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Abstract: The paper investigates the techniques associated with the exploitation of the second law
of thermodynamics as a restriction on the physically admissible processes. Though the exploitation
consists of the use of the arbitrariness occurring in the Clausius-Duhem inequality, the approach
emphasizes two uncommon features within the thermodynamic analysis: the representation formula,
of vectors and tensors, and the entropy production. The representation is shown to be fruitful
whenever more terms of the Clausius-Duhem inequality are not independent. Among the examples
developed to show this feature, the paper yields the constitutive equation for hypo-elastic solids
and for Maxwell-Cattaneo-like equations of heat conduction. The entropy production is assumed
to be given by a constitutive function per se and not merely the expression inherited by the other
constitutive functions. This feature results in more general expressions of the representation formulae
and is crucial for the compact description of hysteretic phenomena.
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1. Introduction

The thermodynamic consistency of models in continuum physics is established by the
compatibility with the balance equations (mass, linear and angular momentum, energy, and
entropy). The balance of entropy is expressed by the Clausius-Duhem (CD) inequality ([1],
§257). The conceptual role of the CD inequality is now due to a famous paper by Coleman
and Noll [2]. Thermodynamic processes are the sets of pertinent fields that describe a body
and satisfy the balance equations and the constitutive assumptions. The CD inequality
is assumed to hold for all admissible processes and hence it places restrictions on the
constitutive assumptions. Hence, the CD inequality, while being equivalent to the assertion
that the entropy production cannot be negative, sets restrictions on physical, real processes.

Let 0 be the absolute temperature, 77 the specific entropy, q the heat flux, and r the
energy supply. The physical content of the balance of entropy ([3], §6.5),

entropy change = entropy transfer + entropy production
is made formal in [2] by letting the entropy transfer consist of the entropy flux q/6 and

the entropy supply r/0. Hence, in local form, the entropy production (per unit mass) v is
assumed to be given by

Y=i—g+07'V-(a/6), M

where the superposed dot denotes the total time derivative and p is the mass density. The
basic postulate in [2] is that the entropy production 7y is non-negative for every admissible
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process. Next Miiller [4] observed that the entropy flux, say j, need not be q/6. Hence, the
admissible constitutive functions of # and q (or j) are required to satisfy v > 0. Later on,
Green and Naghdi [5] pointed out that also the entropy production - has to be considered
as given by an admissible constitutive equation. To our knowledge, this view has not
received much attention in the literature; among the few approaches involving v as a
constitutive function we mention ref. [6], recent works of ours [7-9], and the systematic
procedure developed in [10].

The purpose of this paper is two-fold. The first fold is to show the general role of the
entropy production. Almost always the constitutive function of 7 is merely inherited by
the other constitutive equations or Equation (1) is an identity. As a simple example, for a
rigid heat conductor obeying Fourier’s law

q=—«xV0
the CD inequality becomes the heat conduction inequality ([11], §2.3)
q- V0= —y06°> <0

and 7y = x|V0|?/p6? follows. Instead, in more involved models a further degree of
generality is gained by letting (1) be an equation, not an identity.

The second fold is to point out that the CD inequality may result in a relation be-
tween appropriate rates and the entropy production. A representation formula allows
the inequality to be solved with respect to a rate in terms of the remaining rates and of
the entropy production. In this way we can establish the thermodynamic consistency of
uncommon non-linear rate-type equations. Two models are developed in detail. First we
examine a general thermodynamic scheme leading to the modelling of heat conduction and
viscoelasticity. The application of the representation formula, for vectors and tensors, yields
general relations; as particular cases some classical models of the literature are derived.
Next, some models of heat conduction are investigated where the temperature rate is one
of the variables. The possible models are framed within different schemes in the literature
and the wave propagation properties are established.

We consider a body occupying a time-dependent region Q C &2. The motion is
described by means of the function x (X, t), providing the position vector x € Q = x(R, ).
The symbols V and Vi denote the gradient operator with respect to x € ), X € R. The
function x is assumed to be differentiable; hence, we can define the deformation gradient
as F = Vi x or, in suffix notation, Fix = dx, x;. The invertibility of X — x = x(X,t)
is guaranteed by letting ] := detF > 0. For any tensor A we define |A| as (A - A)Y/2.
Throughout (x, t) € Q x R. We let v(x, t) be the velocity field. For any function f(x,t) we
let f be the total time derivative, f = 9;f + (v- V)f. A prime denotes the derivative of a
function with respect to the argument.

2. Balance of Entropy and Statement of the Second Law

Let P; be any sub-region of the body that is convected by the motion. As with any
balance equation we may express the balance of entropy in P; by letting the rate consist of
a volume integral and a surface integral,

d
< d:/ d—/ i.nda,
dt./ﬂpqv Ptpsv .apt]na

where j is the entropy flux. Notice that if we start with a scalar integrand, say #, in the
surface integral then a Cauchy-like theorem will lead to a linear dependence of / on the
unit normal n, say & = —j - n. Within the physical scheme ([3], Chapter 6) the variation of
entropy is greater than 6Q/6, where 6Q is the heat transfer at the pertinent region while 6
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is the absolute temperature at that region. In the continuum setting we then let s comprise
r/0, r being the energy supply, while j comprises q/8, q being the heat flux. We then let
. _ 4

+,Y/ ]:§+k'

r

0

S =

where k is the extra-entropy flux and y > 0 is the entropy production (per unit mass).
Consequently, we have

g (L)~ prldo—
[ loi =5+ V- (G 410 —prldo =0,

where, in local form,
. r
pi =5 +V - G +k) =pr=0. @

Equation (2) is the general form of the CD inequality. Following is the statement of the
second law: any thermodynamic process is required to satisfy the CD inequality (2).

For definiteness we consider a deformable solid. We then express the balance equations
for mass, linear momentum, angular momentum and energy in the form

pv=pb+V-T, T=T7, (4)
p¢=T-D+pr—V-q, (5)

where b is the body force and ¢ is the internal energy density. Substitution of pr — V - q
from (5) into (2) results in

01 —pé¢+T-D+0V -k — %q~V0:p67.
Hence, by means of the Helmholtz free energy
p=e—0y
we can write the inequality in the form
—p(¢+179)+T~D+6V-k—%q~V6:p6'y. (6)

In the application of the second law, and hence of inequality (6), we require that the
thermodynamic process under consideration satisfies the balance Equations (3)—-(5) with
any functions b(x, t) and r(x, f).

Rate-type equations are framed naturally in the Lagrangian description. In this
connection quantities related to the reference configuration are denote by the index R.
The referential mass density pr, the second Piola stress Trg, and the referential vectors
qr, kr are defined by

or=p], Tw=JF'TF T, qu=JqF ", ke=]JkF T,
while
E=F'DF, V0=Wi0F !, Jq-VO=qr-Wkb, JV k=W kg
Hence, the multiplication of (6) by | yields
. . . 1

For formal convenience hereafter we let {r = prt, 1z = prY.
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In the next section we investigate the restrictions placed by (6) and (7) in connection
with generalized models for thermoelastic solids.

Representation Formulae

Assume we are given the equation
Z-K+A-F=f, 8)

where Z, K, A, F are second-order tensors and f is a non-negative scalar. If K and F are
arbitrary and independent then it follows that Z = 0,A = 0, and f = 0. Instead we
suppose K and F are not independent and look for a relation between them.

Let N be a unit tensor, [N| = 1. Then

Z=(Z-N)N+2Z,, Z,-N=0.
Assume Z - N is known, say Z - N = g. Let ® denote the dyadic product defined by
(A®B)C=(B-C)A
for any tensors A, B, C. If Z, is unknown then it may be expressed by
Z, =(1-N®N)G=G—-(G-N)N,

where | is the fourth-order unit tensor and G is an arbitrary second-order tensor. Hence,
we can represent Z in the form

Z=gN+(I-N®N)G. )
A strictly analogous representation formula holds for vectors, say z, in the form
z=gn+ (1-n®n)w, (10)

where w is a vector, n a unit vector, and 1 the second-order unit tensor.
As an example, we return to (8) and let N = K /|K| so that

§=Z-N=(f-A-F)/IK]
Hence, it follows from (9) that

f-A-F _ KoK
K K0 @ )6

7 —

3. Rate Equations and Euclidean Invariance

Rate-type models are often based on rheological analogues (e.g., [12], Chapter 8).
Mathematically rate-type models are characterized by setting the time derivative of ap-
propriate fields among the constitutive functions of the model. The interest in rate-type
models is well motivated by a comment on hypo-elastic materials, described by

T =G(T,L),

versus materials with memory in that the entire kinematical history of a body can rarely
be known ([13], §99). The use of rate equations is standard in the extended irreversible
thermodynamics [14,15]. Yet, as with any constitutive equation, the rate-type form is also
required to comply with Euclidean invariance.

A change of frame .# — .#* given by a Euclidean transformation, such that x — x*,
is expressed by

x*=c+0Qx, Q'Q=1 (11)
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Under the transformation (11), the deformation gradient F changes as a vector,
F* = QF,

and hence it is not invariant. Yet invariant scalars, vectors, and tensors occur in connection
with F.

We first look at invariants of mechanical character. The right Cauchy—Green tensor C
and the Green-Lagrange (or Green-5St. Venant) strain tensor E, defined as

C=F'F, E=}(C-1),

are invariant in that
c*=FTF = F'QTQF = F'F = C.

Consequently, the scalar
F-F=trC=2trE+3
is invariant too. Since
L*=QLQ" +QQ’
then is apparently non-invariant. Decompose L in the classical form
L=D+W,
where D is the stretching tensor and W is the spin; we have
D*=QDQ’, W' =QwQ"+QQ".
The second Piola stress is invariant; this is checked by observing that
Tix = J(QF)1(QTQ")(QF) " = JF'Q'QTQ Q™ 'F ' = JF 'TF T = Tix.
We observe that since E = F' DF then
T-D=] Y(FTF') D =] 'Ts- (FTDF) = J 'Tgx - E.

Hence, we have
T-D=] Tk E (12)

The referential heat flux and temperature gradient
ax=JF'q,  Vk0=F'Vo

are invariant and so is the power

q-V0=]"1qr- k. (13)

4. Thermodynamic Consistency of Thermo-Viscoelastic Solids

Here, we look for rate-type models of thermoelastic materials in that rate equations
are considered for the stress tensor and the heat flux in deformable solids.

From the mechanical viewpoint we look for a scheme that accounts for a persistent
rate of the response under a constant action (viscoelastic behaviour). For heat conduction
the model is thought to describe both a non-instantaneous approach to stationarity and a
higher-order spatial interaction. This suggests that we allow for rate equations of T and q
and let @ be a variable. Thus, we might take (6,F, V6, T, q, F, 9) as the set of independent
variables. Yet, invariance requirements demand that the dependence on the derivatives
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occurs in an objective way. Moreover, the Euclidean invariance of the free energy ¢ implies
that the dependence of i be through a function of Euclidean invariants. Hence, we let

Pr = 1PR(6/ E, Trg, qr, Vi 6, Vr Vi 6, E/ 6)

and the same for 7 and . The constitutive assumptions are completed by letting the rates
Tkr and g be given by constitutive functions of I = (6, E, Tx, qz, Vi 0, Vk Vk 6, E, 0).
Computing the time derivative of ¢z and substituting it into (7), one obtains

—(9Yr + 170)0 + (Tre — OEYx) - E = 01 Pr - Trr — g - qr — dv 0w - Vi 0
. .. P |
—aVR VR(;I/JR . VR VR 9 - aElPR . E - ael/JRG - éqR . VR 9 + GVR . kR - pRG')/, (14:)

where v > 0. The (linearity and) arbitrariness of 6, Vi Vi 6, and E implies that
aél[JR =0, E)VR Vi oPr = 0, aEl/JR =0.
Owing to the dependence of kg on @ it follows that
VR 'kR :agkRVR9+

where the dots denote possible terms which are independent of Vi §. Hence, the arbitrari-
ness of Vg 6 in (14) results in
—8VR9¢R + Gaequ =0.

Consequently,
1 s A .
kR = aangl/JRG + k(9, E, TRRqu VR 9, E)

For the present purposes no significant generality is lost by letting k = 0. Thus,
we have

1 . 1 .
Vi kg = éaVRGIIJR Ve 6+ [Vk - (éaVRGlPR)]G'

Substitution into (14) yields

. , . 1
—(0r +11r)0 + (Trr — OEPr) - E — 1y Yr - Trr — g ¥Pr - qr — gdr- Vi 0 = prby, (15)

where 1
(591/JR = afﬂ/}R -0V - (éaVRG l/JR)

Notice that, since ¢z depends on Vi 8, then dgipr may depend on Vi Vi 0. Only ¥ and
17 can depend on 6.

The unknown functions Txg, gz, and 1z can be related by common dependencies so
that cross-coupling terms are allowed. For simplicity we examine a sufficient condition for
the validity of (15) namely that the three inequalities

—(Gotpr +17r)0 = P66 > 0, (16)

(Trr — OEYr) - B — 01 ¥ - Trr = prOyr > 0, (17)
. 1

—OqpPr qr — gAr* V0 = pr07q 2 0 (18)

are satisfied while v = g + 71 + ;. For definiteness we now let

7-,012(9, E, Trr, qr, Vi 9) = 1PT(9, E, TRR) + I,L’q(el qr, A 6)-
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4.1. Consequences of (18); Heat Conduction
As for Equation (18), we observe that if dq, ¥z = 0 then it follows the heat equation

—%qR Vi 0 = prfyy = 0
which is satisfied by any function
qr = —x(6, | Ve 6] ) KV 6
where ¥ > 0 and K is positive definite and hence
pr0Y; = KV 0 - KV 6.
As a particular example, let K = [ "!B~!. Then
qr=—kJ 'FIFTWV0=—«x]'F Ve, q=-xV8,

which is Fourier’s law.
If instead dg r 7# 0 then we can apply (10), with z = gz and n = dqzPr/[9qxPr|,

to obtain
dr - O 0 ®d
e = ot ot g
qr qr
6’1qR~VR9+pR0’yq dqr Pr ® 9qPr
=— 0 +(1— RIEZ ARTE
|0qr ¥r|? andt |0qr P& | )

As an example, let
dqr¥r = a(0)qr, W = p(0) Vi 0.

Hence, we have

. PRG'Yq qr - V0 qr - Vr 0
— = + VR0 — pAI KT g
BT a1 alqe TPV P g e
The choice B = —1/6a results in
0 1
PrYg Vi 6. (19)

BT afqu 3T o

Equation (19) has the form of a Maxwell-Cattaneo (MC for short) Equation (see, e.g., [16])
with relaxation time T and conductivity « given by

_ 0‘|‘1R|2 o |(1R\2

Pr07q’  prYgb?

As expected, the positiveness of 7, results in the positiveness of the conductivity .

4.2. Consequences of (16)
Let
1 =1 (r) — 1o, Mo = 7712(9, E, Trr, qr, Vi 6, Vr Vi 6, EIO)-
The continuity of 7z implies that 7 — 0 as & — 0. Consequently, for sufficiently small

|6] we have
sgnyp = —sgn(doir + 10)6.
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The arbitrary sign of 0 implies
Sopr +10 =0

and hence .
7(T)0 = —prfyp < 0.

As an example, we may have
i = a(6,E)0, prbve = —ab?, a < 0.

The dependence on 6 has also been considered in an attempt to establish a model
allowing for wave propagation at finite speed. For simplicity, assume the body is unde-
formable (E = 0) and dygyp = 0. The evolution of 6 is governed by the balance of energy,

pé¢ = -V .q+pr. (20)
Since '
p=90), n1=—y +ab
then
pé = af + ad? + 0n(9.
If @ = —xV6, x > 0 then (20) yields
oadl + p(a6? + 05,0) — kAO = pr. (21)

Since & < 0 then (21) is an elliptic differential equation, not a hyperbolic one.

Furthermore, the more involved model with the dependence on V8 would not result
in a hyperbolic equation.

Though it is unusual in the literature, we might consider constitutive equations where
both 6§ and # are in the set of variables. In this case, inequality (16) would be in the form

—(GeWr +17r)0 — Dy Prijr = PrOv6 > 0,

thus resulting in the rate equation

SoPr + 1 5 PrO7Ye
- 0 : 22)
ai?R ¢R a1712 lPR

To establish the physical relevance of Equation (22), a careful investigation is required.

kR =

4.3. Consequences of (17); Viscoelasticity

If E and Ty are independent of each other then we have

aTRRl;l]T =0, Trr = aEle

and yr = 0. Hence, {r depends only on 6,E. Furthermore, Ty is no longer an in-
dependent variable but is equal to dgyr. This relation can be viewed as a model of a
thermo-hyperelastic material.
We now consider yr(6, E, Tgg, E) and 1(0, E, Trz), with the assumption O Yr 7 0.
Equation (17), i.e.,
aTRRllJT : TRR = (TRR - aEl/JR) ‘E— PRG’YT/

yields o1, ¥r Trr as a function of 0, E, E. Using the representative Formula (9), with
Z = Tgg we find

Trr — 3E1PT) ‘E— PRG’YT
|aTRR¢T|2

. aTRR Pr @ aTRR Pr

~ (
Ter =
i |aTRR1/’T|2

)G (23)

aTRR¢T + (I
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where G is any second-order tensor function of 6, E, Trg, E. Among the possible forms of
G, we consider
G = gz (9/ E, TRR)Er

where Jgy is a fourth-order tensor, which maximizes the (linear) dependence on E. Hence,
it follows

. . 6
TRR = CRR<6/ E/ TRR)E - ‘apRirYTPaTRRlPTI (24)
TRRIIJT

where
aTRR Pr @ (Tre — JEYPr — JIZRaTRR Pr
|aTRR lPle

The result (24) gives a general representation of viscoelastic modelling.

Of course, the entropy production yr may depend on E. Indeed, 71 has to be non-
negative and a dependence of 7y on |E| has been shown to be the natural modelling of the
hysteretic behaviour in plastic materials [9].

The constitutive relation (23) has the form

Crr = Jrr +

TRR == T(G/ E, TRR/ E)

and is linear in E if G = 0 and ; = 0. This equation can be viewed as characterizing
hypo-elastic materials in that they experience a stress increase arising in response to the
rate of strain E from the immediately preceding state ([1], page 731). In fact, Truesdell [17]
restricted hypo-elasticity to T = DL with D depending on the stress; in elasticity D also
depends on the strain.

We now return to (24) and look for a simple example of Cgy induced by the free energy
tr, while Jgr = 0 and yr = 0. Let M be a non-singular, fully-symmetric, fourth-order
tensor and G a smooth function from Sym to Sym. Hence, we consider the free energy

pr = o(0) + /OEG(f) +dE + 3[Tex — G(E)] - M(6)[Trz — G(E)], (25)
where £ € Sym. Substitution of
e pr = M(O)[Tee —G(E)l,  3gyr = G(E) — [¢'(E)]"M(8)[Trx — G(E)]

results in

In the linear case, G(E) = LE, with L being a fourth-order tensor, we have
TKR = CRRE, CRR = L‘i‘l\/|71

Now we show that the general form (23) of the representation of Ty also allows us to
find very simple models of viscoelasticity. Consider again the free energy (25) and look for
an entropy production given by

1
prOYT = ;[TRR —G(E)]-M[Txz — G(E)]; (26)
to save writing we let G stand for G(E). Notice that

(TRR - aEl/JT) - TRR - g + g/TM(TKR - g) == (M71 + g/T)M[TRR - g]
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Hence, since ot r = M(Trr — G) we obtain
Tre — Ogyr) - B ‘
o060 B e = (M 4 G (B)M(Toy — G) - EIM(Tes — G)PM (T — )
|aTRRlPT|
M(Trr —G) @M(Trr —G) n 01 | iy 21, pne
= M™ +GE=(NeN)[(M" +G)E],
Mg JE = (NeN)[( JE|
where N = M(Trr — G)/|M(Trr — G)|. Further, by (26) and (25) we find
PRQ’YT 1
————0 = —-(N®N)(Tzxx — G).
|aTRRlpT|2 TRKIPT T( )( e )
Substitution into (23) yields
. .1
Tre = (N®@N)[(M™' +G")E - ~(Tre = G)] + (1 -N®N)G. (27)
Whenever the rate equation has the form
Tie = (N@N)T + (1 - N®N)G,
for any tensor T the choice G = T results in
TRR = T
Consequently, letting G = [(M ™! 4+ G")E — 77 1(Txz — G)] we have
. .1
Tee = (M +G)E - —(Tre — g)l. (28)

For definiteness, let G be linear, namely G = G«E, and define Gy = Go, + M1 [18].
Hence, Equation (28) becomes

. 1 .
Trr + ;(TRR — GoE) = GoE,

which may be viewed as a three-dimensional version of the standard linear solid.

5. A Rate-Type Approach to the Equation for the Heat Flux

Equation (18) is an implicit relation for the heat flux qx. This is consistent with the
fact that Equation (19) is derived by assuming dq,¢x # 0. Hence, if dq,9x = aqg, the
consistency follows by requiring that &« # 0,qz 7 0. This might appear as a restriction
on the consistency of the MC Equation (19). Furthermore, in the investigation of wave
propagation properties the requirement qr 7# 0 implies that we cannot account for disconti-
nuity waves propagating in a region with qz = 0. Hence, we re-examine the consistency
of heat-flux equations by starting with a rate-type form of the sought equation. For sim-
plicity we let the body be rigid and at rest in the chosen frame of reference. Consequently,
qr = q, Vr 8 = V6, kg = k. The CD inequality then simplifies to

. . 1
—p( +140) — gd VO + 6V -k = pby,. (29)

Let 6,q and V6 be the variables. Hence, ¢,7, 7, and k are given by functions of
6, q, V0 and q is taken in the form

q=—-fq—gV¥,
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subject to f > 0. The scalars ¢, 17, Yq f,and g are assumed to depend on q and V6 through
the magnitudes g = |q| and I = |V6|. Computation of § and substitution in (29) yield

. . 1
—p(9ey + 1) — pdvey - VO + pfoqp - q + (089qY — 5q) - VO + 6V -k = pb7,.
The arbitrariness of V6 and 0 imply that

avglp =0, n= —891/1.

Likewise, we find that k might only depend on 6; we loose no generality by letting
k = 0. The remaining inequality is

1
pfoq - q+ (0g9qy — g‘l) - VO = pbv,.

Since q and V#§ are independent vectors then the arbitrariness of V6 implies

1
pg9qP =54, pfoq¥-q = pbyy

it then follows that g is independent of V0. Hence, we find the entropy production in
the form
f

= @
Furthermore, the dependence of i on q through g leads to

Yq qz, g>0.

1 M ¢
0.0) = -5 || rydE + 90(6).
An analogous model for anisotropic solids is obtained by letting
q=—-Aq—-KV9, (30)

where K(f) € Sym while A(f) is a positive definite. Hence, A~'K plays the role of a
conductivity tensor under stationary conditions. We assume that K and A have a common
basis of eigenvectors. By paralleling the previous derivation it follows from (29) that

1
dqyK = Eq, 0vq = dq¢ - Aq.

Consequently, we have

1
¥(0,q) = 508 K 'q+ (),

_ 1 —1
vq—pezq (K"A)g.

Thus, K~'A > 0 and this in turn implies the positive definiteness of the conductivity
tensor A~'K. Since A~! > 0 then K > 0.
We now check the wave properties associated with (30) and the balance of energy
for solids,
pé¢ = -V .-q+pr. (31)

We consider discontinuity waves and denote the difference between the limit value
behind (w_) and ahead (w4) of the wave by [w] = w_ —w;. We investigate weak
discontinuities in that we assume the jump conditions

[6]=0, [ql =0,  []=0
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Let U be the wave speed. By means of geometrical and kinematical conditions ([1],
§ 172) we have

[a] = —Uloxq], [V-al =n-[oxq], [6] =-U[040], [VO] = [3.0]n,
where n is the unit normal to the wave and 9,, denotes the normal derivative. Notice that
pe=p0+p-q  B:=p00,  p:=p(dqp —03qd);
where B > 0 is the specific heat and p = 0 if @ = 0. By (30) it follows

U[d,q] = Kn[o,0].
Hence, by (30) and (31), and some algebraic manipulations we obtain

(BU? +p-KnU —n-Kn)[2,0] = 0.

Non-zero discontinuities can propagate with speeds

-Kn n-Kn (p-Kn)z]l/z
2p B 2B '

In particular, waves entering a region where q = 0 (and hence p = 0) propagate with
the speed (n - Kn/B)/2. Hence, greater tensor K increases the speed.

e =P 204

6. Models Involving the Temperature Rate

Section 4 shows the difficulties of modelling heat conduction with finite speed in terms
of the dependence on 6 for rigid bodies. Here, we look for a more general model where the
dependence on  is considered for thermo-elastic bodies. Due to deformation, the model is
simpler within the reference configuration.

Our purpose is to let 8, E, qx, Vr 6 and 6 be independent variables. Yet, the occurrence
of Vi 0,0 and the equipresence principle also show that the dependence on Vi Vi 6 is in
order. Hence, we let ¢, 77z, Trr, ¥ depend on

I = (6,E,qr, Vr 6,0, Vk Vr6)
and, by analogy with Section 5, we consider the equation
qr = —f(6,E)qr — Kr(6,E)Vk 6,  Kg € Sym,
for the evolution of qz. Hence, the referential CD inequality (7) takes the form
—(9pr +17r)0 + (Tre — Igr) - E — dygotr - V0 — Oy vpo¥r - Ve Vi 0 — d51prd
+f0qx¥r - qr — (%‘IR + 0qg PrKr) - Ve 0 + 0V - kr = prfy  (32)
It follows that
dpPr = 0, v, vz o¥r = 0, Oy 0Pr = 09gkg.

Hence, with no significant loss of generality, we let

1 .
kR == aaVRgllJRG.
The arbitrariness of E implies

Trr = aEl,UR-
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Hence, the inequality (32) simplifies to

— (o= + 17r)0 + fOqp Pr - qr — (%QR + 0qr PrKr) - Vi 0 = pr07.
Since i, is independent of 8 then it follows
—(Sotr +172)0 > 0.
Letting
nr = 10(60,E, qr, Vr 0, Vi Vi 0) + 7(T), f7—0asf —0

we find that
o = —r, (33)

710<0, f=—a(l)d, a>0. (34)
If instead we let § = 0 then we have
1 .
fOqr¥r - qr + (*qu + 0q YrKr) - Vi 0 = pr67 > 0,
where 4 = v at § = 0. The arbitrariness of V; 6 implies
1 -
—aqR + aquPRKR =0, faqupR ‘qr = PRG’)’ > 0.

Consequently,
1 _ y
Pr = %qR'KquR“‘lpR(QIE/VRQ)‘ (35)

Further, 7 is given by
oy = —L g Kl qe — af?
PrOY = —gqr - Rg qr — &™

6.1. Structure of e and 1g

To understand the possible consequences of the dependence on Vi 6 and § we deter-
mine the explicit form of the internal energy e and the entropy #z. Indeed, for simplicity
and definiteness we specify the free energy ; in (35) in the form

1 _
Yr = 359 K 'a + ¥ (6,E) + 1|V,

where f is constant. Hence, we have
Mk = —OpPr + §|v,<9|2 — BARO — af
where Ay = Vi - Vi 6 and
dopr = —21@% Ky 'qr +9¥(6,E).
Hence, we find

€= g +0(—dgipr — §|VR 0> + BAzO — ab).
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We then compute & to obtain
€r = BQR¢R . qR + aEE’JR -E =+ ﬁVR 0 - Vr 9 - ngR 9|2 + 59AR9 - “62 - 989#’1&
6 . ‘ )
+Bg| Vi 0> —2BVi 6 - Vi 0 + BOARH — abf.  (36)

Relative to the variables 6, E and qz, by (36) we see that ¢ encloses first- and second-
order derivatieves and furthermore a third-order term, S6A 0.

6.2. Discontinuity Waves

To investigate the existence of thermal-mechanical waves we consider the balance
equations and the rate equation for qy in the form

PrV = Vi K Tr + prb,
ér=Tr-F—Vi - qr + POrY, (37)
qr = _qu — Kz 6,

where Ty = FTry is the first Piola stress. We look for discontinuity waves ([1,19], Chapter 2)
where

[T] =0, [ac] =0, [v]=0 [F[=0, [f]=0.

Hence, by (37) we can write the system

pr[[¥] = [V - Tx],
[éx] = Tx - [F] — [Vk - qz], (38)
[qr] = —Kx[Vz0].

Let U be the (normal) speed and ny the unit normal of the wave. Using the geometrical-
kinematical conditions of compatibility we can write the system (38) in the form

prU[V] = —[Tg]ng,
U[ér] = —(Trng) - [¥] + [qr] - 0z, (39)
U[qr] = Keng[0].

We notice that, except for [¢], all the jumps are linear in the sought discontinuities.
Instead ¢ involves the term —BAz8, a single third-order derivative of §. Consequently this
scheme is not consistent with propagation at a finite speed. To overcome this drawback we
assume f = 0, which means that dy, g¢x = 0. Hence, accounting for a dependence of the
free energy on V¢ 0 is not consistent with the propagation at a finite wave speed.

The dependence of the entropy on 6 results in a single second-order term in ¢, i.e.,
—a00. Hence, the compatibility with a finite wave speed also requires that « = 0. We are
then confined to the thermoelastic solid with a MC-like equation for the heat flux.

6.3. Waves in Thermoelastic Solids
Letting « = 0, 8 = 0 we have

1 _ 1 _
PYr = %qR'KquRWLIP(QrE)/ k= ﬁqR'KquR*aeT(e’E)'

Hence, we obtain

1

éR:TR.F_(QZ

qr - Ky 'qr + 005%)6 + é(Kl?lqre) “qr — 0(9¢Txr) - E.
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For simplicity we assume dgTgg = 0, which is true if, e.g., ¥(6,E) = ¥1(0) + ¥2(E).
Upon substitution of ég, the second equation in the system (39); is given the explicit form

U{ALO] +p - [ax]} = [ax] - e,

where 1 )
A= —b63Y — san-Klar, P = 5(K'qe).
We notice that —093¥ is the classical (positive) specific heat, and hence A is an effective

specific heat. Substitution of qr from (39)3 yields
/\l/[2 + (p . KRHR)U — Ny - (KRHR) =0.
Hence, we find two possible speeds,

P KRnR
Uy = — +
* 21 [

7

(p-Kgng)?> ng- KRnR} 1/2
4)? A

for the propagation of the discontinuity [0].

Meanwhile, Equation (39); results in the classical equation for the mechanical discon-
tinuity [v] of acceleration waves [19].

Some comments are in order. The independent behaviour of [v] and [0] is a conse-
quence of the model; here it follows from the neglect of dy T in (39),. For thermodynamic
consistency, the modelling of heat conduction through an MC-like equation affects the rate
ér in that the free energy is required to depend on the heat flux. A family of models, with
different physical properties, is obtained by letting Kz depend on temperature, while here
Kk is constant for simplicity.

7. On a Rate-Dependent Theory of Heat Conduction in Rigid Solids

In an attempt to account for the propagation of thermal waves without any recourse
for the rate-type MC equation, Bogy and Naghdi [20] considered the triplet (6, V0, 0) as
the set of variables for the model of a rigid heat conductor. We now briefly review this
possibility based on the energy equation

p¢ = -V -q+pr (40)

and the CD inequality
. . 1
—p(§ +16) = 53q- V8 =py 2 0.

If 1, 77,q and v are functions of (6, V6,8) then the CD inequality can be written in

the form .
—0(@ey +1)0 — pdvey - VO — pdgp 6 — 39 - VO = py > 0.

The arbitrariness of V6 and 8 implies that
dvep =0, 9y =0
and hence ¥ = 1(6) and the CD inequality simplifies to
—0 (e +1)0 — 91701 Vo =py 20
More detailed consequences follow on the basis of some assumptions. Let
17(6,V6,8) = 10(8) +1:(6,V8,0), 17:(0,0,8) = 0as 6 — 0,

q(6,V6,0) = qo(6,0,0) 4+ q.(6,V8,0), q:(6,V6,0) — 0as VO — 0.
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We can then write the inequality in the form

. .1 1
—p(9% +170)0 — 110 — 2390 VO — 23qc - VO = py > 0.
Hence, as V8 = 0 we obtain
o = —0g1p, 17:(6,0,0)0 <0,

while as § = 0 we find
qo0 =0, qc(0,V6,0) - Vo <0.

Plane Thermal Waves

We can investigate plane waves by restricting attention to a one-dimensional setting
(qc = gc, VO — 040). Using Lagrange’s formula we can write

1¢(6,0,0) = 3yc(6,0,8)0, &€ (0,0),

7c(6,0:6,0) = .0q(6,2,0)3x6, € (0,0,6).

Necessary conditions are d,1.(6,0, 8) < 0and d5,09c(0,0x6,0) < 0. We assume the
sufficient conditions

897](3(9/ axe/ 9) < 0/ aaquC(er ax‘gze) <0

are valid in a neighbourhood of the origin.
Since
¢ = (1c + 09g71c — I)0 + 69,977 026 + 69471 6,

0xq = 0900 + 3,97 920 + 0;70+6,

then Equation (40) can be written in the form
1026 + pd0 + b + 0.6 + g6 = pr,

where
a=0dy,0q, b=0031:, p=09yq+ 000, 1.

The positive product ab then makes the differential equation of the elliptic character
not in favour of a model for wave propagation.

8. Conclusions

This paper investigates the techniques associated with the exploitation of the sec-
ond law of thermodynamics as a restriction on physically admissible processes. As is
standard in the literature, the exploitation consists of the use of arbitrariness occurring in
the CD inequality. The present approach emphasizes two uncommon features within the
thermodynamic analysis: the representation formula and the entropy production.

There are cases where more terms of the CD inequality are not independent. The
representation formulae, for vectors or tensors, allow us to derive a direct dependence
between appropriate unknowns. As an example, Equation (17) has the form

A’E‘I—B'TRR:U

and the representation formula allows the unknown Txr to be determined. The solution is
widely non-unique and this results in a variety of models characterized by the free energy
¥ and the right-hand side o = prfy. Among the examples developed in this paper, we
obtained the constitutive equation for hypo-elastic solids and for MC-like equations of heat
conduction. Further models can be established by using the techniques developed in this
paper, as was performed in [10].
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Concerning the entropy production vy, we let it be given by a constitutive function
per se and not merely by the expression inherited by other constitutive functions. This
property results in more general expressions of the representation formulae and, as shown
in [7-9]), is crucial for the description of hysteretic phenomena.

These features are highlighted in this paper through models of viscoelastic solids and
heat conductors. In particular, the models of heat conduction were also investigated in
detail in connection with wave propagation properties.
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