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1. Introduction

Convex functions play an important role in applied and pure mathematics. Several
investigation has been carried out to extend and generalize results on inequalities for
convex functions. Among the monumental inequalities which holds for convex functions,
Hermite–Hadamard–Mercer’s inequality is one of them. Therefore, our focus is on this
inequality to make a new generalization by using left-sided (k, ψ)-proportional fractional
integral operators involving continuous strictly increasing functions.

Definition 1. A function F : [µ1, µ2]→ R is said to be a convex function if the inequality

F
(

ξλ1 + (1− ξ)λ2

)
≤ ξF (λ1) + (1− ξ)F (λ2), (1)

holds for all λ1, λ2 ∈ [µ1, µ2] and ξ ∈ [0, 1]. We say that F is a concave function if the inequality
(1) is reversed.

For any convex function F on [µ1, µ2] the following inequality holds

F
(µ1 + µ2

2

)
≤ 1

µ2 − µ1

∫ µ2

µ1

F (x)dx ≤ F (µ1) +F (µ2)

2
, (2)

which is called the Hermite–Hadamard inequality and it is one of the most commonly used
inequalities for many researchers in the field of inequality theory. It was first discovered by
Hermite in 1881 [1]. However, this result was nowhere mentioned in the literature until it
was augmented by Hadamard in 1893 [2]. For more generalizations of Hermite–Hadamard
inequality (2) with different kind of convexity see for instance [3–6] and references cited
therein. The well-known Jensen inequality in [7] states that if F is convex function on
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[µ1, µ2] and for all yi ∈ [µ1, µ2] and for any ξi ∈ [0, 1]; i = 1, 2, ..., n with ∑n
i=1 ξi = 1 we

have

F
(

n

∑
i=1

ξiyi

)
≤

n

∑
i=1

ξiF (yi). (3)

Lemma 1 ([8]). Suppose that a function F : [µ1, µ2]→ R is a convex function on [µ1, µ2]. Then,
we have

F (µ1 + µ2 − y) ≤ F (µ1) +F (µ2)−F (y). (4)

In [8], Mercer proved the variant of Jensen inequality known as the Jensen–Mercer’s
inequality:

Theorem 1. If F is a convex function on [µ1, µ2], then

F
(

µ1 + µ2 −
n

∑
i=1

ξiyi

)
≤ F (µ1) +F (µ2)−

n

∑
i=1

ξiF (yi),

for each yi ∈ [µ1, µ2] and for any ξi ∈ [0, 1]; i = 1, 2, ..., n with ∑n
i=1 ξi = 1.

Recently, many scholars have given attention and established the inequality of Hermite–
Hadamard–Mercer’s inequalities using Riemann–Liouville fractional integrals, the con-
formable fractional integral, Katugampola fractional integrals, generalized Riemann–Liouville
integrals and so on. For instance, see [9–13] and the cited reference therein. Therefore, our
motive is to study about Hermite–Hadamard–Mercer’s type inequalities by employing
the (k, ψ)-proportional fractional integral operator involving continuous strictly increasing
functions to generate a new generalized inequalities.

The paper is organized as follows: In Section 2, we give some definition and results
which we will use through out this paper. In Section 3, we state our main result on Hermite–
Hadamard–Mercer’s type inequalities. Finally, Section 4 is devoted to the conclusion of our
work. Section 1 is devoted to the introduction and motivation of our proposed study.

2. Preliminaries

In this section, we present some basic definitions and properties of fractional integral
operators which helps us to obtain our new results.

Definition 2 ([14]). Suppose that the function F is integrable on [µ1, µ2] and µ1 ≥ 0. Then, for
all β > 0, the right-and left-sided Riemann–Liouville fractional integral of a function F of order β
are, respectively, given by

J β

µ+
1
F (y) = 1

Γ(β)

∫ y

µ1

(y− u)β−1F (u)du, y > µ1, (5)

and
J β

µ−2
F (y) = 1

Γ(β)

∫ µ2

y
(u− y)β−1F (u)du, y < µ2, (6)

where Γ(β) =
∫ ∞

0
e−xxβ−1dx is the gamma function. The notations J β

µ+
1
F (y) and J β

µ−2
F (y) are,

respectively, called the left- and right-sided Riemann–Liouville fractional integral of a function F of
order β.
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Definition 3 ([14,15]). Suppose that the function F is integrable on the interval [µ1, µ2] and let ψ
be an increasing function, where ψ(y) ∈ C1([µ1, µ2],R) such that ψ′(y) 6= 0, y ∈ [µ1, µ2]. Then,
for all β > 0 we have(

ψJ β

µ+
1
F
)
(y) =

1
Γ(β)

∫ y

µ1

ψ′(u)
[
ψ(y)− ψ(u)

]β−1
F (u)du, y > µ1, (7)

and (
ψJ β

µ−2
F
)
(y) =

1
Γ(β)

∫ µ2

y
ψ′(u)

[
ψ(u)− ψ(y)

]β−1
F (u)du, y < µ2. (8)

The notations
(

ψJ β

µ+
1
F
)
(y) and

(
ψJ β

µ−2
F
)
(y) are, respectively, called the left- and

right-sided ψ-Riemann–Liouville fractional integrals of a function F of order β.

Definition 4 ([16]). For δ ∈ [0, 1], let the function Υ0, Υ1 : [0, 1]×R → [0, ∞) be continuous
for all ω ∈ R, we have

lim
δ→0+

Υ1(δ, ω) = 1, lim
δ→0+

Υ0(δ, ω) = 0, lim
δ→1−

Υ1(δ, ω) = 0, lim
δ→1−

Υ0(δ, ω) = 1, (9)

and Υ1(δ, ω) 6= 0, δ ∈ [0, 1], Υ0(δ, ω) 6= 0, δ ∈ (0, 1]. Then, the proportional fractional derivative
operator of order δ is defined by

Dδ f (ω) = Υ1(δ, ω)F (ω) + Υ0(δ, ω)F ′(ω). (10)

In the case when Υ1(δ, ω) = (1− δ) and Υ0(δ, ω) = δ the Equation (10) becomes

DδF (ω) = (1− δ)F (ω) + δF ′(ω).

Note that lim
δ→0+

DδF (ω) = F (ω) and lim
δ→1−

DδF (ω) = F ′(ω). The related generalized

proportional fractional integrals are defined as follows:

Definition 5 ([16]). Suppose that the function F is integrable on [µ1, µ2], let δ ∈ (0, 1], we have
for all β ∈ C, Re(β) ≥ 0(

J β,δ
µ+

1
F
)
(y) =

1
δβΓ(β)

∫ y

µ1

(y− u)β−1F (u)du, y > µ1, (11)

and (
J β,δ

µ−2
F
)
(y) =

1
δβΓ(β)

∫ µ2

y
(u− y)β−1F (u)du, y < µ2. (12)

The notations
(
J β,δ

µ+
1
F
)
(y) and

(
J β,δ

µ−2
F
)
(y) are called, respectively, left- and right-

sided generalized proportional fractional integral operators of order β.

Remark 1. If δ = 1 in Definition 5, then we obtain the classical Riemann–Liouville fractional
integral.

Definition 6 ([16]). For the integrable function F , let δ > 0, m ∈ N such that m = [Re(β)] + 1,
we have for all β ∈ C, Re(β) ≥ 0,(

Dβ,δ
µ+

1
F
)
(y) = Dm,δJ m−β,δ

µ+
1
F (y) (13)

=
Dm,δ

y

δm−βΓ(m− β)

∫ y

µ1

exp
[

δ− 1
δ

(y− u)
]
(y− u)m−β−1F (u)du,
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and (
Dβ,δ

µ−2
F
)
(y) = γDm,δJ m−β,δ

µ−2
F (y) (14)

=
γDm,δ

y

δm−βΓ(m− β)

∫ µ2

y
exp
[

δ− 1
δ

(u− y)
]
(u− y)m−β−1F (u)du,

where
Dm,δ = DδDδ...Dδ︸ ︷︷ ︸

m−times

(15)

and (
γDδF

)
(y) = (1− δ)F (y)− δF ′(y), γDm,δ = γDδ

γDδ...γDδ︸ ︷︷ ︸
m−times

. (16)

The notations
(

Dβ,δ
µ+

1
F
)
(y) and

(
Dβ,δ

µ−2
F
)
(y) are, respectively, called the left- and

right-sided proportional fractional derivatives of a function F of order β.

Definition 7 ([17]). For an integrable functionF on the interval [µ1, µ2] and for ψ ∈ C1([µ1, µ2],R),
such that ψ′(y) 6= 0, y ∈ [µ1, µ2]. We have for all β, k > 0

(
(k,ψ)J β

µ+
1
F
)
(y) =

1
kΓk(β)

∫ y

µ1

ψ′(u)
[
ψ(y)− ψ(u)

] β
k−1
F (u)du, y > µ1, (17)

and (
(k,ψ)J β

µ−2
F
)
(y) =

1
kΓk(β)

∫ µ2

y
ψ′(u)

[
ψ(u)− ψ(y)

] β
k−1
F (u)du, y < µ2, (18)

where Γk(β) =
∫ ∞

0 e
−xk

k xβ−1dx is k-gamma function [18]. The k-gamma function satisfies
the following properties:

1. Γk(k) = 1;

2. Γk(β) = k
β
k−1Γ( β

k );
3. Γk(β + k) = βΓk(β);
4. Γk(β) = Γ(β), k→ 1.

The notations
(
(k,ψ)J β

µ+
1
F
)
(y) and

(
(k,ψ)J β

µ−2
F
)
(y) are, respectively, called the left-

and right-sided (k, ψ)- Riemann–Liouville fractional integrals of a function F of order β.

Remark 2. If k = 1, Definition 7 reduces to Definition 3.

Definition 8 ([19]). For an integrable function F and for a strictly increasing continuous function
ψ on [µ1, µ2], let δ ∈ (0, 1], we have for all β ∈ C, Re(β) ≥ 0, k ∈ R+

((k,ψ)J β,δ
µ+

1
F
)
(y) =

1

δ
β
k kΓk(β)

∫ y

µ1

exp
[

δ− 1
δ

(ψ(y)− ψ(u))
](

ψ(y)− ψ(u)
) β

k −1
ψ′(u)F (u)du, y > µ1, (19)

and
((k,ψ)J β,δ

µ−2
F
)
(y) =

1

δ
β
k kΓk(β)

∫ µ2

y
exp
[

δ− 1
δ

(ψ(u)− ψ(y))
](

ψ(u)− ψ(y)
) β

k −1
ψ′(u)F (u)du, y < µ2. (20)

The notations
(
(k,ψ)J β,δ

µ+
1
F
)
(y) and

(
(k,ψ)J β,δ

µ−2
F
)
(y) are called, respectively, the left-

and right-sided proportional k-fractional integral of F with respect to the function ψ of
order β.
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Definition 9 ([19]). Let β ∈ C, Re(β) ≥ 0, k ∈ R+, δ > 0 and m ∈ N such that m =

[Re( β
k )] + 1. Then, for any f ∈ L1[a, b] and ψ ∈ C1[a, b] where ψ(t) > 0 we have

(
(k,ψ)Dβ,δ

a+ f
)
(y) =

(
δk

ψ
′ (y)

d
dy

)m(
(k,ψ)J m−β,δ

a+ f
)
(y) (21)

=
(k,ψ)Dm,δ

y

δ
m−β

k kΓk(m− β)

∫ y

a
exp
[

δ− 1
δ

(ψ(y)− ψ(u))
](

ψ(y)− ψ(u)
) m−β

k −1
ψ′(u) f (u)du,

and (
(k,ψ)Dβ,δ

b− f
)
(y) =

(
−δk

ψ
′ (y)

d
dy

)m(
(k,ψ)J m−β,δ

b− f
)
(y) (22)

=
(k,ψ)Dm,δ

Θ

δ
m−β

k kΓk(m− β)

∫ b

y
exp
[

δ− 1
δ

(ψ(u)− ψ(y))
](

ψ(u)− ψ(y)
) m−β

k −1
ψ′(u) f (u)du,

where(
(k,ψ)Dm,δ

y

)
= (k,ψ)Dδ

y
(k,ψ)Dδ

y...(k,ψ)Dδ
y︸ ︷︷ ︸

m−times

(
(k,ψ)Dm,δ

Θ

)
= (k,ψ)Dδ

Θ
(k,ψ)Dδ

Θ...(k,ψ)Dδ
Θ︸ ︷︷ ︸

m−times

(23)

The notations
(
(k,ψ)Dβ,δ

a+ f
)
(y) and

(
(k,ψ)Dβ,δ

b− f
)
(y) are, respectively, called the left-

and right-sided (k, ψ)-proportional fractional integral of a function f with respect to ψ of
order β and type δ.

Lemma 2 ([19]). Let α, β ∈ C be such that Re(α) > 0 and Re(β) > 0 and k ∈ R+. Then, for any
δ ∈ (0, 1], we have (

(k,ψ)J α,δ
µ+

1

)(
(k,ψ)J β,δ

µ+
1

)
F =

(
(k,ψ)J α+β,δ

µ+
1

)
F . (24)

3. Main Results

Let δ ∈ (0, 1], β ∈ C, Re(β) ≥ 0 and ψ be a continuous strictly increasing function.
Then, by using Definition 8, the left-sided (k, ψ)-proportional fractional integral for any
constant C is given by

(
(k,ψ)J β,δ

x+ C
)
(y) =

(ψ(y)− ψ(x))
β
k

δ
β
k Γk(β + k)

C. (25)

The following Lemma will be very useful in obtaining our main results.

Lemma 3. Let δ ∈ (0, 1], β ∈ C, Re(β) ≥ 0, k > 0, and ψ be a continuous strictly increasing
function. Then, we have ∫ 1

0
exp
[ δ− 1

δ
ξ(y− x)

]
ξ

β
k−1dξ =

k
β

.

Proof. Using Equation (25) and letting ξ = y−ψ(u)
y−x , we have dξ = −ψ′(u)

y−x du. When ξ = 0

and ξ = 1 then u = ψ−1(y) and ψ−1(x), respectively. Thus,
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∫ 1

0
exp
[ δ− 1

δ
ξ(y− x)

]
ξ

β
k −1dξ =

1

(y− x)
β
k

∫ ψ−1(y)

ψ−1(x)
exp
[ δ− 1

δ
(y− ψ(u))

](
y− ψ(u)

) β
k −1

ψ′(u)du

=
δ

β
k kΓk(β)

(y− x)
β
k

1

δ
β
k kΓk(β)

∫ ψ−1(y)

ψ−1(x)
exp
[ δ− 1

δ
(y− ψ(u))

](
y− ψ(u)

) β
k −1

ψ′(u)du

=
δ

β
k kΓk(β)

(y− x)
β
k

(
ψ(ψ−1(y))− ψ(ψ−1(x))

) β
k

δ
β
k Γk(β + k)

=
k
β

.

Theorem 2. Let F : [µ1, µ2] → R be a convex differentiable function on (µ1, µ2), and ψ :
[µ1, µ2]→ [µ1, µ2] be a continuous strictly increasing function with 0 ≤ µ1 < µ2 and (F ◦ ψ) :
[µ1, µ2] → R be an integrable function on [µ1, µ2]. Then, for all x, y ∈ [µ1, µ2] the following
inequalities hold:

F
(

µ1 + µ2 −
x + y

2

)
≤ F (µ1) +F (µ2)−

δ
β
k Γk(β + k)

2(y− x)
β
k

[
(k,ψ)J β,δ

(ψ−1(x))+
(F ◦ ψ)(ψ−1(y)) + (k,ψ)J β,δ

(ψ−1(y))−
(F ◦ ψ)(ψ−1(x))

]

≤ F (µ1) +F (µ2)−F
( x + y

2

)
.

Proof. Using Jensen–Mercer’s inequality on the function F , for λ1, λ2 ∈ [µ1, µ2] we obtain

F
(

µ1 + µ2 −
λ1 + λ2

2

)
≤ F (µ1) +F (µ2)−

F (λ1) +F (λ2)

2
.

Now, letting λ1 = ξx + (1− ξ)y and λ2 = (1− ξ)x + ξy with ξ ∈ [0, 1], we obtain

F
(

µ1 + µ2 −
x + y

2

)
≤ F (µ1) +F (µ2)−

F
(

ξx + (1− ξ)y
)
+F

(
(1− ξ)x + ξy

)
2

, (26)

Multiplying both sides of the inequality (26) by exp
[

δ−1
δ ξ(y − x)

]
ξ

β
k−1 and integrating

with respect to ξ over [0, 1], we obtain∫ 1

0
exp
[ δ− 1

δ
ξ(y− x)

]
ξ

β
k−1F

(
µ1 + µ2 −

x + y
2

)
dξ

≤
∫ 1

0
exp
[ δ− 1

δ
ξ(y− x)

]
ξ

β
k−1
(
F (µ1) +F (µ2)

)
dξ

−
∫ 1

0
exp
[ δ− 1

δ
ξ(y− x)

]
ξ

β
k−1
F
(

ξx + (1− ξ)y
)
+F

(
(1− ξ)x + ξy

)
2

dξ. (27)

Using Lemma 3 on (27) we obtain the following

F
(

µ1 + µ2 −
x + y

2

)
≤ F (µ1) +F (µ2)−

β

2k

[ ∫ 1

0
exp
[ δ− 1

δ
ξ(y− x)

]
ξ

β
k−1F (ξx + (1− ξ)y)dξ

+
∫ 1

0
exp
[ δ− 1

δ
ξ(y− x)

]
ξ

β
k−1F ((1− ξ)x + ξy)dξ

]
.

Now,
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δ
β
k Γk(β + k)

2(y− x)
β
k

[
(k,ψ)J β,δ

(ψ−1(x))+(F ◦ ψ)(ψ−1(y)) + (k,ψ)J β,δ
(ψ−1(y))−(F ◦ ψ)(ψ−1(x))

]

=
δ

β
k Γk(β + k)

2(y− x)
β
k

1

δ
β
k kΓk(β)

[ ∫ ψ−1(y)

ψ−1(x)
exp
[ δ− 1

δ
(y− ψ(u))

](
y− ψ(u)

) β
k−1

(F ◦ ψ)(u)ψ′(u)du

+
∫ ψ−1(y)

ψ−1(x)
exp
[ δ− 1

δ
(ψ(v)− x)

](
ψ(v)− x

) β
k−1

(F ◦ ψ)(v)ψ′(v)dv

]

=
β

2k

[ ∫ ψ−1(y)

ψ−1(x)
exp
[ δ− 1

δ
(y− ψ(u))

](y− ψ(u)
y− x

) β
k−1

(F ◦ ψ)(u)
ψ′(u)
y− x

du

+
∫ ψ−1(y)

ψ−1(x)
exp
[ δ− 1

δ
(ψ(v)− x)

](ψ(v)− x
y− x

) β
k−1

(F ◦ ψ)(v)
ψ′(v)
y− x

dv

]
.

Putting
ψ(u) = ξx + (1− ξ)yandψ(v) = (1− ξ)x + ξy (28)

we obtain

F (µ1) +F (µ2)−
δ

β
k Γk(β + k)

2(y− x)
β
k

[
(k,ψ)J β,δ

(ψ−1(x))+ (F ◦ ψ)(ψ−1(y)) + (k,ψ)J β,δ
(ψ−1(y))− (F ◦ ψ)(ψ−1(x))

]

= F (µ1) +F (µ2)−
β

2k

[ ∫ 1

0
exp
[ δ− 1

δ
ξ(y− x)

]
ξ

β
k−1F

(
ξx + (1− ξ)y

)
dξ

+
∫ 1

0
exp
[ δ− 1

δ
ξ(y− x)

]
ξ

β
k−1F

(
(1− ξ)x + ξy

)
dξ

]

≥ F
(

µ1 + µ2 −
x + y

2

)
,

which complete the proof of the first inequality.

To prove the second inequality, by using convexity of F , we can write

F
(ψ(u) + ψ(v)

2

)
≤ (F ◦ ψ)(u) + (F ◦ ψ)(v)

2
,

then taking ψ(u) and ψ(v) given in (28) we obtain

F
( x + y

2

)
≤
F
(

ξx + (1− ξ)y
)
+F

(
(1− ξ)x + ξy

)
2

. (29)

Multiplying both sides of the inequality (29) by exp
[

δ−1
δ ξ(y − x)

]
ξ

β
k−1 and integrating

with respect to ξ over [0, 1], we obtain

F
( x + y

2

)
≤ β

2k

[ ∫ 1

0
exp
[ δ− 1

δ
ξ(y− x)

]
ξ

β
k −1F

(
ξx + (1− ξ)y

)
dξ +

∫ 1

0
exp
[ δ− 1

δ
ξ(y− x)

]
ξ

β
k −1F

(
(1− ξ)x + ηy

)
dξ

]

=
δ

β
k Γk(β + k)

2(y− x)
β
k

[
(k,ψ)J β,δ

(ψ−1(x))+
(F ◦ ψ)(ψ−1(y)) + (k,ψ)J β,δ

(ψ−1(y))−
(F ◦ ψ)(ψ−1(x))

]
. (30)
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Multiplying both sides of inequality (30) by −1 and adding F (µ1) +F (µ2), we obtain

F (µ1) +F (µ2)−F
( x + y

2

)
≥ F (µ1) +F (µ2)−

δ
β
k Γk(β + k)

2(y− x)
β
k

[
(k,ψ)J β,δ

(ψ−1(x))+
(F ◦ ψ)(ψ−1(y)) + (k,ψ)J β,δ

(ψ−1(y))−
(F ◦ ψ)(ψ−1(x))

]
,

which proves the second inequality.

Remark 3. In Theorem 2 by putting

a. δ = 1 we obtain its ψ-Riemann–Liouville k-fractional integral version,

F
(

µ1 + µ2 −
x + y

2

)
≤ F (µ1) +F (µ2)−

Γk(β + k)

2(y− x)
β
k

[
(k,ψ)J β

(ψ−1(x))+
(F ◦ ψ)(ψ−1(y)) + (k,ψ)J β

(ψ−1(y))−
(F ◦ ψ)(ψ−1(x))

]

≤ F (µ1) +F (µ2)−F
( x + y

2

)
,

which is proved in [10].
b. δ = k = 1 and ψ(x) = x we obtain,

F
(

µ1 + µ2 −
x + y

2

)
≤ F (µ1) +F (µ2)−

Γ(β + 1)
2(y− x)β

[
J β

x+F (y) + J
β

y−F (x)

]

≤ F (µ1) +F (µ2)−F
( x + y

2

)
,

which is proved in [20].
c. δ = β = k = 1 and ψ(x) = x we obtain,

F
(

µ1 + µ2 −
x + y

2

)
≤ F (µ1) +F (µ2)−

∫ 1

0
F
(

ξx + (1− ξ)y
)

dξ

≤ F (µ1) +F (µ2)−F
( x + y

2

)
,

which is proved in [21].

Theorem 3. Suppose that the hypothesis of Theorem 2 hold. Then,

F
(

µ1 + µ2 −
x + y

2

)
≤ δ

β
k Γk(β + k)

2(y− x)
β
k

[
(k,ψ)J β,δ

(ψ−1(µ1+µ2−y))+(F ◦ ψ)(ψ−1(µ1 + µ2 − x))

+ (k,ψ)J β,δ
(ψ−1(µ1+µ2−x))−(F ◦ ψ)(ψ−1(µ1 + µ2 − y))

]

≤ F (µ1 + µ2 − y) +F (µ1 + µ2 − x)
2

≤ F (µ1) +F (µ2)−
1
2

(
F (x) +F (y)

)
.

Proof. From the convexity of the function F , for all λ1, λ2 ∈ [µ1, µ2], we have

F
(

µ1 + µ2 −
λ1 + λ2

2

)
= F

(
(µ1 + µ2 − λ1) + (µ1 + µ2 − λ2)

2

)
≤ 1

2

[
F (µ1 + µ2 − λ1) +F (µ1 + µ2 − λ2)

]
.
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Let µ1 + µ2 − λ1 = ξ(µ1 + µ2 − x) + (1 − ξ)(µ1 + µ2 − y) and µ1 + µ2 − λ2 = (1 − ξ)
(µ1 + µ2− x) + ξ(µ1 + µ2− y) which is λ1 = y + ξ(x− y) and λ2 = x + ξ(y− x). Then,

F
(

µ1 + µ2 −
x + y

2

)
≤ 1

2

[
F
(

ξ(µ1 + µ2 − x) + (1− ξ)(µ1 + µ2 − y)
)
+F

(
(1− ξ)(µ1 + µ2 − x) + ξ(µ1 + µ2 − y)

)]
. (31)

Multiplying both sides of the inequality (31) by exp
[

δ−1
δ ξ(y − x)

]
ξ

β
k−1 and integrating

with respect to ξ over [0, 1], we obtain

F
(

µ1 + µ2 −
x + y

2

)

≤ β

2k

[ ∫ 1

0
exp
[ δ− 1

δ
ξ(y− x)

]
ξ

β
k−1F

(
ξ(µ1 + µ2 − x) + (1− ξ)(µ1 + µ2 − y)

)
dξ

+
∫ 1

0
exp
[ δ− 1

δ
ξ(y− x)

]
ξ

β
k−1F

(
(1− ξ)(µ1 + µ2 − x) + ξ(µ1 + µ2 − y)

)
dη

]
.

Now,

δ
β
k Γk(β + k)

2(y− x)
β
k

[
(k,ψ)J β,δ

(ψ−1(µ1+µ2−y))+
(F ◦ ψ)(ψ−1(µ1 + µ2 − x)) + (k,ψ)J β,δ

(ψ−1(µ1+µ2−x))−
(F ◦ ψ)(ψ−1(µ1 + µ2 − y))

]

=
δ

β
k Γk(β + k)

2(y− x)
β
k δ

β
k kΓk(β)

[ ∫ ψ−1(µ1+µ2−x)

ψ−1(µ1+µ2−y)
exp
[ δ− 1

δ
((µ1 + µ2 − x)− ψ(u))

](
(µ1 + µ2 − x)− ψ(u)

) β
k −1

(F ◦ ψ)(u)ψ′(u)du

+
∫ ψ−1(µ1+µ2−x)

ψ−1(µ1+µ2−y)
exp
[ δ− 1

δ
(ψ(v)− (µ1 + µ2 − y))

](
ψ(v)− (µ1 + µ2 − y)

) β
k −1

(F ◦ ψ)(v)ψ′(v)dv

]

=
β

2k

[ ∫ ψ−1(µ1+µ2−x)

ψ−1(µ1+µ2−y)
exp
[ δ− 1

δ
((µ1 + µ2 − x)− ψ(u))

]( (µ1 + µ2 − x)− ψ(u)
y− x

) β
k −1

(F ◦ ψ)(u)
ψ′(u)
y− x

du

+
∫ ψ−1(µ1+µ2−x)

ψ−1(µ1+µ2−y)
exp
[ δ− 1

δ
(ψ(v)− (µ1 + µ2 − y))

]( ψ(v)− (µ1 + µ2 − y)
y− x

) β
k −1

(F ◦ ψ)(v)
ψ′(v)
y− x

dv

]
.

Putting ψ(u) = ξ(µ1 + µ2 − y) + (1− ξ)(µ1 + µ2 − x) and ψ(v) = (1− ξ)(µ1 + µ2 − y)
+ ξ(µ1 + µ2− x), we obtain

δ
β
k Γk(β + k)

2(y− x)
β
k

[
(k,ψ)J β,δ

(ψ−1(µ1+µ2−y))+ (F ◦ ψ)(ψ−1(µ1 + µ2 − x)) + (k,ψ)J β,δ
(ψ−1(µ1+µ2−x))− (F ◦ ψ)(ψ−1(µ1 + µ2 − y))

]

=
β

2k

[ ∫ 1

0
exp
[ δ− 1

δ
ξ(y− x)

]
ξ

β
k −1F

(
ξ(µ1 + µ2 − x) + (1− ξ)(µ1 + µ2 − y)

)
dξ

+
∫ 1

0
exp
[ δ− 1

δ
ξ(y− x)

]
ξ

β
k −1F

(
(1− ξ)(µ1 + µ2 − x) + ξ(µ1 + µ2 − y)

)
dξ

]
(32)

≥ F
(

µ1 + µ2 −
x + y

2

)
,

which completes the proof of the first inequality.
To prove the second inequality we use the convexity of the function F as follows

F
(

ξ(µ1 + µ2 − x) + (1− ξ)(µ1 + µ2 − y)
)
≤ ξF (µ1 + µ2 − x) + (1− ξ)F (µ1 + µ2 − y). (33)

and
F
(

ξ(µ1 + µ2 − y) + (1− ξ)(µ1 + µ2 − x)
)
≤ ξF (µ1 + µ2 − y) + (1− ξ)F (µ1 + µ2 − x). (34)
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Adding (33) and (34), we obtain

F
(

ξ(µ1 + µ2 − x) + (1− ξ)(µ1 + µ2 − y)
)
+F

(
ξ(µ1 + µ2 − y) + (1− ξ)(µ1 + µ2 − x)

)
≤ F (µ1 + µ2 − x) +F (µ1 + µ2 − y) ≤ 2

[
F (µ1) +F (µ2)

]
−
[
F (x) +F (y)

]
. (35)

Multiplying both sides of the inequality (35) by exp
[

δ−1
δ ξ(y − x)

]
ξ

β
k−1 and integrating

with respect to ξ over [0, 1], we obtain

β

2k

[ ∫ 1

0
exp
[ δ− 1

δ
ξ(y− x)

]
ξ

β
k−1F

(
ξ(µ1 + µ2 − x) + (1− ξ)(µ1 + µ2 − y)

)
dξ

+
∫ 1

0
exp
[ δ− 1

δ
ξ(y− x)

]
ξ

β
k−1F

(
(1− ξ)(µ1 + µ2 − x) + ξ(µ1 + µ2 − y)

)
dξ

]

≤ F (µ1 + µ2 − x) +F (µ1 + µ2 − y)
2

≤
[
F (µ1) +F (µ2)

]
− 1

2

[
F (x) +F (y)

]
.

Thus, using Equation (32) we obtain that

δ
β
k Γk(β + k)

2(y− x)
β
k

[
(k,ψ)J β,δ

(ψ−1(µ1+µ2−y))+
(F ◦ ψ)(ψ−1(µ1 + µ2 − x)) + (k,ψ)J β,δ

(ψ−1(µ1+µ2−x))−
(F ◦ ψ)(ψ−1(µ1 + µ2 − y))

]

=
β

2k

[ ∫ 1

0
exp
[ δ− 1

δ
ξ(y− x)

]
ξ

β
k −1F

(
ξ(µ1 + µ2 − x) + (1− ξ)(µ1 + µ2 − y)

)
dξ

+
∫ 1

0
exp
[ δ− 1

δ
ξ(y− x)

]
ξ

β
k −1F

(
(1− ξ)(µ1 + µ2 − x) + ξ(µ1 + µ2 − y)

)
dξ

]

≤ F (µ1 + µ2 − x) +F (µ1 + µ2 − y)
2

≤
[
F (µ1) +F (µ2)

]
− 1

2

[
F (x) +F (y)

]
,

which completes the proof of the second inequality.

Remark 4. In Theorem 3 by putting

a. δ = 1 we obtain its ψ-Riemann–Liouville k-fractional integral version,

F
(

µ1 + µ2 −
x + y

2

)
≤ Γk(β + k)

2(y− x)
β
k

[
(k,ψ)J β

(ψ−1(µ1+µ2−y))+(F ◦ ψ)(ψ−1(µ1 + µ2 − x))

+ (k,ψ)J β

(ψ−1(µ1+µ2−x))−(F ◦ ψ)(ψ−1(µ1 + µ2 − y))
]

≤ F (µ1 + µ2 − y) +F (µ1 + µ2 − x)
2

≤ F (µ1) +F (µ2)−
F (x) +F (y)

2
,

which is proved in [10].
b. δ = k = 1 and ψ(x) = x we obtain,

F
(

µ1 + µ2 −
x + y

2

)
≤ Γ(β + 1)

2(y− x)β

[
J β

(µ1+µ2−y)+F (µ1 + µ2 − x) + J β

(µ1+µ2−x)−F (µ1 + µ2 − y)
]

≤ F (µ1 + µ2 − y) +F (µ1 + µ2 − x)
2

≤ F (µ1) +F (µ2)−
F (x) +F (y)

2
,

which is proved in [20].
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c. δ = β = k = 1 and ψ(x) = x we obtain,

F
(

µ1 + µ2 −
x + y

2

)
≤ 1

y− x

∫ y

x
F (µ1 + µ2 − ξ)dξ

≤ F (µ1) +F (µ2)−
F (x) +F (y)

2
,

which is proved in [21].

Theorem 4. Let F : [µ1, µ2]→ R be a convex differentiable function on (µ1, µ2), ψ : [µ1, µ2]→
[µ1, µ2] ⊆ R be a continuous strictly increasing function with 0 ≤ µ1 < µ2 and (F ◦ ψ) :
[µ1, µ2] → R be an integrable function on [µ1, µ2]. Then, for all x, y ∈ [µ1, µ2] the following
inequalities hold:

F
(

µ1 + µ2 −
x + y

2

)

≤ δ
β
k Γk(β + k)

2(y− x)
β
k

[
(k,ψ)J β,δ

(ψ−1(µ1+µ2−
x+y

2 ))+
(F ◦ ψ)(ψ−1(µ1 + µ2 − x))

+ (k,ψ)J β,δ
(ψ−1(µ1+µ2−

x+y
2 ))−

(F ◦ ψ)(ψ−1(µ1 + µ2 − y))

]

≤ F (µ1) +F (µ2)−
F (x) +F (y)

2
.

Proof. By using convexity of the function F for all λ1, λ2 ∈ [µ1, µ2], we have

F
(

µ1 + µ2 −
λ1 + λ2

2

)
= F

(
(µ1 + µ2 − λ1) + (µ1 + µ2 − λ2)

2

)
≤ F (µ1 + µ2 − λ1) +F (µ1 + µ2 − λ2)

2
. (36)

Putting λ1 = ξ
2 x + (1− ξ

2 )y and λ2 = (1− ξ
2 )x + ξ

2 y in (36), we obtain

F
(

µ1 + µ2 −
x + y

2

)
≤
F
(

µ1 + µ2 − ( ξ
2 x + (1− ξ

2 )y)
)
+F

(
µ1 + µ2 − ((1− ξ

2 )x + ξ
2 y)
)

2
. (37)

Multiplying both sides of the inequality (37) by exp
[

δ−1
δ

ξ
2 (y− x)

]( ξ
2
) β

k−1 and integrating

with respect to ξ over [0, 1], we obtain

F
(

µ1 + µ2 −
x + y

2

)
≤ β

2k

[ ∫ 1

0
exp
[ δ− 1

δ

ξ

2
(y− x)

]( ξ

2
) β

k−1F
(

µ1 + µ2 − (
ξ

2
x + (1− ξ

2
)y
)

dξ

+
∫ 1

0
exp
[ δ− 1

δ

ξ

2
(y− x)

]( ξ

2
) β

k−1F
(

µ1 + µ2 − ((1− ξ

2
)x +

ξ

2
y
)

dξ

]
.
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Now,

δ
β
k Γk(β + k)

2(y− x)
β
k

[
(k,ψ)J β,δ

(ψ−1(µ1+µ2−
x+y

2 ))+
(F ◦ ψ)(ψ−1(µ1 + µ2 − x))

+ (k,ψ)J β,δ

(ψ−1(µ1+µ2−
x+y

2 ))−
(F ◦ ψ)(ψ−1(µ1 + µ2 − y))

]

=
δ

β
k Γk(β + k)

2(y− x)
β
k

1

δ
β
k kΓk(β)

[ ∫ ψ−1(µ1+µ2−x)

ψ−1(µ1+µ2−
x+y

2 )
exp
[ δ− 1

δ
((µ1 + µ2 − x)− ψ(u))

]

×
(
(µ1 + µ2 − x)− ψ(u)

) β
k −1

(F ◦ ψ)(u)ψ′(u)du

+
∫ ψ−1(µ1+µ2−

x+y
2 )

ψ−1(µ1+µ2−y)
exp
[ δ− 1

δ
(ψ(v)− (µ1 + µ2 − y))

](
ψ(v)− (µ1 + µ2 − y)

) β
k −1

(F ◦ ψ)(v)ψ′(v)dv

]

=
β

2k

[ ∫ ψ−1(µ1+µ2−x)

ψ−1(µ1+µ2−
x+y

2 )
exp
[ δ− 1

δ
((µ1 + µ2 − x)− ψ(u))

]( (µ1 + µ2 − x)− ψ(u)
y− x

) β
k −1

(F ◦ ψ)(u)
ψ′(u)
y− x

du

+
∫ ψ−1(µ1+µ2−

x+y
2 )

ψ−1(µ1+µ2−y)
exp
[ δ− 1

δ
(ψ(v)− (µ1 + µ2 − y))

](ψ(v)− (µ1 + µ2 − y)
y− x

) β
k −1

(F ◦ ψ)(v)
ψ′(v)
y− x

dv

]
.

Putting ψ(u) = µ1 + µ2 −
(
(1− ξ

2 )x + ξ
2 y
)

and ψ(v) = µ1 + µ2 −
( ξ

2 x + (1− ξ
2 )y
)
, we

obtain

δ
β
k Γk(β + k)

2(y− x)
β
k

[
(k,ψ)J β,δ

(ψ−1(µ1+µ2−
x+y

2 ))+
(F ◦ ψ)(ψ−1(µ1 + µ2 − x))

+ (k,ψ)J β,δ
(ψ−1(µ1+µ2−

x+y
2 ))−

(F ◦ ψ)(ψ−1(µ1 + µ2 − y))

]
(38)

=
β

2k

[ ∫ 1

0
exp
[ δ− 1

δ

ξ

2
(y− x)

]( ξ

2
) β

k−1F
(

µ1 + µ2 − (
ξ

2
x + (1− ξ

2
)y)
)

dξ

+
∫ 1

0
exp
[ δ− 1

δ

ξ

2
(y− x)

]( ξ

2
) β

k−1F
(

µ1 + µ2 − ((1− ξ

2
)x +

ξ

2
y)
)

dξ

]
(39)

≥ F
(

µ1 + µ2 −
x + y

2

)
,

which proves the first inequality.
To prove the second inequality by using Jensen–Mercer inequality, we have

F
(

µ1 + µ2 −
( ξ

2
x +

(
1− ξ

2

)
y
))
≤ F (µ1) +F (µ2)−

( ξ

2
F (x) +

(
1− ξ

2

)
F (y)

)
. (40)

and

F
(

µ1 + µ2 −
((

1− ξ

2

)
x +

ξ

2
y
))
≤ F (µ1) +F (µ2)−

((
1− ξ

2

)
F (x) +

ξ

2
F (y)

)
. (41)

Adding the two inequalities (40) and (41), we obtain

F
(

µ1 + µ2 −
( ξ

2
x +

(
1− ξ

2

)
y
)
+F

(
µ1 + µ2 −

((
1− ξ

2

)
x +

ξ

2
y
))
≤ 2

(
F (µ1) +F (µ2)

)
−
(
F (x) +F (y)

)
. (42)
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Multiplying both sides of the inequality (42) by exp
[

δ−1
δ

ξ
2 (y− x)

]( ξ
2
) β

k−1 and integrating

with respect to ξ over [0, 1], we obtain

β

2k

[ ∫ 1

0
exp
[ δ− 1

δ

ξ

2
(y− x)

]( ξ

2
) β

k−1F
(

µ1 + µ2 −
( ξ

2
x +

(
1− ξ

2

)
y
))

dξ

+
∫ 1

0
exp
[ δ− 1

δ

ξ

2
(y− x)

]( ξ

2
) β

k−1F
(

µ1 + µ2 −
((

1− ξ

2

)
x +

ξ

2
y
))

dξ

]

≤ F (µ1) +F (µ2)−
F (x) +F (y)

2
.

Thus, using Equation (39) we obtain

δ
β
k Γk(β + k)

2(y− x)
β
k

[
(k,ψ)J β,δ

(ψ−1(µ1+µ2−
x+y

2 ))+
(F ◦ ψ)(ψ−1(µ1 + µ2 − x))

+ (k,ψ)J β,δ
(ψ−1(µ1+µ2−

x+y
2 ))−

(F ◦ ψ)(ψ−1(µ1 + µ2 − y))

]

≤ F (µ1) +F (µ2)−
F (x) +F (y)

2
.

This completes the proof of the second inequality.

4. Conclusions

Our results focus on a new generalization of Hermite–Hadamard–Mercer’s inequalities
for convex function by employing left-sided (k, ψ)-proportional fractional integral operators
involving a continuous strictly increasing function. The obtained results are a generalization
of Hermite–Hadamard–Mercer’s inequality that are given through proportional fractional
integral operators of integrable function with respect to another continuous and strictly
increasing function [22].
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