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Abstract: In this paper, by using Jensen-Mercer’s inequality we obtain Hermite-Hadamard-Mercer’s
type inequalities for a convex function employing left-sided (k, )-proportional fractional integral
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results that existed in the literature.
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1. Introduction

Convex functions play an important role in applied and pure mathematics. Several
investigation has been carried out to extend and generalize results on inequalities for
convex functions. Among the monumental inequalities which holds for convex functions,
Hermite-Hadamard—-Mercer’s inequality is one of them. Therefore, our focus is on this
inequality to make a new generalization by using left-sided (k, i)-proportional fractional
integral operators involving continuous strictly increasing functions.

Definition 1. A function F : [pq, uz] — R is said to be a convex function if the inequality
Fam+0-92) EF M)+ (1 - F(ha), M

holds for all Ay, Ay € [p1, up] and & € [0,1]. We say that F is a concave function if the inequality
(1) is reversed.

For any convex function F on [u1, yp| the following inequality holds

H1+ 2 1 't F(p1) + F(p2)
F( 2 ) = H2 = '/m Flxdr < 2

/ @

which is called the Hermite-Hadamard inequality and it is one of the most commonly used
inequalities for many researchers in the field of inequality theory. It was first discovered by
Hermite in 1881 [1]. However, this result was nowhere mentioned in the literature until it
was augmented by Hadamard in 1893 [2]. For more generalizations of Hermite-Hadamard
inequality (2) with different kind of convexity see for instance [3-6] and references cited
therein. The well-known Jensen inequality in [7] states that if 7 is convex function on
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(11, 42] and for all y; € [p1, p2] and for any ; € [0,1];i = 1,2,..,n with /' ; & = 1 we

have
a <Z 6%) <Y &GF(yi)- ®)
i=1 i=1

Lemma 1 ([8]). Suppose that a function F : [uy, 2] — R is a convex function on [, pia). Then,
we have
F(p +H2 —y) < F(pa) + F(p2) = F(v)- (4)

In [8], Mercer proved the variant of Jensen inequality known as the Jensen—-Mercer’s
inequality:

Theorem 1. If F is a convex function on [y, uz|, then

f(PllJrPlz—Z@iyi) < F(p1) + F(p2) 251

i=1
for each y; € [p1, uo] and for any &; € [0,1];i =1,2,..,nwith ' | & = 1.

Recently, many scholars have given attention and established the inequality of Hermite—
Hadamard-Mercer’s inequalities using Riemann-Liouville fractional integrals, the con-
formable fractional integral, Katugampola fractional integrals, generalized Riemann-Liouville
integrals and so on. For instance, see [9-13] and the cited reference therein. Therefore, our
motive is to study about Hermite-Hadamard—-Mercer’s type inequalities by employing
the (k, p)-proportional fractional integral operator involving continuous strictly increasing
functions to generate a new generalized inequalities.

The paper is organized as follows: In Section 2, we give some definition and results
which we will use through out this paper. In Section 3, we state our main result on Hermite—
Hadamard-Mercer’s type inequalities. Finally, Section 4 is devoted to the conclusion of our
work. Section 1 is devoted to the introduction and motivation of our proposed study.

2. Preliminaries

In this section, we present some basic definitions and properties of fractional integral
operators which helps us to obtain our new results.

Definition 2 ([14]). Suppose that the function F is integrable on [y, up| and yq > 0. Then, for
all B > 0, the right-and left-sided Riemann—Liouville fractional integral of a function F of order B
are, respectively, given by

p _ L e B
JHF(y) ) /m(y w)P Fu)du,y > py, (5)
and . ,
B I R LY S|
TEFW) = gy [, (-9 Fduy < o, ©)

where T(B) = / ~*xP~1dx is the gamma function. The notations j v (y) and J v (y) are,
0

respectively, called the left- and right-sided Riemann—Liouville fmctzonal mtegml ofa functzon Fof
order B.
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Definition 3 ([14,15]). Suppose that the function F is integrable on the interval [yq, po] and let ¢
be an increasing function, where Y(y) € C([u1, 2], R) such that ' (y) # 0,y € [u1, pa). Then,
forall B > 0 we have

(78 F) ) = 55 [0 @00 —9w)]" Fduy > )
and . N .
(‘/’jf;]:) (v) = m/y ¥ (u) {1/}(14) - lP(y)} F(u)du,y < po. 8)

The notations (‘PJ f W F ) (y) and (‘/’j f " F ) (y) are, respectively, called the left- and
1 2

right-sided ip-Riemann-Liouville fractional integrals of a function F of order f.

Definition 4 ([16]). For 6 € [0,1], let the function Yo, Y7 : [0,1] x R — [0, c0) be continuous
forall w € R, we have

lim Y1(6,w) =1, lim Yy(6,w) =0, lim Y{(,w) =0, lim Yy(6,w) =1, )
6—0t 61— 6—1—

6—0t

and Y1(6,w) # 0,0 € [0,1],Yo(d,w) # 0,6 € (0,1]. Then, the proportional fractional derivative
operator of order 6 is defined by

D’f(w) = Y1(6,w) F(w) + Yo (3, w) F'(w). (10)
In the case when Y1 (J,w) = (1 —6) and Y( (4, w) = ¢ the Equation (10) becomes
D’ F(w) = (1 —8)F(w) + 6F (w).

Note that §lir(r)1+ D’ F(w) = F(w) and ‘slir? D’ F(w) = F'(w). The related generalized
— —1-

proportional fractional integrals are defined as follows:

Definition 5 ([16]). Suppose that the function F is integrable on [uq, pi2], let § € (0,1], we have
forall B € C,Re(B) >0

(TEF) W) = gapgz 00 Flduy > )
and . o
(FEF)W) = gy J, -9 F @ty < g (12)

The notations (J f ;5.7: ) (y) and (J} lﬁ 0 ) (y) are called, respectively, left- and right-
1 2

sided generalized proportional fractional integral operators of order .

Remark 1. If § = 1 in Definition 5, then we obtain the classical Riemann—Liouville fractional
integral.

Definition 6 ([16]). For the integrable function F, let 6 > 0,m € N such that m = [Re(B)] + 1,
we have for all B € C,Re(B) >0,

(Dﬁff) (v) = D" TP F(y) (13)
1 1

Dm,zS y 5—1 .
= g s x| = =P Fwa,
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and
(D g ) (y) = ,D" 7" P F(y) (14)
Ho My
pme H2 0—1
— =Y _ _ L \ym—p—1
St e =) =) P
where
D" = D°D?...D° (15)
| S —
m—times
and N /
(+D°F)(y) = (1= 0)F(y) = 6F (y),4D" = ,D*D°..., D°. (16)
————

m—times
The notations (Dﬁ ’f F ) (y) and (Dﬁ va ) (y) are, respectively, called the left- and
1 2
right-sided proportional fractional derivatives of a function F of order .

Definition 7 ([17]). Foran integrable function F on the interval [pq, pp] and for p € C*([u1, p2], R),
such that ' (y) # 0,y € [p1, pa]. We have for all B,k > 0

(<kf¢>Jgf)<y>—kr:<ﬁ> /j Y [py) -] Feduy>m, 7

and

>

-1

(<kf¢>J£f)<y>=krkl<ﬁ> ./fzw’<u>[¢<u>—w<y>} Flu)duy <p,  (18)

ok
where I'x(B) = fooo e * xP~1dx is k-gamma function [18]. The k-gamma function satisfies
the following properties:

1. Ti(k)=1;

2. Ty(B) = kE-1r(8);
3. Tk(B+k)=pBIk(B);
4. Tu(B) =T(B),k— 1.

The notations ((k"/’) j} ’15 W F ) (y) and <(k"/’)j f “F ) (y) are, respectively, called the left-
1 2

and right-sided (k, ¢)- Riemann-Liouville fractional integrals of a function F of order p.
Remark 2. Ifk = 1, Definition 7 reduces to Definition 3.

Definition 8 ([19]). For an integrable function F and for a strictly increasing continuous function
P on [uy, yo), let 8 € (0,1], we have for all B € C,Re(B) > 0,k € R

’ B _ 1 v 0—1 %—1 ,
A e [ e |25 0 - w0 (#0) = 900) Y @F Wiy >, (19)

and
(ky) 7Po -
(W TF) () =

Ha 6—1 /
p—r S e |25 0 = 9w (900 = 90) 9 0 F @y < o (20)
The notations (UW)JT f T ) (y) and ((k"/’) j} ava ) (y) are called, respectively, the left-
1 b

and right-sided proportional k-fractional integral of F with respect to the function ¢ of
order .
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Definition 9 ([19]). Let B € C,Re(B) > 0,k € R*,5 > 0and m € N such that m =
[Re(%)] + 1. Then, for any f € L'[a,b] and ¢ € C'[a, b] where y(t) > 0 we have

(i) = (S a ) (=07 w) 1)
k¥) e v [6-1 e
o v [ e[ 25w - v (v - pi) Ty s
and
(fr)w = (55 ay) (H77Hw (22)
(k, ‘P)Dg/" b 5—1 "l;ﬁ -1
R T [ e[ 5 w0 = pw)] (w00 = 9)) T st
where
((k,lIJ)D;WS) — (kﬂlﬂ)D(yS(k/lP)Dim(kﬂP)Dﬁ ((k,lP)Dg'é) = (k¥ py (k9 pd | k) DY (23)
m—times m—times

The notations ( (k) D’3 f )( ) and <(k"/’)D5’fs f ) (y) are, respectively, called the left-

and right-sided (k, gb)—proportmnal fractional integral of a function f with respect to i of
order f and type J.

Lemma 2 ([19]). Let a, B € C be such that Re(a) > 0and Re(B) > 0and k € R*. Then, for any
6 € (0,1], we have

(k) 700\ ((ky) 780\ £ _ [ (ky) 72+Bo
(0 ge) (=0Tt ) F ( Ty )]—". (24)
3. Main Results

Letd € (0,1],8 € C,Re(B) > 0 and ¢ be a continuous strictly increasing function.
Then, by using Definition 8, the left-sided (k, i)-proportional fractional integral for any
constant C is given by

>

(60726 () = WC. (25)
kg

The following Lemma will be very useful in obtaining our main results.

Lemma 3. Let 6 € (0,1],8 € C,Re(B) > 0,k > 0, and  be a continuous strictly increasing
function. Then, we have

[ e[S ety — ) ae = ;

Proof. Using Equation (25) and letting ¢ = %&”), we have d = — %du. When ¢ =0

and ¢ = 1thenu = w_l(y) and lp_l(x), respectively. Thus,
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-1

o

1

1 5—1 B_ () 51 ,
| exp[ e -]t 1d§:m L P[5 v v )] (v - 900) "
B -1 B
:L(krk(ﬁ) ! ! (wex =1y - u —¢(u B "(u)du
o (s%krkw)/ww P[5 = v)] (v - )" v
B
obrrp (PO v G))
(y-k SRTe(p+b) g

O

Theorem 2. Let F : [u, 2] — R be a convex differentiable function on (pq,uz), and i :
(11, p2] — [M1, H2] be a continuous strictly increasing function with 0 < uy < pp and (F o) :
(11, u2] — R be an integrable function on [p1, uz|. Then, for all x,y € [u1, y2] the following
inequalities hold:

o+ 5)
oK T(B +K)
2y - x)F
< F(u) + Flw) - F(51L).

< F(mw) + Fuz) —

TR e Fow) @ ) + N IE L (Fop) ™ ()

Proof. Using Jensen—-Mercer’s inequality on the function F, for A1, Ay € [u1, j2] we obtain

M+ Ay F (A1) + F(A2)

) < Fun) + Flo) - -T2,

f(#lJr#z—

Now, letting A} = {x + (1 — ¢)yand Ay = (1 — §)x + y with € [0,1], we obtain

Flex+a-ay)+F(1-o)x+ey)
2

Fli+p—5Y) < Flu) + Flpa) - , (26)

B
3

Multiplying both sides of the inequality (26) by exp [5%16 (v — x)} g1 and integrating

with respect to ¢ over [0, 1], we obtain

/01 exp [%é‘(y = 0)|ek 1 F (g + o - 5 ) de

< /01 exp [55;16@ = )]E Y (F () + F (o) )de

) /01 o= ety x)]gglf(g” (1-2)) Zf((l —&)x+¢y) e o

Using Lemma 3 on (27) we obtain the following

]:(P‘H-Hz—xzﬂ)

< Fp) + F(p2) = % l/ol exp [%é(y - x)}ég’lf(éx +(1=8)y)de

+ /01 exp[ S ety - )] ek F (O - o+ §y>dc] :

Now,
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SkTh(B+K) (ky) B0 1 (kp) 7B -1
2(_7@ ’ J((éfl(x))* (}—O l[)) (l[J (]/)) + j(ll;fl(y))f (]:O l/J)(lP (x))
y—x)k
B -1 B
ORI (B+k 1 W) 5—1 £-1
_sfnpen [ [0 [P = )] (v - ww) " (Fo )y
2y - 0)f sfkry(p) [/
-1 é,
w1 e[S e - 0] (s - ) e ¢><v>¢’<v>dv]
_ B et Y= )y £ y'(u)
- Zk[/wl(x) exp|[ =5y =) (5 57)" (Fowtw,
¢ (y) 51 P(0) —xy\ f-1 ¥ (v)
+ /l[]‘l(x) exp[T(zp(v) — x)} (y—7x> (Fo 1/))(0)}/ = xdv .
Putting
p(u) = gx + (1= &yandy(v) = (1—&)x + Gy (28)
we obtain
B
k k
Fln) + F(pa) - W C gl (Fop)p W) + NI (Fop) (x)
= F(u)+F B[ exp[ 0 1 1 d
= F(p) + F(u2) = 5 /O exp[Té‘(y—x)]C (Cx+( —C)y> g
1 _
+/ exp[éélé‘(yx)}éilf((lC)Hffy)dé}
which complete the proof of the first inequality.
To prove the second inequality, by using convexity of 7, we can write
f(il)(u) +¢(v)) < Fop)w) +(Foy)(0)
2 2
then taking ¢(u) and ¢(v) given in (28) we obtain
Flex+-oy)+F(1-2)x+ey)
x+y (
SEE : W
Multiplying both sides of the inequality (29) by exp [%C (y— x)} ¢ F-1and integrating
with respect to ¢ over [0, 1], we obtain
X+
()
< B e[ et - 0)et 1 (e - aw)ae+ [ e[ S e -w]et 7 (a C)Hw)dé]
8
- 52(?(/3;5]{) (k#Y)J(iil(X))Jr('FOlp)(ll]_l(y)) + (k,lp)J(ilil(y))— (Fo lP)(lﬁ_l(x))}- (30)
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Multiplying both sides of inequality (30) by —1 and adding F (yi1) + F(y2), we obtain

Flu)+F) - F (1Y)

E < <
> Flu) + Fl) - ‘W (69782, (Fop)u )+ W, (Fop)p ()],

which proves the second inequality. [

Remark 3. In Theorem 2 by putting

a. 6 =1 we obtain its p-Riemann—Liouville k-fractional integral version,

Flin+m-2Y)

< F(n) + o) — TR
2(y 3

< Fm) + Flua) = F(

0T sy Fon @ ) + I, (Fo w)(wlm)}

—x)
x+y

)

which is proved in [10].
b. 6=k=1and p(x) = x we obtain,

Fln =252 < Fu)+ F) - 5 T T F () + Jff(x)]
< F(m) + Fo) - F(532),

which is proved in [20].
c. 0=B=k=1andp(x)= x we obtain,

1
Fmme = L) < Fu)+ Flp) = [ Flex+ (1= )y)de
< F(u) + F(m) - F(*32),
which is proved in [21].

Theorem 3. Suppose that the hypothesis of Theorem 2 hold. Then,

X+
T
B
OFTk(B+K) | (k) 70 -1 _
< Z(y—x)g ‘7(1#’1(#1+H2*]/))+ (Fop)(p™ (1 +p2 —x))
(k) 7Bo -1 —
+ j(t,b*l(eryzfX))* (Foyp)(yp (i1 +p2 y))‘|

Tt —y) + F(p +p2 — %)
- 2

< Flu) + Fo) - 5 (F@) + Fy).

Proof. From the convexity of the function F, for all A, Ay € [pq, 2], we have

A+ A + — A1)+ + —A 1
f<}11+]12_122> ]:((Vl H2 l) 5 (Vl W2 2)) < 2|:]:(,ul+]42_)\1)+]:(]41+V2_/\2):|~
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Let iy +pa—M = ¢+ —x) + (1 =)+ —y) and py +pa — Ay = (1 -¢)
(11 +p2 —x) +&(u1 + p2 —y) whichis Ay =y + ¢(x —y) and Ap = x + &(y — x). Then,

Flm+m-23Y)
S;{f@(m+uz—X)+(1—§)(ﬂ1+ﬂz—y))+f((1—é‘)(m+ﬂz—X)+é(m+Vz—y)>} (31)

Multiplying both sides of the inequality (31) by exp [%é (y— x)} ¢ F-1and integrating

with respect to ¢ over [0, 1], we obtain

_|._
-7:(#1+szzy>

< zﬁk /01 expf(s;lg(y - x)]g%*f(g(yl 12 = %)+ (1= &) (i + w2 — y) ) dé

+ [Lewp[ S5 et~ 0 e (- 0+ p =)+ 8 + 1 y))dn].

Now,
5:(35/85;) <k,4y>7<i:f1<myﬂ>)+ (Fop)(@™" (i + 2 —x)) + <k'¢)*7£§i1<;11+,¢z,x>)7 (Fop) @t 1o y))}
) W [/ I [T (=)~ 0] (25— )  Femn wan
2y — x) FORAT, () L7V (tray)
* /j:i::z::) exp [%(V’(U) —(m+p— y))} (lP(v) — (g1 +p2— y)) £ (Fop)(v)
“2 { I “‘:l*:::) exp 5 (1 + 2 =) — 9(a)] (W)f‘ (Fou )ﬁxu; »
- /@vaflo(?:’z:)) “p [%(4](7}) ~ (11— y)] (W) b (Fop)() fﬁ”i dv} ,

Putting ¢(u) = (1 +mu2—y)+ (1 —=&)(m1 +p2 —x) and 9(v) = 1 =) (1 + 2 —y)
+ &(p1 + p2 — x), we obtain

SETHB+8) [y 7o (Fop)@ " (u + 2 —x)) + B9 782, (Fop)( ' (1 +p2-y))
Z(V*X)é (= (1 +p2—y))* 1T (mti2=0))" LRy

1 _
-2 [/0 exp[ 2 ety 0] F (8 1)+ (-8 a 4 —y))de
+'/O]exp[5;1§(y—X)]é‘f1f((1—é)(m+V2—")+5(F‘1+”2_y))d5} (32)

Z]:(ﬂlJrVZ*xzﬂ)/

which completes the proof of the first inequality.
To prove the second inequality we use the convexity of the function F as follows

Flen+p -0+ -m+m—1) SeFGu+p—x)+1-OFm+m-y.  (33)

and
F(eln+p2 =)+ (1= &)1 + 2 = %)) < EF(ur +p2 = y) + (1= O F (r + p2 — ), (34)
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Adding (33) and (34), we obtain
Feu+p =)+ A=+ —) + F(E0n+m—y) + 1 =0(n +p—x))
< Flpn +p2 =) + Fluy + 2 =) < 2[F ) + F2)| = [F () + F )] (35)

Multiplying both sides of the inequality (35) by exp [%C (y— x)} ¢ F-1and integrating
with respect to ¢ over [0, 1], we obtain

5 [ [ exp[ S5 ety =0k F (2n + -0+ (- 8+ 12— ) e

+ /01 exp [%g(y —~ x)]géflf((l =8+ p2—x) +5(m + 2 - y))dC]

< Pt = DT 1220 o () + Fu)] - 5 [F00)+ 7).

Thus, using Equation (32) we obtain that

oKL (B+K)
2y - x)F

T T e CUR P LR

(ky) 7Bo -1 _ (k) 7B0 -1 _
¢u7(¢71(m+,42,y>>+(}—°¢)(¢ (H1+]42 x))+ ¢~7(¢71(V1+y2,x)>7(‘7:°l/’)(1/’ (V1+V2 y))]

+A1m{fff@xﬂ£1fal@wluum+¢w1+my»x}

< it =9 T 20 o [Fu) + Fu)] - 3 [F0)+ F0),

which completes the proof of the second inequality. [

Remark 4. In Theorem 3 by putting

a. 6 = 1we obtain its p-Riemann—Liouville k-fractional integral version,

F(}l1+}12_ 2
Te(B+K) [(ky) 78 - -
Sﬂwwﬁ[ Tig 1+ (F W)Y G+ 2 = x)
Ty oD 1 + 12 =)
 Flutpa—y) + Fun +p — %)

x—l—y)

S}—(M)Jr}—(#z)—w

_— 2 2 7
which is proved in [10].
b. 6=k=1and(x) = x we obtain,
x+yy o T(B+1) 1 B
Pl =57 < 20y = )P [T P12 =)+ Ty Fi 4 p2 =)
< F(V1+Vz—y)v2“F(;t1 + 42— x) < F(u) + Flua) — F(X);f(y),

which is proved in [20].
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0=pB=k=1and p(x) = x we obtain,

f(#1+ﬂzfxzﬂ> Syix/xyf(ﬂ1+ﬂ2§)d§

< F(r) + Flpa) - TETIW),

which is proved in [21].

Theorem 4. Let F : [y, pia] — R be a convex differentiable function on (p1, u2), ¢ = [p1, 2] —
(11, 12] € R be a continuous strictly increasing function with 0 < 1 < pp and (F o)

(11, u2] — R be an integrable function on [y, uz|. Then, for all x,y € [uq, p2] the following
inequalities hold:

+
]:<V1+Pl2—xzy>

< OTup+R)
2(y —x)¥

+ (&0 (Zﬁl(ﬂlwz—xzﬂ))* (Fog)y= G +pe - ]/))]

(k,ll)) ﬁr§ 71 —
Tty TPl 4 p2 = %)

< F(r) + Flga) - T I,

Proof. By using convexity of the function F for all A1, Ay € [u1, p2], we have

AM+A +p2—A)+ (12— A
]:<H1+V2 12 2)_}-<(V1 Mo 1)2(H1 Ha z)>

< f(}11+V2*A1);f(V1+H2*)\2). (36)

Putting A = %x +(1- g)y and A = (1 — %)x + gy in (36), we obtain

F(mﬂtz x;y> _F (= G (0= 9w) + 7 (42— (0= Dx+ §)

; %)
B_
Multiplying both sides of the inequality (37) by exp [‘5%1 % (y — x)} (%) e ! and integrating
with respect to ¢ over [0, 1], we obtain
X+y
F (P‘l +H2 — T)
p

/01 exp[%g(y — x)} (g)gil]'(m +up — (gx +(1- g)]/)‘ig

+ ) exp[Tlg(y )] (g)g_lf(m = (1 %)H gy)df;].
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Now,
w (k) g2 L(Fop) (1 + 12— %))
2y—x)F @ Lt 50" M
(ky) 7Po o -1 _
+ j(l,,fl(mw,%)),(if O~ (1 + 2 y))}

£ —1
3 P (1 pp—x) _
:(5kl"k(/5+;f) . 1 [/ HitH2— v exp[(szsl((eryzfx)ftp(u))]
2y —x)F SEKTR(B) L/¥ 1mtme—"7")
B 1
k

= x) = () (F o))y (u)du
1)

(c
—l( 1+,2_% _ é_ /
[ e[S 000) = G+ =) (#00) = (11 12 =) 1(fow)<v)w(v)dv}

i tiz-y)
“Huitpp—x) — ) — - /
R e[S e ] () P gy U
- 5Y) _ o) — _ %— e
A R ) | R R L e ))Cdv}.

Putting (1) = py +p2 — ((1 — %)x + %y) and ¥(v) = puy + pp — (%x +(1— %)y), we

obtain
B
SFLk(BHK) | (k) R -
Y Tos yeaiyy= (F o) @™ (a1 + 2 =)
(k) 780 . . B
+ ‘7(¢ Y1+ X+V)) (]: 1/’)(‘/’ (Vl"’]/lz ]/)) (38)
1 5—1 B
:5{[/0 exp[Tg(y—x)}(g)k 1F(V1+P‘2—(%x+(l—g)y)>d§
B_
+/ €xl7 7% )] (%)k 1f(ﬂl+ﬂ2—((1—g)x+gy))d§1 (39)

27:(#1+V2—%),

which proves the first inequality.
To prove the second inequality by using Jensen-Mercer inequality, we have

Flutm— (Ser (1-5)y)) < Fo) + F) — (5700 + (1- ) F@w)). - @o)

and

Flm+m—((1- g>x + gy)) < F(m) +Fuo) — ((1- g)]—"(x) +2F). @

Adding the two inequalities (40) and (41), we obtain

f(P‘lJrﬂz* (%er (1* %)y) +-7:(I41+}42* ((1* g)x+%y>) < 2(}-(141)+}-(142)> - (]-'(x)+]—'(y)). (42)
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Multiplying both sides of the inequality (42) by exp [

with respect to ¢ over [0, 1], we obtain

L T T L R (SR D)

Thus, using Equation (39) we obtain

B
w (k) 7BS 9 )
2y~ ) T gt sy F PG (1 + 2 — 7))
(k) 7P B )
x0T G 2 =)
F(x)+F
Sf(ul)+f(y2)_w_

This completes the proof of the second inequality. [

4. Conclusions

Our results focus on a new generalization of Hermite-Hadamard-Mercer’s inequalities
for convex function by employing left-sided (k, {)-proportional fractional integral operators
involving a continuous strictly increasing function. The obtained results are a generalization
of Hermite-Hadamard-Mercer’s inequality that are given through proportional fractional
integral operators of integrable function with respect to another continuous and strictly
increasing function [22].
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