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Abstract: Concrete-filled steel tubular (CFST) columns are one of the most effective reinforced
concrete structures, and improving their calculation is a critical task. The purpose of this study was to
develop a simplified method for calculating slender CFST columns, taking into account the effect of
lateral compression. The idea of the method is to use the equation of a reinforced concrete column’s
longitudinal bending, without taking into account the effect of lateral compression. To take into
account the lateral effects, the cross-sectional stiffnesses are corrected based on the analysis of the
stress–strain state in the cross-sectional plane using the finite element method. The developed method
was implemented by the authors in the MATLAB environment. The approbation of the proposed
method was carried out on experimental data for centrally compressed columns of a circular cross-
section, as well as eccentrically compressed columns of a circular and square cross-section, presented
in two papers. For the centrally compressed columns, we conducted a study on the influence of initial
imperfections in the form of eccentricities and initial curvatures on the value of the ultimate load.
For the eccentrically compressed columns of the circular and square cross-section, the area of their
effective operation was determined.

Keywords: concrete-filled steel tubular columns; large deflections; slenderness; reinforced concrete;
finite element method; bearing capacity; stress strain state; physical nonlinearity

1. Introduction

Currently, concrete-filled steel tubular columns are widely used in the construction of
bridges, transport structures, and high-rise buildings [1–4]. An important feature of such
structures, in comparison with traditional reinforced concrete elements, is their increase
in bearing capacity due to the action of concrete in triaxial compression [5]. In addition,
due to the clip effect, CFST columns are characterized by a plastic fracture pattern, even
when high-strength concretes are used [6]. In addition to these factors, concrete-filled steel
tubular columns have a number of significant advantages, including savings on formwork,
the possibility of mounting the frame in the winter period, etc. [7].

Expanding the scope of CFST columns requires the development of methods for
calculating their bearing capacity. Currently, a large amount of experimental research is
being carried out on new types of pipe-concrete structures, including columns made of
high-strength [8] and lightweight concrete [9]. Various types of cross-sections have been
explored, including square and rectangular [10–13], hexagonal [14–16], octagonal [17],
annular [18,19], elliptical, and oval [20,21] columns. In addition to the material of the core,
the material of the shell also varies. For example, concrete-filled tubular columns with
plastic [22] and fiberglass [23] shells are used.

Most of the existing methods for determining the bearing capacity of concrete-filled
tubular columns are based on an empirical approach [10–12,16,17,20,21,24], which limits
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the applicability of these methods to a specific material of the concrete core and shell, as
well as a certain cross-sectional shape, etc.

The most universal method for determining the bearing capacity of pipe-concrete
columns is finite element modeling in a three-dimensional setting, taking into account the
physical nonlinearity of the materials and the contact interaction between the concrete and
shell [25]. In the case of slender columns, the stress–strain state of the elements will be
affected by their deflections, increasing the bending moment. Therefore, when calculating
such structures, it is also necessary to take into account geometric nonlinearity. However,
this approach requires significant computing time for the calculation of a single element. It
is not applicable in the calculation of buildings and structures, including a large number of
pipe-concrete elements.

The authors of [26] present a technique for reducing the three-dimensional problem
of calculating an eccentrically compressed short CFST column to a two-dimensional one
based on the hypothesis of plane sections. A further development of this article [26] for
the case of slender CFST columns is presented in [27], in which a combined finite element
(FE) was proposed, connecting a classic bar FE with a transverse cut in the cross-section
to take into account the effect of lateral compression. Compared to 3D modeling, this
approach made it possible to reduce the number of unknowns by approximately four times
without a significant loss in the accuracy of the results. However, this approach still cannot
be considered sufficiently economical, since the system of FEM equations includes the
displacements of all the calculated sections along the length of the element. The purpose of
this study was to develop a more economical method in which the stress state in the plane
of each section will be determined independent of the other sections.

2. Materials and Methods

Let us first obtain an equation for determining the deflections of a CFST element
without taking into account the lateral compression stresses. When obtaining this equation,
it is assumed that the eccentricity of the axial force exists only in the zOy plane (z is the
longitudinal axis of the bar; the x and y axes are located in the cross-sectional plane).
The elastic moduli of the concrete Eb and steel Es are taken as functions of the x, y, and
z coordinates.

The increment in the total deformation of the concrete along the z axis is represented
as the following sum:

∆εbz =
∆σbz

Eb(x, y, z)
+ ∆ε∗bz, (1)

where σbz is the stress in the concrete according to z.
Here, ∆ε∗bz is an additional term that allows one to take into account dilational defor-

mations, temperature effects, the shrinkage and creep of concrete, etc.
On the other hand, the increment in the total deformation of concrete based on the

hypothesis of plane sections can be written as the sum of the increment in axial deformation
∆ε0

z and the increment in deformation caused by a change in curvature:

∆εbz = ∆ε0
z + y∆χ, (2)

where ∆χ = − d2∆v
dz2 is the element curvature increment, and v is the element deflection.

Based on (1) and (2), the increment in stress in the concrete along the z axis can be
written in the form:

∆σbz = Eb(x, y, z)
(

∆ε0
z + y∆χ− ∆ε∗bz

)
. (3)

Stress increments in a steel shell are determined based on the condition of compatibility
of deformations along the z axis, as:

∆σsz = Es(x, y, z)
(

∆ε0
z + y∆χ

)
. (4)
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The force increments in the column are the sum of the force increments undergone by
the concrete and steel:

∆N = ∆Ns + ∆Nb =
∫
As

∆σszdA +
∫
Ab

∆σbzdA, (5)

∆M = ∆Ms + ∆Mb =
∫
As

∆σszydA +
∫
Ab

∆σbzydA, (6)

where Ab and As are the cross-sectional area of the concrete and steel parts, respectively.
Substituting (3) and (4) into (5) and (6), the following relationships between the

increments in internal forces, ∆M and ∆N, and increments in generalized deformations,
∆ε0

z and ∆χ, can be obtained:{
∆N
∆M

}
=

[
EA ES
ES EI

]{
∆ε0

z
∆χ

}
−
{

∆N∗

∆M∗

}
, (7)

where
EA(z) =

∫
As

Es(x, y, z)dA +
∫
Ab

Eb(x, y, z)dA,

ES(z) =
∫
As

Es(x, y, z)ydA +
∫
Ab

Eb(x, y, z)ydA,

EI(z) =
∫
As

Es(x, y, z)y2dA +
∫
Ab

Eb(x, y, z)y2dA,

∆N∗(z) =
∫
Ab

Eb(x, y, z)∆ε∗bzdA, ∆M∗ =
∫
Ab

Eb(x, y, z)y∆ε∗bzdA.

(8)

According to (7), the increments in generalized deformations ε0
z and χ are expressed

in terms of internal forces increments, as follows:

∆ε0
z =

EI
EA·EI−ES2 · (∆N + ∆N∗)− ES

EA·EI−ES2 · (∆M + ∆M∗);
∆χ = −ES

EA·EI−ES2 · (∆N + ∆N∗) + EA
EA·EI−ES2 · (∆M + ∆M∗).

(9)

For the case of a column hinged at the ends (Figure 1), the increment in the bending
moment will be written as [28]:

∆M = −F∆v− ∆Fv + ∆Fe0. (10)
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The term ∆Fv in (10) represents the additional bending moment caused by the element
deflection and takes into account the effect of column slenderness.

Substituting (10) into the second equation in (9) and taking into account that ∆χ = − d2∆v
dz2

and ∆N = −∆F, the following equation can be obtained:(
EI − (ES)2

EA

)
d2∆v
dz2 + F∆v = (−∆F + ∆N∗)

ES
EA
− ∆Fv + ∆Fe0 − ∆M∗. (11)

For a column hinged at the ends, the boundary conditions have the following form:

∆v(0) = ∆v(L) = 0. (12)

To obtain a resolving equation that is valid for other options for fixing, it is sufficient
to differentiate Equation (11) twice with respect to z.

Let us further consider the effects of the lateral compression of concrete by a steel shell
in Equation (11).

Equation (11) is solved using the finite difference method (FDM). To take into account
the effects of lateral compression, the cross-sections are calculated using the finite element
method for each node of the FDM mesh. The concrete part of the cross-section is meshed
with triangular finite elements, and the steel shell is meshed with one-dimensional finite
elements (Figure 2).
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Figure 2. Representation of the CFST column cross-section in the form of a set of two-dimensional
finite elements of concrete and one-dimensional finite elements of a steel shell.

The load is increased stepwise in small portions. At the first load step, the modulus
of elasticity of the concrete and steel are assumed to be constant, and the increment in the
column deflection ∆v is determined in each section using Equation (11). Then, the element
curvature increment ∆χ = − d2∆v

dz2 is calculated based on the value of ∆v, as well as the
value ∆ε0

z from the first equation in (9).
Based on the values of ∆χ and ∆ε0

z, it is possible to determine the stress state change
in the each cross-section plane from the solution of the FEM equations obtained in [26]:

[K]{∆U}+ {∆Fb}+ {∆Fs} − {∆F∗} = 0, (13)

where {∆U} is the vector of the displacement increments in the plane of the cross-section.
The stiffness matrix [K] is the sum of the stiffness matrices of the concrete part of the

section [Kb] and the steel part [Ks]. For a single finite element, the matrices [Kb] and [Ks]
appear as follows:

[Kb] = [B]T [D][B]A;

[Ks] =
Esh

l(1−ν2
s )

[
1 −1
−1 1

]
,

(14)
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where [B] = 1
2A

b1 0 b2 0 b3 0
0 c1 0 c2 0 c3
c1 b1 c2 b2 c3 b3

 is the matrix containing the gradients of trian-

gular FE shape functions (a1 = x2y3 − x3y2, b1 = y2 − y3, c1 = x3 − x2, while the other
coefficients ai, bi, ci are obtained using the cyclic substitution of indices), A is the cross-

sectional area of the triangular FE, [D] = E1
1−ν2

1

 1 ν1 0
ν1 1 0
0 0 1−ν1

2

 is the matrix of concrete

elastic constants (E1 = Eb
1−ν2

b
, ν1 = νb

1−νb
, νb is the Poisson’s ratio of concrete), h is thickness

of the steel shell, l is the length of a steel shell a one-dimensional FE, and νs is the Poisson’s
ratio of steel.

Vectors {∆Fb}, {∆Fs}, {∆F∗}, for a separate FE, are written as:

{∆Fb} = [B]T A E1ν1
1−ν2

1

(
∆ε0

z + yc∆χ− ∆ε∗bz

)
1
1
0

;

{∆Fs} = [Bs]
T Eshνs l

1−ν2
s

(
∆ε0

z + ys∆χ
)

;{
∆F*} = [B]T [D]{∆ε∗}A,

(15)

where yc = (y1 + y2 + y3)/3 is the center of gravity coordinate for the triangular FE, ys is
the center of gravity coordinate for the one-dimensional FE of the steel, and

{∆ε∗} =


∆ε∗bx
∆ε∗by
∆γ∗xy

 is the vector of forced deformation increments, representing the sum of

thermal deformations, creep deformations, shrinkage, and dilatational deformations in the
cross-sectional plane.

The vector {Fs} in (15), as well as the matrix [Ks] in (14), are presented in the local
coordinate system of the element (s axis in Figure 2). The transition from the local coordinate
system to the global xOy system is performed using the following formulas:{

U
}
= [L]{U};

[K] = [L]T
[
K
]
[L];

{F} = [L]T
{

F
}

;

[L] =
[

cos α sin α 0 0
0 0 cos α sin α

]
.

(16)

where
{

U
}

,
{

F
}

,
[
K
]

are the nodal displacement vector, the nodal load vector, and the
stiffness matrix in the local coordinate system; {U}, {F}, [K] are the same for the global
coordinate system.

After determining the increments in displacements {∆U}, the increments in stresses
in the concrete are determined using the following formulas:

∆σbx
∆σby
∆τbxy

 = [D]([B]{∆Ub} − {∆ε∗}) + {∆σ1},

∆σbz =

(
Eb +

2E1ν1
1−ν2

1

)(
∆ε0

z + yc∆χ− ∆ε∗bz
)
+ ν
{

1 1 0
}
[D]([B]{∆Ub} − {∆ε∗}).

(17)

where{∆σ1} = E1ν1
1−ν2

1

(
∆ε0

z + y∆χ−∆ε*
bz

)
1
1
0

,{∆Ub} =
{

∆u1 ∆v1 ∆u2 ∆v2 ∆u3 ∆v3
}T

is the displacement increment vector of the triangular concrete FE.
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The increments in hoop stresses σsθ and stresses along the z axis in the steel shell are
calculated using the following formulas:

∆σsθ = Es
1−ν2

s

(
[Bs][L]{∆Us}+ νs

(
∆ε0

z + ys∆χ
))

;

∆σsz =
Es

1−ν2
s

(
∆ε0

z + ys∆χ + νs[Bs][L]{∆Us}
)

,
(18)

where [Bs] =
[
− 1

l
1
l

]
; {∆Us} =

{
∆u1 ∆v1 ∆u2 ∆v2

}T is the vector of displacement
increments of a one-dimensional steel shell FE.

Based on the calculated stresses and strains, the tangential moduli of elasticity of the
concrete and steel are corrected at each load step. The concrete tangential modulus of
elasticity is determined in accordance with the concrete deformation theory of plasticity
developed by G.A. Geniev [26] as a function of shear strain intensity Γ:

Eb,tan(Г) = E0

(
1− Г

Гs

)
, (19)

where E0 is the initial modulus of elasticity of the concrete;

Γ =
√

2
3

√
(ε1 − ε2)

2 + (ε2 − ε3)
2 + (ε1 − ε3)

2; ε1, ε2, and ε3 are the principal strains; and
Гs is the ultimate intensity of shear deformations, which is determined using the follow-
ing formula:

Γs = Гck(λ, δ),

k(λ, δ) =
λ(1+δ)

2 +

√
λ2(1+δ)2

4 + (1 + δ).
(20)

In Formula (20), Гc is the ultimate intensity of shear deformations in pure shear, and
the parameters λ and δ are determined using the following formulas:

δ = e
(

S
T

)3
;

λ = f σ
T ,

(21)

where T = 1√
6

√
(σ1 − σ2)

2 + (σ2 − σ3)
2 + (σ1 − σ3)

2 is the shear stress intensity (σ1, σ2, σ3

are the principal stresses); e = RbRbt
3T2

c
− 1; Rb and Rbt are, respectively, the strength of the

concrete in compression and tension; Tc is the ultimate intensity of shear stresses in pure

shear; S =
√

3
[

1
2 (σ1 − σ)(σ2 − σ)(σ3 − σ)

] 1
3 ; and σ = (σ1 + σ2 + σ3)/3, f = 3Tc(Rb−Rbt)

RbRbt
.

The value of Tc was determined based on the strength criterion of P.P. Balandin [29],
according to the following formula:

Tc =

√
RbRbt

3
. (22)

The dilatation effect of concrete in the theory of G.A. Geniev is taken into account
using an additional term called dilatational deformations εd. The relationship between
stresses and strains is represented in the following form:

εbx = 1
Eb(Г)

(
σbx − νb

(
σby + σbz

))
+ εd;

εby = 1
Eb(Г)

(
σby − νb(σbx + σbz)

)
+ εd;

εbz =
1

Eb(Г)

(
σbz − νb

(
σbx + σby

))
+ εd.

(23)

When dilatation deformations occur in concrete, the steel shell tends to hold the
concrete core, and concrete lateral compression occurs.
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Dilatational deformations are determined using the following formula:

εd = −g0Г2/3, (24)

where g0 = −θc/Г2
c is the dilatation module, θc = −1·10−4 is the ultimate volumetric

deformation of concrete under pure shear, Гc = 2Tc/G0 is the ultimate intensity of shear
strains in pure shear, and G0 = E0/(2 · (1 + νb)) is the initial shear modulus of concrete.

When using Formulas (1), (3), (8), (15), and (17) in combination with the theory of G.A.
Geniev, ε∗bx = ε∗by = ε∗bz = εd, γ∗bxy = 0.

The steel of the shell is assumed as an ideal elastic-plastic material. The Huber–Mises–
Genka plasticity criterion is used:

1√
2

√
σ2

sz − σszσsθ + σ2
sθ = Ry, (25)

where Ry is the yield strength of steel.
When the steel shell reaches the plastic state at any point, the tangential modulus of

elasticity of the steel at this point is reset to zero.
After adjusting the steel and concrete tangential moduli of elasticity, the stiffnesses of

each section are recalculated according to the following formulas:

EA = h∑ Es,i li + ∑ Eb,i Ai,
ES = h∑ Es,i liys,i + ∑ Eb,i Aiyc,i ,
EI = h∑ Es,i liy2

s,i + ∑ Eb,i Aiy2
c,i .

(26)

Next, Equation (11) is solved at the next load step with corrected stiffnesses.
For the calculation, the authors developed a program in the MATLAB environment.

The finite element mesh in the cross-section was generated using the PDE Toolbox package.

3. Results and Discussion

The approbation of the developed calculation method was carried out on experi-
mental data for centrally compressed slender CFST columns presented in [30], as well as
experimental data for eccentrically compressed slender CFST columns presented in [31].

The authors of [30] presented the results of short-term tests for the central compression
of eight series of prototypes with different geometric and design parameters, having a
slenderness λ ranging from 20 to 80. The cross-section of all the samples is a circle with a
diameter of 108 mm. The steel shell was taken in the form of longitudinally electric-welded
pipes with a wall thickness of 5 mm and a yield strength of 345 MPa. The compressive
strength of the concrete used in the core of the CFST structures varied from 30.4 to 55 MPa.

Since only the prismatic compressive strength Rb was provided for concrete in [30],
the rest of the model parameters (Rbt, E0) were calculated using the empirical formulas
given in [32]:

E0 = 1000· 0.04R+57
1+ 29

3.8+0.8R
;

Rbt = 0.29·R0.6,
(27)

where R = Rb/0.788 is the cubic compressive strength of concrete.
The values in Formula (27) should be substituted in MPa.
Poisson’s ratio of concrete was taken equal to 0.2 in the calculations.
To calculate the centrally compressed columns, our technique requires one to specify

the initial imperfections. Here, they were specified as a small random eccentricity e0 or
initial deflection v0(x) = f0 · sin πx

L . The values of e0 and f0 were taken in the range from 1
to 5 mm. To take into account the initial curvature of the column in Equation (11), it suffices
to replace e0 with v0(x).

Due to symmetry, half of the section was considered, and the finite element mesh
generated in the MATLAB environment using the initmesh() function is shown in Figure 3.
The average mesh size of the finite element mesh in this figure is 0.01 m.
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Figure 3. Finite element mesh in a cross-section for columns with a diameter of 108 mm.

The number of load steps was assumed to be 200. When solving Equation (11) using
the finite difference method, the column was divided along its length into 20 segments.
Neither refining the mesh in x, y, z nor increasing the number of steps in the load led to a
significant change in the results. Figure 4 shows a graph of the ultimate load’s dependence
on the size of the finite element mesh in the cross-section for the sample C.80.55 in Table 1,
with an axial force eccentricity of 3 mm.
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Table 1. Comparison of experimental data for centrally compressed columns with the results of the
calculation, specifying initial imperfections in the form of the eccentricity of the axial force.

Sample L, mm Rb, MPa Nu,exp, kN
Nu,analysis, kN at Various Eccentricities of the Axial Force

1 mm 2 mm 3 mm 4 mm 5 mm

C.20.35 560 33.6 1100 920 910 880 860 840
C.20.55 560 55.0 1127 1116 1092 1044 1032 990
C.40.35 1120 30.4 760 842 815 795 769 744
C.40.55 1120 53.4 907 1008 966 935 910 890
C.60.35 1640 30.4 735 828 783 752 720 693
C.60.55 1640 53.4 797 960 910 870 840 805
C.80.35 2200 33.6 714 792 736 696 664 640
C.80.55 2200 55.0 762 890 828 783 743 711

The characteristics of the experimental samples, the experimental values of the ultimate
load Nu, exp, as well as its theoretical values Nu,analysis at various values of e0 and f0 are
summarized in Tables 1 and 2.

Table 2. Comparison of experimental data for centrally compressed columns with the results of the
calculation, specifying initial imperfections in the form of initial deflection.

Sample L, mm Rb, MPa Nu,exp, kN
Nu,analysis, kN at Different Values of Initial Deflection f0

1 mm 2 mm 3 mm 4 mm 5 mm

C.20.35 560 33.6 1100 935 924 902 891 880
C.20.55 560 55.0 1127 1116 1104 1068 1014 990
C.40.35 1120 30.4 760 855 828 801 779 761
C.40.55 1120 53.4 907 1007 979 957 940 908
C.60.35 1640 30.4 735 833 792 761 734 707
C.60.55 1640 53.4 797 965 925 890 855 830
C.80.35 2200 33.6 714 806 761 716 684 657
C.80.55 2200 55.0 762 912 851 806 770 743

Tables 1 and 2 show that initial imperfections in the form of random eccentricities and
initial deflections significantly affect the ultimate load, especially for more slender columns,
so that their maximum value must be controlled. The values of the ultimate loads, which
differ from the experimental ones by no more than 5%, are presented in Tables 1 and 2.
Note that similar results regarding the effect of the initial imperfections on buckling beyond
the elastic limit were obtained for wooden bars in [33].

It is also interesting to compare the calculation results with and without taking into
account the lateral compression of concrete. Figure 5 shows deflection versus load plots for
sample C80.35 with an axial force eccentricity of 5 mm. The dashed line corresponds to
the solution without taking into account the lateral compression of concrete, and the solid
line takes into account stresses in the cross-sectional plane. The ultimate load for the first
and second cases were found to be 608 and 640 kN, respectively. Due to the effect of lateral
compression, the increase in the bearing capacity was 5.3%.

With a decrease in the slenderness and the eccentricity of the axial force, the effect of
lateral compression of concrete increases. For sample C20.55, with an eccentricity of axial
force of 1 mm, the ultimate load without taking into account the lateral compression is
979 kN, and taking lateral compression into account, the ultimate load is 1127 kN, which is
13% higher. The corresponding deflection versus load plots are shown in Figure 6.
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Let us proceed to a comparison with the results of the experiments on eccentric com-
pression for slender CFST columns. In [31], circular and square cross-sectional columns
with lengths of 3.3 and 6.6 m were tested at different axial force eccentricities. The con-
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crete class was B60, according to the Russian standards (Rb = 43 MPa, Rbt = 2.75 MPa,
E0 = 3.95 · 104 MPa), and the steel had the yield strength Ry = 345 MPa. The wall thickness

for all samples was taken as equal to 6 mm. For columns with a circular cross-section,
the diameter d was 530 mm, and for the columns with a square cross-section, the side
size a was 450 mm. With such cross-sectional dimensions, round and square columns are
approximately the same in terms of material consumption. The authors of [31] also present
results for centrally compressed columns. To calculate these, we set a random eccentricity
equal to 1 mm.

For columns with both round and square sections, when calculating the stress state in
the plane of the cross-section, we considered half of the cross-section (Figure 7).
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Table 3 shows the characteristics of the specimens with a circular cross-section, the
experimental and theoretical values of the ultimate loads, and the percentage deviation of
the theory from the experiment ∆, calculated using the following formula:

∆ =

∣∣∣Nu,exp − Nu,analysis

∣∣∣
Nu,exp

· 100%. (28)

Table 3. Comparison of experimental data for eccentrically compressed columns of a circular cross-
section with the calculation results.

e0/d Nu,exp, kN Nu,analysis, kN ∆,%

L = 3.3 m
0 15,212 13,040 14.2

0.125 10,182 9295 8.7
0.15 9395 8645 8
0.2 8015 7695 4

0.25 7085 6860 3.2
0.375 5086 5130 0.9

0.5 3790 3870 2.1
L = 6.6 m

0 13,133 12,950 1.4
0.125 8440 8100 4
0.15 7742 7520 2.9
0.2 6711 6615 1.4

0.25 5822 5850 0.5
0.375 4186 4365 4.3

0.5 3411 3384 0.8
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Table 4 shows the same for columns with a square cross-section.

Table 4. Comparison of experimental data for eccentrically compressed columns of a square cross-
section with the calculation results.

e0/a Nu,exp, kN Nu,analysis, kN ∆,%

L = 3.3 m
0 13,376 12,320 7.9

0.125 9414 9550 1.4
0.15 8894 9100 2.3
0.2 7828 8160 4.2

0.25 7048 7350 4.3
0.375 5357 5820 8.6

0.5 4186 4752 13.5
L = 6.6 m

0 11,960 12,285 2.7
0.125 8261 8460 2.4
0.15 7689 8000 4
0.2 6693 7200 7

0.25 5938 6435 8.4
0.375 4504 4998 11

0.5 3952 4008 1.4

The results given in Tables 3 and 4 are graphically represented in Figures 8 and 9 in
the form of dependences of the ultimate load based on the ratio e0/d (e0/a).
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Tables 3 and 4 and Figures 8 and 9 show good agreement between the experimental
data and the calculated values. A deviation of more than 10% is observed only for two of
the considered samples. The resulting deviation can be explained by the variety of material
characteristics, as well as the presence of random eccentricities.
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From Figures 8 and 9, it can also be seen that for the CFST columns of a circular
cross-section, the area of effective work is small eccentricities of the axial force, and with an
increase in the eccentricity, it is more expedient to use columns of a square cross-section.

Note that the proposed approach makes it possible to calculate not only the columns
but also any bar systems containing CFST elements. To do this, the bar finite elements
with reduced stiffnesses EI, EA and ES should be used in combination with triangular and
one-dimensional finite elements for the stress–strain state simulation in the plane of the
cross-section. The stiffness matrix of the required bar finite element is given, for example,
in [34].

It should also be noted that the proposed method is far more economical compared to
the use of the combined finite elements proposed in [27], including a bar FE and a cross-
sectional cut. In our method, the calculation of each cross-section is performed independent
of the others, and the calculation process can be parallelized.

4. Conclusions

A simplified method for calculating slender CFST columns is proposed, which makes
it possible to reduce the three-dimensional problem to a parallel calculation of the stress–
strain state of individual cross-sections, in combination with the one-dimensional analysis
of a bar. The proposed method was tested on experimental data for centrally compressed
columns with a circular cross-section, as well as eccentrically compressed columns with
circular and square cross-sections.

It was shown that initial imperfections in the form of random eccentricities of the
axial force, as well as initial curvatures, can significantly affect the magnitude of the
ultimate load.

For eccentrically compressed columns, good agreement between the experimental
data and the calculation results was established. We theoretically confirmed that the area
of effective operation of circular cross-section columns equates to small eccentricities of
the axial force, and with an increase in eccentricity, columns with square cross-sections are
more efficient with the same level of material consumption.

In the examples considered in our calculations, the nodes of the concrete and steel
shell were taken to be identical, and the separation of the steel shell from the concrete was
not taken into account. Our approach also allows one to take into account the separation of
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the steel shell from the concrete core. To do this, it is necessary to set one-sided connections
between the nodes of the concrete and steel, which are absolutely rigid in the state of
contact and have zero rigidity in its absence. Our further studies will be devoted to the
analysis of the stress–strain state in this formulation.
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Abbreviations

The following notations are used in this manuscript:

εbx, εby, εbz total deformations of concrete along the x, y, and z axes, respectively.
σbx,σby,σbz stresses in concrete according to x, y, z.
σsz stress in steel according to z.
Eb elastic modulus of concrete.
Es elastic modulus of steel.
νb Poisson’s ratio of concrete.
νs Poisson’s ratio of steel.

ε*
bx, ε*

by, ε*
bz

components of the total deformation of concrete along the x, y and z axes,
including the dilatational deformations, temperature effects, shrinkage
and creep of concrete.

ε0
z axial deformation.
χ curvature of the element.
F load.
N axial force.
M bending moment.
Ab cross-sectional area of the concrete.
As cross-sectional area of the steel.
EA cross-sectional stiffness in central tension (compression).
EI cross-sectional bending stiffness.

ES
the product of the reduced modulus of elasticity and the static moment of
the reduced section with respect to the geometric center of gravity.

e0 axial force eccentricity.
u displacement in the x direction.
v displacement in the y direction (deflection of the element).
L length of the column.
[K] stiffness matrix.
{∆U} vector of the displacement increments in the plane of the cross-section.

{∆Fb}
the vector of load increments in the plane of the cross-section on the
concrete part.

{∆Fs} the vector of load increments in the plane of the cross-section on the steel part.
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{
∆F*

} vector of load increments due to creep, shrinkage, dilatation and
temperature effects.

l length of the one-dimensional finite element of the steel shell.
[B] the matrix containing the gradients of triangular FE shape functions.
A cross-sectional area of the triangular FE.
[D] matrix of concrete elastic constants.
yc center of gravity coordinate for the triangular FE.
ys center of gravity coordinate for the one-dimensional FE of the steel.
[L] coordinate transformation matrix.
σsθ hoop stresses in steel.
Г shear strain intensity.
E0 initial modulus of elasticity of concrete.
ε1, ε2, ε3 principal strains.
Гs ultimate intensity of shear deformations.
k, λ, δ, e, f, S parameters in the G.A. Geniev theory.
T shear stress intensity.
σ1, σ2, σ3 principal stresses.
Tc ultimate intensity of shear stresses in pure shear.
σ mean stress.
Rb compressive strength of concrete.
Rbt tensile strength of concrete.
εd dilatational deformations.
g0 dilatation module.
G0 initial shear modulus of concrete.
Ry yield strength of steel.
R cubic compressive strength of concrete.
ν0 initial deflection.
f0 maximum initial deflection.
Nu,exp experimental values of the ultimate load.
Nu, analysis calculated values of the ultimate load.
∆ percentage deviation of the theory from the experiment.
d diameter of circular cross-section.
h thickness of the steel shell.
a dimension of square cross-section.
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