff stress is

Z=An))F'F T4y (I - F*lF*T),

where A, yu are the Lamé constants of the linearized theory (see [23], Chapter 5).
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We denote by (), the image of Q) via the map X — X + U"(X), and we set Q) = Q, the
computational domain at the increment n. The map from Qg to (3,1 defined by X — x =
X + U"1(X); the composition of the map from Q) to () is defined by X — X = X + U"(X),
and the map from Q to (.1 defined by

X = x=xX+U"H(X) - U"(X) =X+ 1)

With the notations F = I + V44 and T: detF, J" = detF", we obtain

o~

F'H(X) = FRF'(X),  J"(X) = J®)]"(X). @

For the Neo-Hoohean material, we have o(x) = (ln NI+ jy (FFT — 1), and we set
ot = ],H (n 1+ ]n+ (F”Jrl (Fr)” — T ) Let us introduce the tensor

~

L(x) = J®F 1 (X)e"  (F T (%), ®)
For W : Oy — R2, we definew : O — RZand w : Q1 — R2by W(X) = w(x) =

W(X). Since (Vw(x))E(X) = Vgw(X) and (Vw(x))F(X) = VxW(X) (see [17], Section 2.6),
and taking into account (5), we get

/ a"H:dex:/ji:vim&:/ FZ : VxWdX.
QrHrl Q Qo

Using (4), it follows that

— ~A n —15-T 1 }l " " T
- ]T(ln] S In)F T 4+ TR 2 (FF (FF) _I)F ©

_ A n —15-T H n/gn To—1p—
= (] +In]EIF +]7(F (F)" —F1FT)

then N
A “=~__ -~ T =~__
FL= G(nj" +m])F " + %(FF”(F”) ~F7).
If A is a square matrix, by linearization, we have:
detI+A)~1+tr(A), I+A)'~I-A In(l+x) =~z

(see [23], Chapter 3.2). We can linearize the map @ — FZ by

S A A
L,,(u) = ]" InJ" (I— (Viu) ) ]—ntr(V <u)l
+ ((H—qu)F”(F”) — 1+ (Vsw)"). @)
We have
S Lon(@) 2 VW R = (8, %) + Ly (W)
where
(G, W) /I P(Vd) tr(VeW dx+/ QF (F") : Vewdg

+/ﬁ<# ?nlnf”>(v;a) | VW dx
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and

Lo (W) :/ﬁ(W)tr(VgW) di—l—/ﬁ]ﬁnF"(F")T:Vngi.

For simplicity, we assume that the displacement Up on I'p, the volume forces f in ()
and the surface loads h on I'y are constant. Let N € N* be the number of increments. We
will solve successively N linearized problems written in the updated configuration (), for
0<n<N-1.

The boundaries I'},, I'y;, I't of (), are obtained, respectively, from I'p, I'y, I'c via the
map X — X+ U"(X). Let us introduce the linear application of the increments of the forces

. - 1.
Eforc w) / N]—nf dx+/r"N Nh-wds.

In the case of small displacements 1, the constraint of non-penetration of the elastic
structure into the rigid obstacle can be approached by

P (%) (X) — i2(X) < X — p(X7), VX € TE ®)

see [1]. We introduce the convex set
e ~ .0 2. 1 n
K = w:Q—)R;w:NUDonFD,
¥/(@)@1(%) ~ 92(%) < T2~ y(F1) on TE} ©)

The linearized problem written in the updated configuration to be solved is the
variational inequality: find U € K such that

o~

B (G, W — @) + Ly (W — 6) > Lpore (W — 1), VWEK (10)
Proposition 1. The bi-linear application (W, W) — @, (0, W) is symmetric.

Proof. If A, B, C are square matrices, we have AB : C = B : ATC = A : CBT and
A :B =B : A. We obtain

(V) F'"(F")T . Viw = (Vgd)F" : (VgW)F"

then the second term of @, is symmetric. Using also A : B = AT : BT, we get

then the third term of @, is symmetric. O

Let as introduce the quadratic optimization problem with affine constraints

€ arg inf (W) = 20,(W, W) + Ly (W) — Lpore(#) an
wekK
A solution of (11) is also a solution of (10). If @, is coercive, the variational inequal-
ity (10) has a unique solution which is also the unique solution of optimization problem (11)
(see [5]).
Problem (11) will be solved numerically by the Interior Point algorithm implemented
in the software FreeFem++ (see [24]). The novelty of this approach is that Problem (11) is
written in the updated configuration.
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4. Updated Lagrangian for Compressible Ogden Material with Contact

We suppose that the compressible material is of type Ogden [25] with the strain
energy function

W=ci(h—=2)+c(l—-1)+a(lz—1)—(c1+c2+a)In];

with I = tr(C), I, = 3((tr(C))? — tr(C?)), I = det(C) and c1,cp,a > 0. The first two
terms correspond to the Mooney—Rivlin material, and the volumetric part of strain-energy
functions used here a(I3 — 1) — (c1 + ¢ + a) In I was proposed in [26] in order to obtain
polyconvexity and the coerciveness of the strain energy function.

We have

ol dah 1 9 -7
0o, ZZou(op-cT, 2= der(c)c

From the Cayley—Hamilton theorem in 2D, we have
C2—tr(C)C+J*I=0= tr(C)I-C = J°C!
and using that C is symmetric, we get

£ =2ail+ (20 +20)) = 2(c1 + ;) )C .

As in the preceding section, using (5) and (4), we obtain

201 =

FE = SRR (R’ +]l”((2cZ+2a)(]">2(T)2_2(61+C2+a)>frT

and employing ] ~ 1+ tr(Vgi), F-T ~ 1 — (Vxi)T we linearize the map @ — FZ by

Loe(@) = 2;} (1+ Vi) P (F")T + (262+2a)(]”)]n 21 +crta),
+  (4cp +4a)]" tr(Vzu)lI (12)
(22 + 2”)(]")2]n 2(c1+c2+a) (Vsi)T.
We have
/f2 Log (1) 1 VW dX = dog (@, W) + Log (W)
where
Aog(@ W) = [ (dea+40)" (V) (VW) R + / 2 g 8P (P : Vewdg
_/A (22 +2a)(J")* = 2(cy +Cz+ﬂ)(vxﬁ)T VoW dx
a J?
and
?gg(W):/ﬁ (2C2+2ﬂ)(]")]n 2 teta), W) d% +/ 201 pn VW dR,

We have a similar result as in Section 3.
Proposition 2. The bi-linear application (U, W) — dog (U, W) is symmetric.

As previously, the linearized problem written in the updated configuration to be
solved is the variational inequality: find u € K such that

fog (6, W — T) + Log (W — T) > Lrppe(W—1), VWeK (13)
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The associated optimization problem is
U € arg inf Tog(W) = =g (W, W) + Log (W) — Csorc(W). (14)
wek 2

5. Numerical Results

Let 7;, be a triangulation of Q) of size , with nv vertices. We set ¢; : 7, — R
the shape function associated with vertex A;, which is a piecewise linear function and
is globally continuous. For the two-dimension displacements, we introduce the basis
¢ = (¢}, ¢)) : T, » R2fori=1,...,2nv defined by

¢' = (¢;,0), fori=1,...,nvand " = (0,¢;), fori =1,...,nv.
We define the matrix A € R2"*21% gnd the vector b € R2"? by
A= ({Ili]'), {Ill']' = ﬁnh(gb], ¢i), l,] = 1,. . .,21’10

and

(b); = ?forc(‘l)i) _?nh(‘l’i)' i=1,...,2nv.

The constraint W € K will be treated weakly. Thus, we introduce matrix C € R"8¢x2n7,
where ngC is the number of vertex A; € I: and the vector d € R"C by

C = (ci) = [, (@' (F)9F(R) — 9h(R))i(F1, %2) ds
C
forj=1,...,2nvand A; € I't and
()i = [, 2= p(E)i(51,72) ds

for A; € T{:. The discrete version of (11) is

1
inf -(Ag,¢) — (b, 15
o, (AL ¢) — (b, G) (15)
cE<d (16)
¢; given for A; vertex of I'}). (17)

For the numerical tests, we employed the software FreeFem++ (see [24]). The optimiza-
tion problem (15)—(17) is solved by the library IPOPT “Interior Point OPTimizer”, which
has an interface in FreeFem++.

5.1. Compression of a Hertz Half Ball against a Foundation

This example is adapted from [11]. The undeformed structure domain (g is a half ball
of radius R = 8 m with center (0, R), and the rigid foundation is given by ¢(X;) = 0. The
boundary I'p is the little segment [AB] = {t € (—0.095,0.095); x(t) =t, y(t) = R}, Tcis
the half of a circle {t € (m,2m); x(t) = Rcos(t), y(t) = R+ Rsin(t)}, and I'y is the rest
of aQ().

On I'p we impose zero horizontal displacement, in )y volume forces f = (0,0) Pa/m?3
are applied, and surface loads h = (hy,h;) = (0,—2) Pa/m? are applied on T'y. We
set Young’s modulus E = 150 Pa and Poisson’s ratio v = 0.3. The structure verifies
the linear elasticity equation; the stress tensor of the structure written in the Lagrangian
framework is o(u) = A(Vx -u)I 4+ 2uex(u), where A, > 0 are the Lamé coefficients,
ex(u) = 3 (Vxu+ (Vxu)T). In this case, the bi-linear form a and the linear form ¢ are
given by
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a(u,w) = / (A(Vx - u)(Vx - W) + 2piex (u) : ex(w))dX

()
and

f-wdX+ h-wds
Qo I'n

and the increment number is just N = 1.
The quadratic optimization problem with affine constraints is

u € arg 1an§1( w) = ;a(w,w)—ﬁ(w)
we

where
K = {W:QO—>]R2; w=UponIp,
wl(Xl)wl(X) — ZUz(X) < Xp;— #)(Xl) on Fc}.

The analytical normal stress in the contact zone given by the Hertz theory is

_4R|hy| 2R?|hy|(1 —v?)
(on) -n = 2 \/ﬂ, if [x1] < b, where b = 2\/—,

The contact zone is |x1| < band x, = 0.

The number of nodes on I'¢ is 252; the mesh of )y has 11,759 vertices and 23,096 trian-
gles. For h) = —2 and xq = 0, the analytical value for b is 1.40621 and for the normal stress
is —14.4871, while the computed normal stress is —14.545. In Figure 1, we can see: the
initial mesh, the von Mises stress and a zoom of the contact zone. The numerical solution
is consistent with the analytical solution. The IPOPT algorithm solves the optimization
problem after 10 iterations.

5.2. Compression of a Hyperelastic Ring against a Flat Rigid Foundation

This example is adapted from [11]. The undeformed structure domain () is a ring
of exterior radius R, = 10 m, interior radius R; = 9 m and center (0, R,), and the rigid

foundation is given by ¢(X;) = 0. The boundary I'p is the arc of a circle AB = {t €
(5 — 55 + 15);x(t) = Recos(t), y(t) = Re + Resin(t) }, Tc is the inferior half of a circle

1872
{t € (m,2m); x(t) = Recos(t), y(t) = Re + Resin(t)}, and I'y is the rest of 9.
On I'p, we impose displacement Up = (0,—14) m, in )y, volume forces

f = (0,0) Pa/m?3 are applied, and surface loads h = (0,0) Pa/m? are applied on I'y.

For the Neo-Hookean material, we use Young’s modulus E = 1.0 MPa and Poisson’s
ratio v = 0.45, which gives the Lamé constants A = 3.10345 MPa and y = 344,828 Pa. For the
Ogden-like material, we use, as in [11], c; = 0.5 MPa, c; = 0.5 X 10~2 MPa, a = 0.35 MPa.

The number of nodes on I'c is 240; the mesh of () has 4342 vertices and 7734 triangles.
We employ finite element 1, and we set N = 14 as the number of increments. The average
number of iterations of the IPOPT algorithm in order to solve, at each increment, the
optimization problem is 12.

We can see in Figure 2 the final mesh and the von Mises stress for Neo-Hookean-like
material, and in Figure 3 the initial, intermediate and final meshes for the Ogden material.
We denote by U,;, the solution in the case of the Neo-Hookean material and by U, for
the Ogden-like material. We have HUnh — Uog” 12(09) = 1.88063. Our solution for the

Ogden-like material is similar to the one obtained in [11].
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von Misesstress

(c)

Figure 1. Hertz half ball: the undeformed mesh (a), the von Mises stress after compression (b) and a
zoom of the contact zone (c).
o eercs

7.2173e+5

Eé 6287e+5
6.040e+05

A
o
!
1

(a) (b)

Figure 3. Cont.
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(c) (d)

Figure 3. Ring, Ogden model: mesh deformation after: 0 (a), 5 (b), 10 (c) and 14 (d) increments.

5.3. Contact of an Elastic Cube and a Ball
This example is adapted from [13]. The undeformed structure domain €} is the cube
(0,1)3, and the obstacle is a ball with center (0.5,0.5, —0.3) and radius 0.3, see Figure 4.
The boundary I'p is the upper side, I'c is the bottom side, and I'y is the rest of 9()y. On
I'p, we impose the displacement Up = (0,0, —0.22) and we set f = (0,0,0) and h = (0,0,0).
Contrary to [13], where the strain energy function is

W =ctr(E) + %(h’(E))2 + (u—c)tr(E*) —cIn |

with E = %(C —1I) and the parameters A = 5000, » = 5000, ¢ = 1000, we consider the
Neo-Hookean material as discussed in Section 3, with Lamé constants A = 5000, # = 5000.
For 3D, we have the same formula for (7), but (9) is replaced by

R = {W:Q%R%W—IEUDonF’f),
oP(x1,X2) o OP(X1,X2) o o - =
Mwl(x) + MWZ(X) - ZU3(X) <Xx3— 1/J(x1, x2) on 1"2 .

ox1 dXp

The mesh is controled by the number k of segments on each edge of the cube. The
mesh of )y has: 9261 vertices and 48,000 tetrahedrons for k = 20, 35,937 vertices and
197,608 tetrahedrons for k = 32 and 68,921 vertices and 384,000 tetrahedrons for k = 40. We
employ the finite element P;, and we set N = 4 as the number of increments.

£l
A A
Ve
i A
g
] & a8
o ?22 s
2 Zih Gl
)
#Lz gﬁzz
ZZ ZZ:' 7L
74 A B8
52 925 i
it 2: i

Figure 4. Cube: initial configuration.

The optimization problem has
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e k = 20: 27,783 variables, 361 inequality constraints, 441 variables with imposed

displacement;

ek = 32: 107,811 variables, 961 inequality constraints, 1089 variables with imposed
displacement;

* k= 40: 206,763 variables, 1531 inequality constraints, 1681 variables with imposed
displacement.

The average number of iterations of the IPOPT algorithm is 14 for k = 20 and 16.75 for
k = 40. The total CPU time on an Intel Sandy Bridge 16 x 3.30 GHz and 64 GB RAM was
6 min for k = 20, 24 min for k = 32 and 50 min for k = 40.

We denote by U’,ﬁlo, U’;ﬁlz, U’;l‘,ﬁo the solutions for k = 20, k = 32, k = 40, respec-

tively. The L? error between computed solutions are: HUKZ2 - Uk%zo = 0.002149,
" M2 (0o)
k40 _ yk20 — 0.002 k40 _ yk32 — 0.0007273.
|ut -y 2y = 0002868, U0 U2 = 0.0007273

In Figure 5, we plot the vertical displacement and von Mises stress at the final configu-
ration for k = 32.

~0.15

22001

(a) (b)

126404
I:wuuu
7
—so00  $
i
—eo00 &
H
—a000 §
H
2000

766401

(c)

Figure 5. Cube, k = 32, cut of the final configuration: vertical displacement Uj (a), zoom of the
contact zone for Us (b), von Mises stress (c).

6. Conclusions

An Updated Lagrangian method for nonlinear elasticity with frictionless contact was
presented. The linearized problem written in the updated configuration for Neo-Hookean
and Ogden compressible materials were derived. At each iteration, only a linear system
was solved. Two- and three-dimensional numerical simulations were performed.
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