Version July 14, 2021 submitted to Mathematics S1 of S16

Supplementary Materials: Out-of-sample prediction in
multidimensional P-spline models
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Proof of Theorem 1

Differenciating Eq. (12) in the main text with respect to 0 leads to

as .
6~ 2B, R (y, — B16+) +2(A:P% + A, P5) =0

i.e., the penalized least squares solution is given by:
A ~ 1 — ~—1
0, = (B,R, B, +A;P% +\,P) 'B R y,. (1)
cll o2
C21 C22

R, +l ® R; - blockdiag(I, O), with I an identity matrix of dimension n,1; X nyn, and O a null matrix of dimension
Ny, Nz X Ny, Nz, equation (1) can be rewritten as

Let us define C = (B;R11B+ +A:PL + A PY ) and €71 = [ }, with this notation and since R’ =

_ o1 clU'B
9+:ClB’+R+y+:{ Y.

C21 B/y (2)
Cn Cp

IfC=
[CZl C»

] , by Theorem 8.5.11 given in [1] we have that:

cl— [ K1 —K‘1C12C2_21 ]
—C,lCnK™! Cl + Cl CnK1Cpp G|’

with K = Cq1 — C12C2_21 C»1. Therefore:

-1
11 -1 2 -1
Cl = K= (BB+APY, + APy, — A2PY, (AP, +APL,) 1P )
and
! = —CleuK™!
= —(APT, +A:P7,) AP M

and by equation (2) the coefficients for the fit and for the prediction are given by equations (18) and (19) in the main text,
respectively, as we wanted to show.

Proof Colloraly 1
Notice that if PZ , = O, by Eq. (18), the coefficients that give the fit are:

A

0., = (B'B+A(D,Dy®1.)+ (I, ©D.D;)) 'By,

i.e., the same as the coefficients we obtain only fitting the data without a prediction. Let us see which are the coefficients
that determine the forecast when the penalty orders are two or three.

. Differences of order 2.
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Suppose a difference matrix with second order penalty Dy, of dimensions (cy,

|

where D, 5):
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of dimension cx, X cx,, where cx, is the number of columns of By ;). Therefore, (D,(5) ® I..) ! has the form

1

of dimension (cxp 0z) X (cxp - ¢ ), each block has dimension ¢, x c,. Moreover,

Dyq)®Ic, =

0

0

1

-2
-2
1
1
0
0
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i.e., is a matrix of dimension (cxp - Cz) X (Ccx - cz) with just three blocks of dimension c; X c that are not blocks of
zeros. Therefore,

[0 0 1 -2 1

0 0 1 -2

0 0 2 -3
0 0 2 -3

(D) @ Ie,) ' (Dyy @ Ie,) = | © 0 3 —4 ,

0 0 3 —4

0 0 4 -5
0 0 4 -5

with dimension (cy, - ¢z) X (cx - ¢z). Hence, considering the matrix of coefficients that give the fit, 0, and the matrix

of coefficients that give the forecast, @p, each row j = 1, ..., c;, of the additional matrix of coefficients is a linear
combination of two old coefficients of that row:

1 1
R R 1 R . 2
Q. =0ic 1|+ (0, —0c,1) |3

¢  Differences of order 3.
Suppose a difference matrix with third order penalty, Dy, of dimensions (cx, —3) X cx,:

-1 3 -3 1 0 0 .-~ 0 0O 0 O
o -1 3 -3 1 0 --- 0 0 0 O
p,=/0 0 -1.3 -31.- 0 0 0 0
0o 0 o0 o0 0 O -1 3 -3 1
In this case, Dy(y) is:
1 0 00 0 0 0 O
-3 1 00 0 0 0 O
D, = 3 310 0 0 0 O
0 0 0O -1 3 -3 1

(Dx(Z) ® Icz)il and Dx(l) ® I, are:
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Dy @ Ic.) ' =

D,y @I, =

Then,

(Dy) @ Ie.) 1Dy @ Ic.) =

10

10
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Therefore, each row, j = 1,...,c;, of the additional matrix of coefficients is a linear combination of three old

coefficients of that row:

17

i 3é] cx 4é] cx—1 =+ é] Cx—2

[E U U O WY

Proof of Theorem 2

+ é] cx Zé/ -1 T é] cx—2

Given the extended transformation matrix for the random part ), and the extended penalty matrix P, defined in

the main text in Eq. (45) and (43), respectively, F? is:

0 uz,
*/ 0
u
* Q*/ P.Qf, = e *(2)1 %/ )LZDI D,
+ 7 A e = u U 2+ A
xif ;";)’/ AxD) Dy,
*/ * +
u,ﬁy ® uer/f A3Dy Dy, @ Ie, +Mgle, @D Dz,
ux+r ® U;JJ
0
U,
ux. , )
* *(2
wheour, | u;, 0u? Uy, 0u;,
AZ u;irD/erDZJr u;rr
= /\xll;;irD;c+ D, U;M W) ,
F\"
(1,2) (1,2)
1 Fy O Fj3
where F Sr '~ | o F(fézz) o |, with
(1,2)7 (1,2)
Fii3 0 F
12 2)/ 2 2)1 (2
Y = w0, Dy ul® euguy, + ol e uz 0l D Uz,
1,2 2)1 2)/
Y = wu?u eu;, 0L D u;, + vl D, DU 0 Uy Uy,
12 21 #(2 2)/ 2
Fi—zz) = Txl,I;:’ﬂD;qu+ U;M ® uijf) ui}? + TzU;QrULr ® uif) D/Z+DZ+ uzif)
12 2)/ 2)/
Y = wuy,p, pou;,euu;, s ouy a0 %) DL D Uy,
12
Fige,) Tzujciru;rr ® U;irD/ZJr DZ+ U;rr + Txu;:rD;merJr U;qu ® u:/_ruzg’
*(2)

using u; f

/Dg = O fori = z, x4, we obtain the extended mixed model penalty F? in Eq. (49) in the main text.
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Simulation results for Scenario 1

. Nz, = 0, Ny, = 10

Figure S1. MAE in the fit (left panel), in the forecast (middle panel) and in total (right panel) of smooth models in scenario 1 and

nz, =0 and ny, = 10.

* Ny, = 0, Ny, = 15

Figure S2. MAE in the fit (left panel),

Nz, = 0 and fx, = 15.

o Nz, = 0, Ny, = 20
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in the forecast (middle panel) and in total (right panel) of smooth models in scenario 1 and
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Figure S3. MAE in the fit (left panel), in the forecast (middle panel) and in total (right panel) of smooth models in scenario 1 and
nz, =0 and nx, = 20.

* ny = 10, Ny, = 5
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Figure S4. MAE in the fit (left panel), in the forecast (middle panel) and in total (right panel) of smooth models in scenario 1 and
Nz, = 10, Ny, = 5.
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Figure S5. MAE in the fit (left panel), in the forecast (glrllcciidrllez f@e}bfﬂrﬁc}l{;n :toltﬁl (right panel) of smooth models in scenario 1

o Nz, = 10, Ny, = 15
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Figure S6. MAE in the fit (left panel), in the forecast (middle panel) and in total (right panel) of smooth models in scenario 1 and
Nz, = 10, Ny, = 15.

e 1z, =10, Ny, = 20
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Figure S7. MAE in the fit (left panel), in the forecast (middle panel) and in total (right panel) of smooth models in scenario 1 and

nz, = 10, Ny, = 30.

* ny = 20, Ny, = 5
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Figure S8. MAE in the fit (left panel), in the forecast (middle panel) and in total (right panel) of smooth models in scenario 1 and

Nz, = 20, Ny, = 5.

. Nz, = 20, Ny, = 10
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Figure S9. MAE in the fit (left panel), in the forecast (middle panel) and in total (right panel) of smooth models in scenario 1 and

nz, = 20, Ny, = 10.

* Ng, = 20, Ny, = 15
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Figure S10. MAE in the fit (left panel), in the forecast (middle panel) and in total (right panel) of smooth models in scenario 1 and

Nz, = 20, Nx, = 15.

. Nz, = 20, Ny, = 20
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Figure S11. MAE in the fit (left panel), in the forecast (middle panel) and in total (right panel) of smooth models in scenario 1 and

nz, = 20, Ny, = 20.

Simulation results for Scenario 2

* g, = 0, Ny, = 10
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Figure S12. MAE in the fit (left panel), in the forecast (middle panel) and in total (right panel) of smooth models in scenario 2 and

nz, =0 and ny, = 10.
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Figure S13. MAE in the fit (left panel), in the forecast (middle panel) and in total (right panel) of smooth models in scenario 2 and
nz, =0 and ny, = 15.
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Figure S14. MAE in the fit (left panel), in the forecast (middle panel) and in total (right panel) of smooth models in scenario 2 and
nz, = 0 and Ny, = 20.

o Nz, = 10, Ny, = 5
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Figure S15. MAE in the fit (left panel), in the forecast (middle panel) and in total (right panel) of smooth models in scenario 2 and
nz, =10 and ny, = 5.

e Ny, =1y, =10

Figure S16. MAE in the fit (left panel), in the forecast (middle panel) and in total (right panel) of smooth models in scenario 2 and
Nz, =Ny, = 10.

o Nz, = 10, Ny, = 15
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Figure S17. MAE in the fit (left panel), in the forecast (middle panel) and in total (right panel) of smooth models in scenario 2 and
nz, =10 and ny, = 15.

* Ny, = 10, Ny, = 20
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Figure S18. MAE in the fit (left panel), in the forecast (middle panel) and in total (right panel) of smooth models in scenario 2 and
nz, = 10 and Ny, = 20.

o Nz, =20, Ny, = 5
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Figure S19. MAE in the fit (left panel), in the forecast (middle panel) and in total (right panel) of smooth models in scenario 2 and
nz, =20 and ny, = 5.

* Ny, = 20, Ny, = 10
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Figure S20. MAE in the fit (left panel), in the forecast (middle panel) and in total (right panel) of smooth models in scenario 2 and
nz, = 20 and Ny, = 10.

o Nz, = 20, Ny, = 15
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Figure S21. MAE in the fit (left panel), in the forecast (middle panel) and in total (right panel) of smooth models in scenario 2 and
nz, =20 and ny, = 15.

e Ny =y, =20

Figure S22. MAE in the fit (left panel), in the forecast (middle panel) and in total (right panel) of smooth models in scenario 2 and
Nz, =Ny, = 20.
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