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Abstract: The combination of hyperelastic material models with viscoelasticity allows researchers
to model the strain-rate-dependent large-strain response of elastomers. Model parameters can be
identified using a uniaxial tensile test at a single strain rate and a relaxation test. They enable the
prediction of the stress–strain behavior at different strain rates and other loadings like compression
or shear. The Marlow model differs from most hyperelastic models by the concept not to use a small
number of model parameters but a scalar function to define the mechanical properties. It can be
defined conveniently by providing the stress–strain curve of a tensile test without need for parameter
optimization. The uniaxial response of the model reproduces this curve exactly. The coupling of
the Marlow model and viscoelasticity is an approach to create a strain-rate-dependent hyperelastic
model which has good accuracy and is convenient to use. Unfortunately, in this combination,
the Marlow model requires to specify the stress–strain curve for the instantaneous material response,
while experimental data can be obtained only at finite strain rates. In this paper, a transformation
of the finite strain rate data to the instantaneous material response is derived and numerically
verified. Its implementation enables us to specify hyperelastic materials considering strain-rate
dependence easily.
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1. Introduction

1.1. Hyperelasticity and Marlow Model

Hyperelastic material models describe the nonlinear elastic behavior by formulating the strain
energy density as a function of the deformation state. This elastic potential is expressed as a function
of either the strain invariants ( Ī1, Ī2, J) or the principal stretches (λ1, λ2, λ3). Review articles comparing
different hyperelastic models can be found in [1–5].

Most phenomenological hyperelastic models assume a specific function as elastic potential with
a couple of model parameters which have to be fitted to the experimental results. Marlow’s model [6] is
an exception, since it uses scalar functions instead of scalar parameters to define the material behavior.
The model assumes that the strain energy density is independent of the second deviatoric strain
invariant and can be decomposed into a deviatoric and a volumetric part:

U( Ī1, Ī2, J) = Udev( Ī1) + Uvol(J) (1)

using

J = λ1 λ2 λ3, Ī1 = λ̄2
1 + λ̄2

2 + λ̄2
3, Ī2 = λ̄−2

1 + λ̄−2
2 + λ̄−2

3 , λ̄i = J−1/3 λi. (2)
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The volumetric part is only required if the model shall account for compressibility. This assumption (1)
is shared by several other models, e.g., the neo-Hookean model, the model of Arruda and Boyce [7],
and Yeoh’s model [8]. While the other models postulate specific functions Udev and Uvol , Marlow pointed
out that such a specific assumption is not necessary to be able to adjust the model to test data of
a specific material.

In case of an incompressible model, the elastic potential in (1) is defined by a single scalar function
Udev. Obviously, this function is uniquely determined by the stress–strain response measured in
a single test, e.g., a uniaxial tensile test, and can be obtained by some kind of integration. Similarly,
the deviatoric part Uvol of the potential of a compressible model can be derived from a stress–strain
curve of hydrostatic compression tests. Once Uvol has been determined, Udev can be obtained from the
data of one additional test. This approach enables a very user-friendly implementation of the Marlow
model in finite element software. The user simply provides two stress–strain curves in tabular form:
the test data of a uniaxial, biaxial, or planar test; and for compressible models, additionally, the test
data of a volumetric test. The model constructed from the data reproduces exactly the two specified
test curves. This is different from fits of other models, which usually leave a certain gap between model
and test data. The extrapolation of the Marlow model to other load cases is based on assumption (1).

Similar to other models neglecting the dependence of the strain energy density on the second
invariant Ī2, the Marlow model allows an unambiguous identification of its deviatoric part based on
a single type of experiment. It should be noted that this does not necessarily imply that the model
will make correct predictions under different kinds of loading. In general, it is recommended to
use different kinds of tests in the parameter identification for hyperelastic models [1]. In practical
application of the models, it is often desirable to reduce the cost of required experiments even if this
reduces the accuracy of predictions. Therefore, the Marlow model has gained some popularity.

1.2. Combination of Hyperelasticity and Viscoelasticity

Viscoelastic models allow to describe relaxation and strain-rate-dependent elastic properties. If we
consider a shear deformation, an integral formulation of linear small strain viscoelasticity is given by

τ(t) =
∫ t

0
GR(t− t′)

dγ(t′)
dt

dt′, (3)

where τ denotes the shear stress, γ the shear strain, and GR(t) the relaxation function. This can be
expressed using the instantaneous shear modulus G0 and a relative relaxation function gR(t) by

τ(t) = G0

∫ t

0
gR(t− t′)

dγ(t′)
dt

dt′. (4)

Usually, the relaxation function is expressed by a Prony series containing N relaxation times τi
and coefficients gi as parameters:

gR(t) = 1−
N

∑
i=1

gi

(
1− e−t/τi

)
. (5)

This approach can be generalized from small strain elasticity to hyperelasticity by applying the
relative relaxation function to the strain energy density:

UR( Ī1, Ī2, J, t) = U0( Ī1, Ī2, J) gR(t). (6)

In general, it is possible to consider different relaxation functions for the deviatoric part of the
potential Udev and the volumetric part Uvol , but this distinction will not be made in this paper.

The combination of viscoelasticity and hyperelasticity is available in commercial finite element
software. The development and application of visco-hyperelastic models is topic of a large number of
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current publications, e.g., [9–12]. In a preceding work of the author [13], an attempt was made
to identify a visco-hyperelastic model using a minimal number of experiments. Similar to the
identification of a Marlow model by a single type of test, only uniaxial loading was employed in the
parameter identification of the deviatoric part of the model. First, a relaxation test on a tensile specimen
of a polyurethane adhesive at a small strain was used to identify the relative relaxation function gR
which was fitted by a Prony series. A new extension of the Ogden model [14] was employed to describe
the instantaneous hyperelastic response U0. This hyperelastic model contained four parameters which
were fitted to the stress–strain curve of one uniaxial tensile test. In this fit procedure, the tensile test
was simulated using the visco-hyperelastic model with the Prony series coefficients obtained from the
relaxation test. Based on this parameter identification using a relaxation test and a tensile test at a
single strain rate, the model made good predictions for tensile, compression, and shear tests at several
different strain rates.

1.3. Instantaneous Response

The definition of the visco-hyperelastic model according to (6) requires to specify the parameters
of the Prony series as well as to specify the “instantaneous” hyperelastic response by the potential U0.

The relation between the instantaneous elastic modulus and the modulus at intermediate times is
a topic of ongoing research. An early work calculating the infinite-frequency moduli of monoatomic
fluids based on a Lennard-Jones potential can be found in [15]. Molecular dynamic simulations [16]
pointed out the necessity to distinguish between infinite-frequency modulus and the measurable,
finite frequency plateau modulus. The infinite-frequency shear modulus is related to affine shear
deformation response while nonaffine effects contribute to the plateau modulus [17].

Neither the affine, infinite-frequency modulus nor the plateau modulus reached at very high
frequencies is considered by the kind of viscoelastic models studied in this paper. The model is supposed
to describe the material behavior only within a limited interval of relaxation times, or equivalently,
frequencies or strain rates. The lowest relaxation time considered in the Prony series (5) of the model
may be much higher than the lowest relaxation time of the material. The aim of the model is not
to cover all timescales, but to provide a good accuracy within the range relevant for the desired
application of the model.

The hyperelastic elastic response described by U0—which will be called “instantaneous” response
in this paper—is the response that the model shows on a timescale much smaller than the lowest
considered relaxation time. This timescale lies outside the validity range of the model, so that U0

has not the physical meaning of the high frequency limit of the real material behavior. Nevertheless,
U0 must be identified from experimental data in order to specify the model.

1.4. Aim

A combination of the hyperelastic Marlow model with viscoelasticity shall provide the capability
to describe the strain-rate-dependent material behavior while preserving the advantages of Marlow’s
approach, namely, the convenient definition using test data directly and the exact modeling of the
test data. However, there is one problem preventing the easy combination of Marlow model and
viscoelasticity. The solution to this problem is the topic of this paper.

To define the visco-hyperelastic model it is necessary to define the instantaneous hyperelastic
response and the Prony series describing viscoelasticity, see (6). (Alternatively, a formulation using the
long-term hyperelastic response instead of the instantaneous can be used, but this would not change
the nature of the problem.) Experiments can provide information about the viscoelastic behavior at
finite strain rates, while the model definition requires the instantaneous behavior.

In case of linear elasticity instead of hyperelasticity, it is possible to integrate the viscoelastic
model for simple cases like uniaxial tension and to calculate the instantaneous elastic modulus from
the measured modulus at a given strain rate. In case of the Marlow model, the task is more complex:
The entire stress–strain curve of the instantaneous material response is required as input data. The aim
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of the paper is to propose a method that transforms a stress–strain curve measured at a moderate strain
rate to a corresponding curve of a hypothetical test at infinite strain rate, i.e., to the instantaneous
response. If this transformation can be implemented as a simple program with low numerical effort,
then the viscoelastic Marlow model can be employed as conveniently as the basic Marlow model.

2. Results

In this section, a method to transform experimental data obtained at a finite strain rate to obtain
the instantaneous material response as input data for a viscoelastic Marlow model is proposed.
Specifically, the stress–strain curve of a uniaxial tensile test at a constant strain rate will be considered.
Since stress–strain curves of hyperelastic materials are usually given in terms of nominal stress and
nominal strain, a transformation to Kirchhoff stress is performed in Section 2.1. The volume change is
calculated assuming a constant bulk modulus for the sake of simplicity. The constitutive equations of
viscoelasticity are considered for the special case of uniaxial loading in Section 2.2 and constant strain
rate in Section 2.3. The desired method is finally derived using a discretization of the stress–stretch
function in Section 2.4. Its implementation and tests of the rate of convergence are subject of Section 2.5.

2.1. Stress Transformation and Compressibility

We consider a uniaxial tensile test with load in direction 1. The relative change of the cross-section
area A/A0 is equal to the product of the stretches perpendicular to the load, i.e., λ2 λ3. Then, we get
the true stress σt from the nominal stress σn:

σt =
A0

A
σn =

1
λ2 λ3

σn =
λ1

λ1 λ2 λ3
σn =

λ1

J
σn. (7)

For simplicity, we denote λ1 = λ. Then, the nonzero component of the Kirchhoff stress tensor in
the uniaxial test is

τu = J σt = λ σn. (8)

To determine J without accurate measurement of the lateral contraction, an assumption concerning
the material’s compression behavior is needed. We assume a quadratic deviatoric strain energy density,
i.e., a linear dependence of the hydrostatic stress σH on the volume change with a constant bulk
modulus K:

U0,vol(J) =
K
2
(J − 1)2 (9)

σH = K (J − 1). (10)

In the uniaxial test, we have

σH =
σt

3
. (11)

Solving the system of (7), (10), and (11), the volume change can be expressed in terms of the bulk
modulus and the measurable quantities stretch and nominal stress:

J =
1
2
+

1
2

√
1 +

4 λ σn

3 K
. (12)
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2.2. Viscoelasticity in Uniaxial Tension

A formulation of large strain viscoelasticity, which is used in the finite element software [18]
employed for the numerical test later, describes the deviatoric part of the Kirchhoff stress tensor τ as
difference of an instantaneous response and relaxation terms in form of a Prony series:

τdev(t) = τdev,0(t)−
N

∑
i=1

τdev,i(t). (13)

The relaxation is determined by the relaxation times τi, the Prony coefficients gi, and the
distortional deformation gradient F̄t(t− t′) of the state at time t− t′ relative to the state at t:

τdev,i(t) = dev
(

gi
τi

∫ t

0
e−s/τi F̄−1

t (t− s) · τdev,0(t) · F̄−T
t (t− s) ds

)
(14)

with the deviator

dev x = x− 1
3
(x : I) I. (15)

In case of uniaxial tension in direction of axis 1, stress and relative distortional deformation
gradient have particular simple forms. With the abbreviation λ = λ1, for the principal stretch in tensile
direction and λ2 = λ3, we get

J = λ1 λ2 λ3 = λ λ2
2, (16)

λ2 = λ3 =

√
J
λ

. (17)

The distortional deformation gradient is derived for this deformation:

F =

λ 0 0
0
√

J/λ 0
0 0

√
J/λ

 (18)

F̄ = J−1/3 F (19)

=

λ J−1/3 0 0
0 λ−1/2 J1/6 0
0 0 λ−1/2 J1/6

 .

The relative distortional deformation gradient defined as

F̄(s) = F̄t(s) · F̄(t) (20)

and its inverse at t− s are
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F̄t(s) =


λ(s) J−1/3(s)
λ(t) J−1/3(t) 0 0

0 λ−1/2(s) J1/6(s)
λ−1/2(t) J1/6(t) 0

0 0 λ−1/2(s) J1/6(s)
λ−1/2(t) J1/6(t)

 , (21)

F̄t(t− s)−1 =


λ(t) J1/3(t−s)
λ(t−s) J1/3(t) 0 0

0 λ1/2(t−s) J1/6(t)
λ1/2(t) J1/6(t−s) 0

0 0 λ1/2(t−s) J1/6(t)
λ1/2(t) J1/6(t−s)

 . (22)

The stress deviator is

τdev,0 = dev

τu,0 0 0
0 0 0
0 0 0

 =

 2
3 0 0
0 − 1

3 0
0 0 − 1

3

 τu,0. (23)

Inserting (22) and (23) into (14) and simplifying the result with the aid of a computer algebra
system, we obtain the deviatoric stress relaxation:

τdev,i(t) =

 2
3 0 0
0 − 1

3 0
0 0 − 1

3

 gi
τi

∫ t

0
e−s/τi H(t, t− s) τu,0(t− s) ds (24)

with

H(t, t′) =
2
(

J(t′)
J(t)

)2/3
λ3(t) +

(
J(t′)
J(t)

)−1/3
λ3(t′)

3 λ(t) λ2(t′)
. (25)

In general, ∫ t

0
ds =

∫ t

0
f (t− s)ds, (26)

and thus, a substitution s→ t− s in (24) yields

τdev,i(t) =

 2
3 0 0
0 − 1

3 0
0 0 − 1

3

 gi
τi

∫ t

0
e−(t−s)/τi H(t, s) τu,0(s) ds. (27)

Equation (13), describing the stress relaxation, can therefore be expressed using the uniaxial
tensile stress τu and the instantaneous stress τu,0, 2

3 0 0
0 − 1

3 0
0 0 − 1

3

 τu(t) =

 2
3 0 0
0 − 1

3 0
0 0 − 1

3

 τu,0(t)−

 2
3 0 0
0 − 1

3 0
0 0 − 1

3

 N

∑
i=1

τu,i(t) (28)

with the uniaxial stress relaxation

τu,i(t) =
gi
τi

∫ t

0
e−(t−s)/τi H(t, s) τu,0(s) ds. (29)
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Eliminating the identical matrices we obtain

τu(t) = τu,0(t)−
N

∑
i=1

τu,i(t). (30)

2.3. Consideration of Constant Strain Rate

Next, we assume that the tensile test is performed at a constant strain rate ε̇:

λ(t) = 1 + ε̇ t, t(λ) =
λ− 1

ε̇
. (31)

Instead of stress–time curves, we can consider stress–stretch curves, and the uniaxial
relaxation (29) becomes

τu,i
(
t(λ)

)
=

gi
τi

∫ t(λ)

0
e−
(

t(λ)−s
)

/τi H
(
t(λ), s

)
τu,0(s) ds. (32)

We also substitute the integration variable s by a stretch-like variable λ̄ and, by applying the chain
rule, obtain

τu,i
(
t(λ)

)
=

gi
τi

∫ λ

1
e−
(

t(λ)−t(λ̄)
)

/τi H
(
t(λ), t(λ̄)

)
τu,0
(
t(λ̄)

) dt
dλ

dλ̄, (33)

τu,i
(
t(λ)

)
=

gi
ε̇ τi

∫ λ

1
e−(λ−λ̄)/(ε̇ τi) h(λ, λ̄) τu,0

(
t(λ̄)

)
dλ̄. (34)

The auxiliary function h(λ, λ̄) is not trivial, since the volume change depends not only directly on
the stretch but also indirectly by the nominal stress:

h(λ, λ̄) =

2
(

J
(

λ̄,σn(λ̄)
)

J
(

λ,σn(λ)
))2/3

λ3 +

(
J
(

λ̄,σn(λ̄)
)

J
(

λ,σn(λ)
))−1/3

λ̄3

3 λ λ̄2 . (35)

2.4. Discretization of Stress Function

The nominal stress–strain curve of the tensile test is not given in a closed form representation,
but as tabular data from the experiment. Similarly, the stress–strain curve of the instantaneous material
response is required as tabular data as input for the Marlow model coupled with viscoelasticity.
Therefore, now we perform a discretization and approximate the unknown instantaneous stress
function τu,0(λ) by a piecewise linear function.

The nominal stress–strain curve of the tensile test at constant strain rate is given as n stress values
at stretches λk with 1 = λ0 < λ1 < · · · < λn. The piecewise linear function τu,0(λ) is constructed
using its values τu,0,k at the same stretch values λk:

τu,0(λ) =
λk+1 − λ

λk+1 − λk
τu,0,k +

λ− λk+1
λk+1 − λk

τu,0,k+1 if λk < λ < λk+1, (36)

τu,0,k = τu,0(λk). (37)

Equation (30), describing the relaxation in the uniaxial test, must be fulfilled at the stretches λk:

τu,k = τu,0,k −
N

∑
i=1

τu,i,k ∀k ∈ {1 . . . n}, (38)

τu,k = τu(λk), τu,i,k = τu,i(λk). (39)
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The evaluation of τu,i,k requires the integral of (34) which can performed piecewise:

τu,i,k =
gi

ε̇ τi

∫ λk

1
e−(λk−λ̄)/(ε̇ τi) h(λk, λ̄) τu,0(λ̄) dλ̄ (40)

=
gi

ε̇ τi

k−1

∑
m=0

∫ λm+1

λm
e−(λk−λ̄)/(ε̇ τi) h(λk, λ̄) τu,0(λ̄) dλ̄ (41)

=
gi

ε̇ τi

k−1

∑
m=0

∫ λm+1

λm
e−(λk−λ̄)/(ε̇ τi) h(λk, λ̄)

(
λm+1 − λ̄

λm+1 − λ̄m
τu,0,m +

λ̄− λm+1

λm+1 − λm
τu,0,m+1

)
dλ̄. (42)

Now, we consider the sum over all Prony terms and reorder them

N

∑
i=1

τu,i,k =
k−1

∑
m=0

∫ λm+1

λm
h(λk, λ̄) f (λk, λ̄)

(
λm+1 − λ̄

λm+1 − λm
τu,0,m +

λ̄− λm+1

λm+1 − λm
τu,0,m+1

)
dλ̄ (43)

using another auxiliary function

f (λk, λ̄) =
N

∑
i=1

gi
ε̇

e−(λk−λ̄)/(ε̇ τi). (44)

Finally, inserting (43) into (38) we obtain a linear equation system consisting of n equations
(k = 1 . . . n) to determine the instantaneous stress values τu,0,k at the stretches λk:

τu,k = τu,0,k −
k−1

∑
m=0

τu,0,m

∫ λm+1

λm
h(λk, λ̄) f (λk, λ̄)

λm+1 − λ̄

λm+1 − λm
dλ̄

−
k−1

∑
m=0

τu,0,m+1

∫ λm+1

λm
h(λk, λ̄) f (λk, λ̄)

λ̄− λm+1

λm+1 − λm
τu,0,m+1 dλ̄.

(45)

In this equation system, the values τu,k are known from the tensile test, the Prony series parameters
gi, τi have been fitted to the relaxation test, and the auxiliary functions f , h have been defined
in (44) and (35), respectively.

2.5. Implementation and Convergence

This method to derive the instantaneous stress–strain curve was implemented in Python.
First, the nominal stress is transformed to Kirchhoff stress (8). The volume change (12) and the
auxiliary function h (35) are calculated. In order to specify the linear equation system (45), its integrals
have to be evaluated numerically. The total number of integrals in the system is n(n + 1), and each
contains a sum of N summands according to (44). For the efficiency of these integrations, all integration
intervals were partitioned into the same number Nint of equidistant steps, and terms occurring in
several integrals were saved in tabular form. The solution of the linear equation system (45) is easily
obtained using a standard mathematical library. Finally, the Kirchhoff stress is transformed back to a
nominal stress, and the result is written in the appropriate format to define the material for the finite
element software.

An example of an application of the implemented method is displayed in Figure 1. The black
curve is the nominal stress–strain curve of a tensile test at a constant strain rate. The test data was
measured for a polyurethane adhesive [19], but in the context of this paper, it shall be considered
just as a numerical test of the developed method. Additional to this stress–strain curve, parameters
defining the viscoelastic properties and the compressibility were obtained from a relaxation test and a
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hydrostatic compression test. The parameters of the Prony series and the bulk modulus are shown
in Table 1.

The result of the transformation of this exemplary data is shown by the red dashed curve
in Figure 1, which is the instantaneous stress–strain curve of the viscoelastic Marlow model. The Python
program implementing the proposed method generated an input file for the finite element software [18]
defining the material model. In finite elements, a one element test of the model was performed using a
uniaxial tensile loading at the strain rate of the original tensile test. The nominal stress–strain curve of
this simulation is displayed as a green dashed line. It agrees well with the test data (black curve) with
differences much smaller than the typical experimental scatter of tensile tests on elastomers.

The blue dashed curve in Figure 1 is the result of another one-element test using the
visco-hyperelastic model. In this case, the transformation suggested in this paper was not used, but the
tensile test data was directly supplied as input of the Marlow model, while the same viscoelastic
properties were specified as before. The simulation using this model significantly differs from the
test data.

Table 1. Prony series parameters and bulk modulus of the example.

g1
τ1 g2

τ2 g3
τ3 g4

τ4 g5
τ5 K

in s in s in s in s in s in GPa

0.3539 0.08124 0.07458 1.692 0.05052 35.23 0.04117 733.5 0.04575 15275 2.5

Nominal strain

0.0 0.5 1.0 1.5 2.0
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in
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 s
tr

es
s 

/ M
P

a

0

2

4

6

8

10

test data, rate 0.056 1/s
transformed data
simulation using
transformed data
simulation without
using transformation

Figure 1. Example stress–strain curves showing tensile test data, transformed data, and verification.

In order to illustrate the difference between the viscoelastic Marlow model and the standard
Marlow model, Figure 2 shows results of the model under uniaxial tensile loading at two different
strain rates. A Marlow model without viscoelasticity predicts the same stress–strain curve for all
strain rates, which agrees with experiments at the strain rate used for its calibration. The amount of
strain-rate dependence depends on the specific material and the temperature, of course.
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Nominal strain

0.0 0.5 1.0 1.5 2.0

N
om

in
al

 s
tr

es
s 

/ M
P

a

0

2

4

6

8

10

strain rate 100 1/s
strain rate 0.01 1/s

Figure 2. Example stress–strain curves depending on the strain rate.

The implementation of the method contained numerical integration using the trapezoidal rule
with a uniform grid. Its accuracy depends on the number of intervals, Nint. The same numerical
example as before was used to study the convergence of the numerical integration. The input data
for the viscoelastic Marlow model was calculated using different values of Nint. For each value, the
tensile test was simulated. The difference of the simulated stress and the test data was evaluated at
the upper end of the stress–strain curve. Figure 3 shows the difference relative to the absolute value
of the stress, i.e., the relative error of the numerical approximation. The slope of the regression curve
in the log–log-plot is −1.99, which means that the error decreases approximately quadratically with
increasing Nint.

log10 Nint

0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4

lo
g 10

 r
el

at
iv

e 
er

ro
r

-5.0

-4.5

-4.0

-3.5

-3.0

-2.5

-2.0

-1.5

-1.0

Figure 3. Relative model error depending on the number of numerical integration intervals.

The time required to perform the computation is displayed in Figure 4. It grows linearly with the
number of intervals Nint. With the choice Nint = 50, the computation time on an ordinary PC was only
5 s and the relative error only 4× 10−4.
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Figure 4. Computation time depending on the number Nint of numerical integration intervals.

The number of required numerical integrations n(n + 1) grows quadratically with the number
of points n of the stepwise linear approximation of the stress–strain curve. The computation time as
displayed in Figure 5 shows a similar increase with a slope of 1.9 in the log–log-plot.

Therefore, n should not be chosen larger than necessary. Values n between 100 and 300 are
reasonable and result in computation times below half a minute on an ordinary PC. The computation
method does not require the stretch points λk to be uniformly spaced. It is advisable to choose smaller
intervals at the start of the stress–strain curve where its slope is higher than at the end.
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Figure 5. Computation time depending on the number of points n of the stress–strain curve.

3. Discussion

The viscoelastic Marlow model combines the advantages of the hyperelastic Marlow model and
the consideration of stress relaxation:

• The model describes strain-rate dependence of the mechanical behavior.
• The model can be defined so that it fits exactly to the result of one experiment, e.g., a tensile test.

In contrast, hyperelastic models based on a small set of parameters like polynomial models or
Ogden’s model exhibit significant deviations from experimental data for some materials.
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• The parameter identification is direct in the sense that it requires no optimization procedure.
Consequently, the result does not depend on parameters of an optimization like the choice of an
absolute or relative error measure, the optimization algorithm, or the initial values.

The calculation method proposed in this paper was developed with the aim to maintain the
Marlow model’s advantage of direct parameter identification in the viscoelastic Marlow model. It is
basically a transformation from a uniaxial stress–strain curve at constant strain rate to the curve
describing the instantaneous hyperelastic response. This method was implemented as a Python
program and verified. It requires the nominal stress–strain curve of a tensile test at an arbitrary,
constant strain rate as input and yields the material card for the employed finite element program as
an output. This computation needs only a couple of seconds, so the method is very convenient.

Additionally required parameters of the computation are the Prony series parameters describing
the viscoelasticity and the bulk modulus determining the volumetric behavior. This implies the
limitations of the developed method: The parameter identification remains direct only if the additional
parameters can be identified independently.

The Prony series parameters can be obtained from a relaxation test, where a constant strain is
applied instantly and the relaxation of the stress over time is measured. A straightforward evaluation
of this test is to interpret the normalized stress over time as the normalized relaxation function and to
fit it using the Prony series. This approach assumes that the decrease of the normalized stress over
time is not significantly influenced by the nonlinearity of the hyperelastic part of the material model.
The assumption looks reasonable if the applied strain is chosen as small as possible, but its accuracy
still needs to be investigated systematically.

Concerning the volumetric behavior, a limitation of the developed procedure is that a constant
bulk modulus is assumed. A model of the volumetric behavior with only a single parameter was
chosen, because accurate hydrostatic pressure tests are difficult to perform, so it is difficult to identify
more sophisticated models uniquely. It is possible to adjust the method to other volumetric models.
For example, the employed finite element software allows for defining a Marlow model specifying
a Poisson’s ratio that remains constant for all strains in uniaxial tension. A similar method was
implemented for this kind of volumetric model behavior but is not shown in this paper.

The bulk modulus can be identified separately in a hydrostatic compression test. The instantaneous
bulk modulus can be calculated from the value measured at constant strain rate using the Prony series.
However, if the elastomer is nearly incompressible, deformation of the test setup and perhaps friction
may influence the measurements in a hydrostatic compression test. Then, an accurate evaluation of
the test might require a finite element simulation and an optimization of the bulk modulus as model
parameter. This is no shortcoming of the calculation method proposed in this paper, but a specific
difficulty of the hydrostatic compression experiment.

4. Materials and Methods

The computer algebra system Mathematica [20] assisted in deriving the transformation and
double-checking the results. The transformation was implemented using the programming language
Python [21]. In the numerical test of the material model generated using the method proposed in this
paper (Figure 1), the finite element software Abaqus [18] was used.
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